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FREFACB, 



A.i.'i, ■ [AJXJ^^^ 



It is a repafjkaUe (apt in the liis^ory of science^ that 
the oldest .bciok 4>f. JSIi^mentary Geometry is stUl con- 
aidered as the best^ and that (he writings of Euclid^ sat 
the distance of tyKO thousand years^ continue to form the 
W most approved introduction to the mathematical sciences. 
^ * This remarkable distinction the Greek Geometer owes 
^ not only to the elegance and correctness of his demonstra- 
^ tions^ but to an arrangement most happily contrived for 
Of the purpose of instruction ; advantages which, when they 
A reach a certain eminence^ secure the works of an author 
^ against the injuries of time^ more effectually than even 
originality of intention. The elements of Euclid, how- 
ever^ in passing through the hands of the ancient editors^ 
during the decline of science^ bad suffered some diminu<^ 
ticfn of their excellenee^ and much skill and learning have 
been employed by the modern mathematicians to deliver 
them from blemisb^^ which .certainly did not enter into 
th^ir original composition. Of these mathematicians^ Dr. 
Sinison. as he may bf^accounted the last, has also been 
the most successful, and has left very little room for the 
ingenuity of future editors to be exercised in, either by 
^. amending the te^^t of Euclid, or by improving the transh* 

tionsfromit. 
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iv PREFAeJgi. ^ 

Such being tlie merits of Dr. Sim^n^s edition> and th<i 
jreceptioD it has met with having been every wdy suitable^ 
the work ildw offered to the public will perhaps appeal^ 
unnecessary. And indeed > if the; geometer just named 
had written with a view ot accommodating the Elements 
of Euclid td the present state of the mathematical sciences^ 
it is not likely that any thing new in Elemcfntat^ Oeome-^ 
try would have been soon atttmpt^di But his design was 
different: it was his object to Restore the writing) ojf 
Euclid to their original perfection^ and td give* them to 
Modem Europe as nearly as possible in the state wherein 
they madfc their fitet appearance in Ancient Greece, t^ot* 
this undertakings rtobody could be better qualified thaii 
Dr. Simson ; who tb kn accurate knowledge of the learned 
languages^ ahd art indefatigable spirit of research^ added 
a profound skill in the ancient Geometry, and an admira- 
tion of it almost anthUsiastic. Accordingly^ he not only 
Restored the text of Euclid wherever it had been cof^ 
tiipted, but in some cases removed imperfections that 
probably belonged to the origihal woflc ; though bis ex- 
treme partiality for his author ilever permitted him to 
suppose^ that such honour could fdll to the share either df 
himself^ or of any other of the moderns.' 

But, after all this was accomplished^ something still re- 
mained to be done^ since^ notwithstanding the acknow- 
ledged excellence of Euclid's Elements, it could not be 
doubted, that some alterations might ht made, that Would 
accommodate them bettei' to a state of the mathematical 
sciences, so niilch niore improved and extended than at 
the period wheii they wei*e written. Accordingly, the 
object of the edition now offered to the public, is not so 
much to give to the writings of Euclid the form whicK 
they originally had, as that which nliay at present retidefr 
them most usefuL 



PREFACE, V 

One of the alteratiofis made with this view, respects the 
Doctrine of Proportion, the method of treating which, as 
it is laid down in the fifth ^ Euclid, has great advantages, 
Accompanied with considerable defects; of which, how- 
ever, it must be observed, that the advantages are essen- 
tial, and the defects only accidental. To explain the na- 
tiire of the former^ requires a tiiore minute exaniination 
than is suited to this place, and must, therefore, be reserv- 
ed for the Notes; but, in the mean time, it may be re- 
marked, that no definition, except that of Euclid^ has ever 
been given, from which the properties df proportionals caii 
be deduced by reasonings, which, at the same time that 
they are perfectly rigorous, are also simple and direct. 
As to the defects, the prolixness and obscurity^ that have 
so often been complained of' in the fifth book, they seem 
to arise chiefly from the nature of the language employed^ 
^hich being no other than that of ordinary discourse, can- 
not express, without much tediousness and circumlocution, 
the relations of mathematical (Juantities^ when taken in 
their utmost generality, and when no a^istoiice can be re- 
ceived from diagrams. As it is plain, that the concise 
language of Algebra is directly calculated to I'emedy thi^ 
inconvenience, I have endeavoured to introduce it here^ 
in a very simple fijrm however, and without changing the 
nature of the reasoning, or departing in any thing from 
the rigour of geometrical demonstraition. By thi^ means, 
the steps of the reasoning Which were before fkr separated^ 
are brought near to one another, and the fbrce of the 
whole is so clearly and directly perceived, that I am fier- 
suaded no' more difficulty will be found in understanding 
the proportions of the fifth book, than those of any othei' 
of the Elements. 

In the second book, also, some algebrak signs have 
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been introduced^ for the sake of representing more readily 
the addition and subtraction of the rectangles on which 
the demonstrations depend, '{'he use of such symbolical 
writings in translating from an original, where no symbols 
are used^ cannot, I think, be regarded as an unwarranta- 
ble liberty ; for, if by that means the translation is not 
made into English, it is made into that universal language 
so much sought after in all the sciences, but destined, it 
would seem, to be enjoyed only by the ipathematical. 

The alterations above mentioned are the most material 
that have been attempted on the books of Euclid. There* 
are, however, a few others, which, though less considera- 
ble, it is hoped may in some degree 'facilitate the study 
of the Elements. Such are those made on the definitions 
in the first book, and particularly on that of a straight 
line. A new axiom is also introduced in the room of the 
12th, for the purpose of demonstrating more easily some 
of the properties of parallel lines. In the third book, the 
remarks concerning the angles made by a straight line^ 
and the circumference of a circle, are left out, as tendings 
to perplex one who has advanced no farther than the ele- 
ments- of the sci^ncfe. The 27th, 28tb, and 29th of the 
sixth are changed for easier and more simple propositions, 
which do not jnateriaHy differ from them, and which an- 
swer exactly the same purpose. Some propositions als© 
have been added : but for a fuller detail concerning these 
changes, I must refer to the Notes, in which several of 
the more difficult, or more interesting subjects of Ele- 
mentary Geometry are treated at consiflerable length. 

The Supplement now added to the Six Books of Eu*- 
elid is arrange^ differently from what it was in the first 
edition of these ^Elements. 

The first of the three books^ into which it is divided;^ 
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treats of the rectification and quadrature of the circle^ — 
subjects that are often omitted altogether in works of this 
kind. They are omitted^ however, as I conceive without 
any good reason, because, to meastrre the length of the 
simplest of ail the curves which Geometry treats of, and 
the space contained within it, are problems that certainly 
belong t6 the elements of the science, especially as they 
are not more difficult than other propositions which are 
usually admitted into them; When I speak of the recti- * 
fication of the circle, or of measuttng the length of the cir- 
(((nnference, I must not be supposed to mean, that a straight 
line is to be made equal to the circumference exactly—^ 
problem which, as is well known, Geometry has never 
been able to resolve. All that is proposed is, to deter* 
mine two straight' lines that shall differ very little from 
one another, not more for instance, than the four hundred 
and ninety-seventh part of the diameter of the circle, and 
of which the one shall be greater than the circumference 
of that circle, and the other less. In the same manner, 
the quadrature of the circle iB performed only by approx- 
imation, or by finding two rectangles nearly equal to one 
another, one of them greater, and another less than tho * 
space contained within the circle. 

In the second book of the Supplement; which treats of 
the intersection of planes, I have departed as little as pos- 
sible from Euclid^s method of considering the same subject 
in his eleventh book. The demonstration of the fourth 
proposition is from Legendre's Elements of Geometry \ 
that of the sixth is new, as far as I know : as is also the 
soliilLon of the problem in the nineteenth proposition : a 
problem which, though in itself extremely simple, has 
been omitted by Euclid, and hardly ever tfeated of, in an 
eleipentary form, by any geometet. 
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With respect to the Geometry of Solids^ in the third 
book^ I have departed froiq Euclid altogether^ with a 
view of rendering it both shorter and more comprehen- 
sive. This^ however, is not attempted by introducing a 
mode of reasoning less rigorous than that of the Greek 
geometer ; fqr this would be ifk pay too dear even for the 
time that might thereby be saved ; but it is dorns ehitfly 
by l4ying[ aside a certain rule^ which^ though it be not es- 
sential to the accuracy of demonstration^ £uclid hfis thought 
it proper^ as much iisf pQ(|sible to observe. 

The rule ^•eferped to, is one which influences the ar- 
irangement of his propositions through the whole of the 
Elements^ viz. That in the demonstration of a theorem^ 
he never supposes any thing to be dqne, act any line to be 
drawn, or any figqre to be constructed the manner of do- 
ing which he has not previously explained; Now^ the 
•only use of this rule is to prevent the admission of iropoetr 
sible or contradictory suppositions, whicb^ no doubts 
might lead into error ; and it is a' rule well calculated to 
answer that ^nd, as it does not allow the existence of any 
thing to be supposed^ unless the thing itself be actually 
exhibited. But.it is, not always necessary to m^ke use of 
this deferice ; for the existence of many things is obviously 
possible, and very far fr^m implying a contraction^ 
where the method of actually exhibiting them may be al^ 
together unknown. Thus, it is plain, that on any given 
figure a^ a base^ a solid may be coqstituted, or conceived 
to exist, equal in solid contents to any givei) solid, (be- 
f^ause a solid, whatever be its base, as its height may be 
indefiniti^ly varied, is capable of all degrees of magnitude^ 
from nothing upwards,) and yet it may in many cases be 
^ problem of 'extreme difficulty to assign the height of 
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such a seiidf and actuaUy to exhibit it. Now, this very 
supposition, that pn a given base a solid of a given magni-' 
tude may be constituted^ is one of those, by the introduc-' 
tion of which, the Geometry of solids is nuich shortened^ 
while all the real accuracy of the demonstrations is pre^ 
served ; and therefore, to follow, as Eiuclid has done, the 
rule that excludes this, and such like hypothesw, is to cret* 
'ate artificial difficulties, and to embarrass geometrical in- 
vestigation with B|€fi*e obstacles than the nature of things 
has thrown in its way* It is a rule, too, which cannot air- 
ways be followed, and from which even Euclid himself 
has been forced to depart, in mare than one instance. 

In the Book, therefore^ on the Properties of Solids, 
which I now offef to the public, I have not sought to sub* 
jectthe demonstrations to the law just mentioned, and have 
never hesitated to admit the existence of such solids,' or 
auch lines as are evidently possible, though the manner of 
actually describing them may not have been explained. 
In. this way, I have .been enabled tocher that very re* 
'fined artifice in geometrical reasoning, to which we give 
the name of the Method of Exhaustions, under a much 
simpler form than it appears in the 12 of Euclid ; and the 
spirit of the method may, I diink, be best learned when it 
is thus disengaged from every thing- not essential. That 
it may be the better understood, and because ike demon* 
strations which require exhaustions ase, no doubt, the 
most difficult in the Elements, they are all conducted ac^ 
liearly as possible in the same way, in the cases of the dif" 
ferent soUds, from the pyramid to the sphere* The.com^ 
pariscM^ of tbia l^t solid with the cylinder^ concludes the 
last Book of the Sqpplement, and ia a {H*opositiiin* that 
may not improperly be considered as terminatiog.theele^ 
mentary part ol Qeometry . 
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The Book of the Data has been annexed to several edi» 
tions of Euclid^ 8 Elements^ and particularly to Dr. Sim^ 
son^Sy but iti this it is omitted altogether. It is omitted, 
however, not from any opinion of its being in itself use- ■ 
less, but because it does not belong to this place, and is not 
pften read by beginners. It contains the rudiments 'of 
what is properly called the Geometrical Analysis, and has 
itself an analytical^ form ; and for these reasons, I would 
willingly reserve it, or rather a compend of it, ftrr a sepa- 
rate work, intended as an introduction to the study of that 
analysis. 

In explaining the elfments of Plane and Spherical 
Trigonometry, there is not much new that can be at- 
tempted, or that will be expected by the intelligent reader. 
[Except, perhaps, some new detnonstrations, and som^ 
changes in the arrangement, these two ^treatis^ have, ac- 
cordingly, no novelty to boast of. The Plane Trigonome-. 
try is so divided, that the part of it that is barely suffi- 
cient for the resolution of Triangles, may be easily taught 
by it3ielf. The method of constructing the Trigonometric' 
eal Tables is explained, and a demonstmtion is added of 
those properties of the sines and cosines of arches, which 
are the foundation of those applications of Trigonometry 
lately introduced, with so much advantage into the higher 
Geometry. 

In the Spherical Trig<mometry, the rules for prevent" 
ing the ambiguity of the solutions, wherever it can be pr^ 
vented, have been particularly attended to ; and I have 
availed myself as much as possible of that excellent ab- 
stract of the rules of this science which Dr. JUaskefym 
has prefixed to Taybn^s TMes of Logarithms. 

An explanation of J\r€^ier^s very ingenious and useful 
rule of the Circular Parts is her^ ^dded as an appendi^^ 
4o Spherical Trigonometry, 
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It has beeft objected to many of the writers on Ele-- 
taentary Geometry, and particularly to Euclid ^ that they 
have been at great pains to prove the truth of many sim-» 
pie propositians> which every body is ready to admits 
without any demonstration, and that thus they take up 
the time,^nd fetigue the attention of the student, to no 
^purpose. To this objet^tion, if there be aMy foree in-it^ 
the present ti^eatise is certainly as much' exposed as any 
others for no attempt is here made to abridge the Ele*' 
inents> by considering as self-evident any thing that ad- 
mits of being proved^ Indeed those who make the ob- 
jection just stated y do not seem to have reflected suffi- 
ciently on the end of Mathematical Demonstrtition, which 
is not only to prove the truth of a certain proposition, but 
to show its necessary connection with otfaef propositions^ 
and its dependance on them^ The truths of Geometry 
are all necessarily connected with one another, and the 
system of sflch |puths can never be rightly explained, un- 
less that connection be accurately traced, wherever it ex- 
ists. It is upon this that the beauty and peculiar excel- 
lenee of the mathematical sciences ^epend : it is this/ 
which by preventing any one truth from being single and 
insulated, connects the different parts so firmly, that they 
must all stand, or all iail together* The demonstration^* 
therefore, even of an obvious proposition, . answers the 
purpose of connecting that •proposition with others, and 
ascertaining its place in the general system of mathemati- 
cal t»uth« If, for example^ it be alleged, that it is need-* 
less to demonstrate that any two sides of a triangle are 
greater than th^ third j it may be replied, that this is no 
doubt a truth which, without proof, most men will be in- 
clined to admit ; but are we for that reason to account it 
of no consequence to know what the propositions are, whicb 
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ihust eease to be true if this proposition were supposed id 
be false ?. Is it hot useful to know, that unless it be true^ 
thfikt any two sides ot a triangle are'greater than the third^ 
neither could it be trtie, that the^ greater side of every 
triangle is opposite to the greater aiigle^ nor that the 
equal sides ^re opposite to equal' angles, nor^ laatly, that 
things equal to the stime thing ar^ equal to. one another? 
By a scientific mind this information will ndt be thought 
lightly of ; and it is exactly that which* we receive from 
JEuclid^s demonstration. 

To all this it may be added^ that the mind^ especially 
when beginning to study the ant of reasoning, cannot be 
employed to greater advantage than in analysing those 
judgments, whicb^ though they appear simple^ are in 
reality complex, and capable of being distinguished into 
parts. No progress in ascending higher can b^ expected^ 
till a regular habit of demonstration is thus acquired ; it 
is much to be feared^ that be who has declined the trou- 
ble of tracing the connexion between the proposition al- 
ready quoted^ and those that are more simple, will not 
be very expert in tracing its connection with those that 
are more complex ; and that^ as he has not been careful 
in laying the foundation, he vdll never be successful in 
raising the superstructure* 

College of Edinburgh, 

Dee. 1, 1818^ ' 
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DEFINITIONS. 

^^ A Poi^"*!* is that whieh had position; but not magnitvclei*'* 
"im.(Si» Notes.) 

II. 

A line is length withbut bi^eadth. 

** Corollary, The exti^mities of a line are points; and the iiIj^ 
^terseetions of one line witfi anotlier are also points/' 

III. 

*<If two lines arc snch that they eannot eoineide in any two point^^ 
"without CQinoidingaltogether, eaeh of them is ealled a straight line.'^ 

<< Cor. Henee two straight lines eannot enelose a siiaee.^ Neither 
^ can two straight lines iiave a eommon segment; tiidt is^ they eannot 
<< coincide in part, i4thout coinciding altogether.^ 

IV. 

A superficies is that which has only length an^ breadth; 

"Cor. The extremities of a siiperficies are lines; and the inteK 
sections of one superficies iil'itii another ard also lines;" 

_ . V. ^ 

A plane superficies is that in which any two points being takeii. 
the straight line between them lie's wholly in that superfieiesi 

• Vr. 

A plane feetilineal angle is the itteliftation of two straight lines to 
one another, which meet together, but ai-e not in t&e same straight litie. 



« The definitioDs marked with inTerted etakinjif are different lh»m those «r Rftdid. 
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N. B. ^When ievenJ ABgles mre at om^ f^kat B, ^nj one of i&eitt 
is exDressed by three letters, of whieh the letter that is at the ver- 
tex of the aDgle, that is, at the point in which the straight lines that 
contain the angle meet one another, is put between the other two 
letters, and one ofthese two is somewhere upon one of those straight 
lines, and fhe other upon the other line: Thus the angle which is 
contained by the straif^t lines AB, CB, is named the angle ABC, or 
CB A ; Uiat which is contained by AB, BD is named the angle ABD, 
or DBA; and that whieh is eontained by BD, €B is called the angle 
DBC, or GBD; bnt, if there be only otie angle at a point, it ma^ be 
expressed by a let|er placed at that point; as the angle at £«' 

VII. 

When a straight line standing on another 
straight line makes the adjacent angles 
equal to one another, each of the angles 
is called a right angle ;. and the straight 
line which stands on the other i» called 
a perpendieolar to it. 
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An ohtnse angle is that whieh is greater than a right an^e. 



ix. 

An acute angle is that which is less than a right angle. 

X- 

A figure is that whieh is enclosed by one or more boundaries.— 7%c 
word area denotes the quantity of space contained in aJlgure^wMoui 
any referenceto the nature of the line or lines which bound it. 
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XI. 

A circle is a plane figaie conUijied by <N[ie fine, which is called tha 
circumference, and is such that all straight lines drawn from a ceri- 
taia ftnui within Hm figure to the circumference, are equal lo one 
laother. 




xn. 

And this point is called the centre of the circle. 

xni. 

A diameter of a circle is a straight line drawn through the centre, and 

terminated both ways by the circumference. 
« XIV. 

A semicircle Is the figure contained by a diameter and the part of the 
circumference cqt off by the diamieter. 

XV. 
Rectilineal figores are those which are contained by straight lines. 

XVI, 
Trilateral igures, or triangles, by three straight linet. 

XVII. 

Quadrilateral, by four straight lines. 

XVIII. 

Af ultilateral figures, or polygons, by more than four stralj|ht lines. 

XIX. 

Of three sided figores, an equilateral Iriangle is that which has thr^e 

equal sides. 

XX. 

An isoseeles triangle is that which has only two sides equal. 






XXI 

A scalene triangle, is that which has three unequal sides^ 

xxn. 

A right angled triangle, Is that which has a right angle. 
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xxm. 

An obtoie angled liitngH ^ that which has an obtuse angle. 




XXIV. 
^n acote angled triangleiis that which has t|ir$e acate angles. 

XXV. 

pf four tided figures, a square is that which has all its sides equa1| 
'^d a|l its angles right angles. 




XXVI. 

An oblong, is that which has all its angles right angl^Sy but has not i^l 
its sides equals 

XXVII. 

A rhombus. Is that which has all its sides equal, but its angles are not 
ri^ht angles^ 




xxvin. 

A rhomboid, is that which has its opposite sides equal to one another., 
but all its sides are not equal, nor its angles right angles. 

XXIX. 

All other four sided figures besides these, are called Trapeziums* 

XXX. 

Parallel straight liqes, are such as are in the same plane, and which 
being produ^ eiyer so Car both ^ajs, do not meet. 
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OF GEOMETRY. BOOK I. Hf 



POSTULATES. 
I- 

Let U be granted that a straight line may be drawn frooi any one 
point \o any other point. 

II. ' 

. That a terminated straight line may be produced to any length ia 
a straight line. 

Ill, 

And that a circle may be described trom any centre, at any dis? 
tance from that centre. 



AXIOMS, 
I. 

Things which are equal to the same thing are equal to one another, ^ 

n. 

|f eq^Is be added to equals, the wholes are equal. 

III. 
If equals be taken from equals^ the remainders are equal* 

. IV. 

|f equals be added tQ unequals, the wholes are unequal. 

V. 
If equals be taken from unequals, the remainders are unequal. 

VI. 
Things which are doubles of the same thing, are equal to one another, 

vn. 

Thii^ which are halves of the same things are equal to one another. 

vni. 

Magnitudes which coincide with one another, that is, which exactly 
fill the same space, are equal to one another* 

The whole is greater than its part. 



/ 



Ail right angles are equal tg one 




f< Two straight lines which intersect one aootheri caniiot be both 
^. parallel tcf the same straight line.'* 
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-'- PROPOSITION I. PROBLEM. 

To des(?pibe an equilater^il triangle upon a given finite 
straight line. 

Let AB be the giren slFaiglit line i it is required to deseribe an 
equilateral trians^le upon it. 

' From the centre A, at the C 

distance A'fe, describe (3. Pos- 
tulate) the eircle BCD, and 
from the centre B, at the dis- 
tance BA, describe the circle 

ACE 5 and from the point C, \ » -^V i!» IE 

in which the circles cnt one an- 
other, draw the straight lines 
(l.Po8t)CA, CB to the point* 
A, B ; ABC is an equilateral 
triangle. 

Because the point A is the centre of the circle BCD, AC is equa} 
(11. Definition) to AB; and because the point B is the centre of the 
eircle ACE, BC is equal to AB : But it has been proved tht^t C A is 
equal to AB; therefore CA, CB are each of them equal to AB; 
ROW things which are equal to the sanie are equal to one another, 
(l. Axiom) ; therefore CA is equal to CB; wherefore CA, AB, CB 
are equal to one another; and the triangle ABC is therefore equi-; 
lateral, and it is described upon the given straight line AB. Wmck 
was required te be done. 

PROP. n. PROB. 

From a given point to draw a straight line equal to a 
giyen straight line. 

Let A be the given point, and BC the given straight line; it is re- 
quired to draw, from the point A, a straight line jequal to BC. 

From the point A to B draw (l. Post.) 
the straight line AB; and upon it describe 
(l 1. the equilateral trian^e DAB, and 
produce (2. Post.) the straight lines DA, 
BD, to E and F ; from the centre B, at 
the distance BC, describe (S. Post) the 
eircle CGH, and from the centre D, at the 
distance DG, describe the eirele GKL. 
AL is equal to BC. 

Because the point B Is iH^I^ of the 
eircle CGH, HC is equa^HHbef^ to 
BG; and because D is the centre of the 
circle GKL, DL is equal to DG, and D A, 
DB, parts of them, are equals therefore 
the remainder AL is equal to the remainder (3. Ax.)'BG : But it haa 
been shewn that BC is equal to BG; wherefore AjLand BC areeaeh 
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t>f tliem eqoal toBfl^ and thtn^ that are eqiial to the«amc are equal 
to one another; therefore the straight line AL is equal to BC- 
lyherefore, from the given point A, a straight line AL has been 
drawn equal ttt the given straight line BC. Which vi^as to be done- 

PROP, in, PROB. 

From the greater of two given straight lines to cut off 
a part equal to the less. 

Let AB and C be the two given 
Straight lines, whereof AB is the 
greater. It is required to cut off 
from AB, the greater^ a part equal 
to Cj the less. 

t'rom the point A draw (3. 1.) 
the straight line AD equal to C5 
and from the centre A, and at the 
distance AD, describe (8. Post ) the 
circle DEP; and because A isthe 
eetitre of the circle DEF, A%; is 
eqiial to AD ; but the straight line C is likewise equal to AD 5 tvhenetf 
AE and C are each of them equal to AD ; wherefore the straidlit 
Ime AE is eqtial to (1. Ax.) C, and froift AB the greater of two 
straight lines, a part AE has been cut off equal to C the less. Which 
was to be done. 

PROP. IV. THEOREM. 4 

If two triangles have two sides of the one equal to two 
sides of the other, each to each ; and have likewise the 
angles contained by those sides equal to one another, their 
bases, or third sides^ shall be equal ; and the areas of the 
triangles shall be equal ; and their other angles shall be 
equal, each to each, viz. those to which the equal sides 
are opposite.* 

Let ABC, DEF be two triangles which hUve the two sides AB, AC 

^A^^n^. ^""t^ « ^'^'^ JH^"^* ^^' ^?» ^^^ ^« e»e^^ vi^- AB to DEVand 
A 1/ to JLl J< 5 and let 

the angle BAG be also 
equal to the angle ED 
F : then shall the base 
BC be equal to the 
base EF ; and the tri- 
angle ABC to the tri- 
angle DEF; and the 
other angles, to which 
the equalsides are op- 
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fogite, shall be equals eaeh to each, vizi the angle ABC ttf the ahglf 
lEF, and the angle AC6 to DF£. 

For, if t^e triangle ABC be applied to the triangle DBF, so that 
th^ point A ^maj be on D, and the straight line AB upon DE $ the 
•point B shall coincide with the point £, because AB is equal to D£ ; 
and AB coinciding with DE, AC shall coineide with DF, because the 
angle BAC is equal to the angle EDF ; wherefore also the point C 
shall coincide with the poitit F becaiito AC is equal to DF f fiut the 
point B coincides with the point E ; wherefore the base BC shaft 
coincide ^vith the base EF (cor. d^. 3.), ai|id shall be equal to it. 
Therefore also the ^hole triangle ABC shall coincide with the whole 
tiiangle DEF^ so that the spaces which theyeontain or tlieir areas 
ttre equal : and the remaining angles of the one shall coincide with 
the remaining angles of the other, and be equal to them, viz. tlie 
angle ABC to the angle DEF, and the angle ACB to the angle DFE. 
Th^reibre, if two triangles have two sides. of the one equal to two 
sides of the other, each to each, and have likewise the angles con- 
tained by those sides equal to one another^ their bases shall be equal, 
and their areas shall be equal, and their other angles, to which the 
equal sides are opposite, shall be equal, eaeh to each* Which was 
to be demonstrated. 

i I^ROP, V. tHfiOR. 

The angles at the base of an isosceles triangle are ecjiiatl 
to one another ; and if the equal sides be produced^ t(ie 
angles upon the other side of the base shall also be equal. 

Let ABC be an isosceles triangle, of which the side AB is equal to 
AC, And let the straight lines Ad, AC be produced to D and E, the 
angle ABC shall be equal to the angle ACB, and the ati^le CBD to- 
the angle BCE. 

In BD take any point F, and from AE the greater cut off AG equal 
(3. 1.) to AF, the less, and join FC, GB. 

Because AF is equal (o AG, and AB to AC, the two ^des FA, AC 
are equal to the (woGA, AB, each to each; and they contain tb'ti 
angle FAG common to the ttvo trian- ^ 

gle», AFC, AGB; therefore the base 
FC 18 equal (4. 1.) to the base GB, 
»nri the triangle AFC to the triangle 
AGB; and the reniaimni> angles of 
the one are equal (4. t.) (o thg^- 
maining angles of the other, eskM||||^ 
each, to which the equal^yie3W&'' 
opposite, viz. the angle Jj^^gp the 
angle ABG, and the ^'^i^'^iSP^^ ^^^ 
anjB;le AGB : And because ine whole 
AF is equal to the whole AG, and the 
part AB to the part AC : the remain- 
.der BF shall be equal (3. Ax.)* to the 
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i'ifitiaiii Jer C&i and PC was proved to hp equal to 6B, therefore tins 
two 8ide« BF, FC are equal to the two C6, GB^ eaeh to each ; but the 
angle BFC is equal to the an^ C6B ; wherefore the triangles BFC, 
OOB are equal (3i i.), and their remaining angles are eijual, to 
whick the edhal sides are opposite $ therefore theandeFBC is equal 
to the angle GCB, and the ali|le BCF to the ancle CBG. Now, sinee 
it has been demonstrated, that the whole aitgie ABG is equal to the 
lyhdle ACF, arid the part OBG, to the part BCFthe f^eliaiDing ang|l^ 
ABC is therefore equal to the remaining angle AC^ which are the 
angles at the base ^the triangle ABC t And it has also been proved 
that tlie angle PBC is ^qual to dieuigle GCB, whieh are the anglei^ 
lipon the dther side of the hase« Tlierefore^ the angles at the base^ 
4ie. Q.E.D. 
Coaoi.LART. Heriee erery equilateral tiiangle li also equiangnlari 

PROP. VL THEOR. 

tf two angles of a triangle bcf equal to ode! adother^ thd 
sidei^ which subt^iid^ or are 6pposit6 to them^ are also 
equal to one another. 

Let ABC be a tHangle having the an^e ABC equal to the angle 
ACB ; the side AB is also equal to the side AC. 

For, if AB he not equal to AC, one fit them is g|reater than the 
^ther: Let AB he the greater, and from it eut (8. Ij) off jDB eqiid 
to AC the less, and join DC ^ therefore^ be* 
cause in the trianfitles DEC, ACB, DB is 
cfqoal to AC, and BC eommon to both, the 
two sides DB, BC are equal to the two AC| 
CB.eaeh to eaeb; but the an{;le tIfiC is also 
^qualto the angle ACB; therefore the base 
* DC is equal td the base AB, and the airea 
of (he triangle DBC is equal to that of the 
triangle (4. l.)ACB, the less to th« greater $ 
which is absurd. Thererore, AB is not un- 
equal to AC, that Is, it is equal tb if. Where- 
Ibre, if tf?o angles, Sec* Q.B.D. B 

CdM. Hence every equiangulat triangle is also equilateral. 

4 PROP. VIL THEOlt. 
Upon the same base^ and on the same side'df iU theri^ 
aaiindt be tw6 triangles, tbat have their sidei^ which are 
terminated in one extraflB^ of the base equal to one 
another, and likewise M^which ai'e terminated in the 
dther extremity, equal to one,iinolber. 

Let there be two triangles ACB » ABB, upon the same base AB^ ancl 
upon the same ^de of it, tvhieh have their ddesCA,DA, teritdnated 
in A equal to one anottiier; then their tides, CBl, DB| terminated in 
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B, cannot lie equal to one another. 

Join €B^ a.nd If possible let CB 
be equal to DB^ tben, in the ease 
in which the vertex ©f each of the 
trians^ies is without the other triaii- 
l^le, because AC is equal to AD ^ the 
anrle ACD is equal (5. 1.) to the 
angle ADC : But the ang'le ACD is 
greater than the an^leBCD; there- 
fore the angle ADC is greater also 
than BCD ; much more then is the 
angrle BDC jarreater than the angle -^ 
BCD. Aeain, because CB is equal to DB, the angle BDC is equal 
(5. 1 ) to the angle BCD ; but it has been demonstrated to be greater 
than it; which is impossible. . 

But if one of the vertices, as 
D, be within the other triangle 
x\CB; produce AC, AD to E, 
F; therefore, because AC is e- 
qual to AD in the triangle ACD, 
the angles ECD, FDC upon 
the other side of the base CD 
are equal (0. 1.) to one another, 
but the angle ECD is greater j^ 
t ban the angle BCD ; wherefore 
the angle FDC is likewise greater than BCD ; mnch more then is the 
ansrle BDC greater than the angle BCD. Again, because CB is eqaal 
to DB, the angle BDC is equal (5. 1.) to the ande BCD; but BDC. 
has been proved to be greater than the same BCD 5 which is impossi- 
ble. The case in which the vertex of one triangle is upon a side of 
the other, needs no demonstration. 

Therefore, upon the same base, and on the same* side of it, there^ 
cannot be two triangles that have their sides which are terminated in 
one extremity of the base equal to one another, and likewise those 
which are terminated in the other extremity equal to one another.r 
Q.E.D. 

^ PHOP, yill. THEOR- 

If two triangles have two sides of tfie one equal to twa 
sides of the other^ each to each, and have likewise their 
bases equal ; the an^e whicn3tt^ntained by the two sides 
of the one shall be equ^othe^gle contained by the two 
sides of the other. 'Vp 

Let ABC, DEF he two triangles having the two sides AB, AC^ 
equal to the two sides DE^, DF, each to each, viz. AB to DE, and AC 
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to DP ; and also the base BC equal to ttie base BF. The angle B AC 
is equal to the angle EQF. 

For, if the triangle ABC be a]^plied to the trianrfe DEP, so that 
the point B be on E,and the straight line BC upofiEP; the point C 
shall also coincide with the point F, because BC is ecj^ual to EF : 
therefore BC coinciding with EF,BA «nd AC shall coincide with ED, 
and DP 5 for, if BA, and CA do not coincide with ED, and FD, but 
have a different situation as EG and FG; then, upon the same base 
EF, and upon the same side of it, there can be two triangles EDF« 
E«jrF, that have their sides which are terminii^ted in one extremity of 
the base equal to one auotlier, and likewise their sides terminated 
in the other extremity; but this is impossible (7. i^; therefore, if 
the base BC coincides with the base EF, the sides B A, AC cannot 
. but coincide with the sides ED, DP ;* wherefore likewise the angle 
BAC .coincides with the angle EDF, and is equal (8. Ax.) to it. 
Therefore if two triangles, &c. Q. E- D. 

\/ PROP. IX. PROB. 

To bisect dt given rectilineal angle, that is, to divide it 
' • into two equal angles. 

Let BAC be the eiven rectilineal angle, it is requirid to bisect it. 
. Take aiiy point D in AB, and from AC cut (.3. 1.) oflf AE equal to 
AD; join DE, and upon it describe A 

(1. 1.) an equilateral triangle DEF; 
then join ^^F ; the straight line AF 
bisects the angle BAC. 

Because AD is equal to AE, and 
AF is common to the two triangles 
DAP, EAF? the two sidesi'DA, AF 
are equal to the two sides EA, AF, 
each to each 5 but the bane DP i^ also^ 
equal to the base EF; therefore the 
angle DAF 1- equal (8.1.) to the an- 
gle E AF : wherefore the giveti recti- 
lineal an^le BAC is bisected by the 
straight fine AF. Which was to be 
done) jm 
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PROP. X. PBOB 



7o biseet a given finite straight line, that is^ to diyic|e it 

ipto two equal parts. 

m 

Let A^ be the given stmght line; it i* ^qnired i% divide it into 
two equal parts. 

Deseribe (l. 1.) upon it an equilateml triangle ABC, and biseet 
(9. 1.) the angle ACB by the straight line .CD. AB is eat into two 
<^[aal parts in the point D. 

Becaiise AC is equal to CB, and CD eomnu^n te the two triai^glejs 
ACD, BCD: the two sides AC, CD, are c 

equal to the two BC, CD, eaehtq eaeh;^ 
but tHi angle AC O is also equal to the an- ' 
^le BCD; therrfore the base AD is e^ual 
io the ba^e (4. 1.) DB, and the straight 
line AB is divided into two ^nal parts in 
tl|e point D. Which was tobe doi^e. 
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PROP. 



PROB. 



To draw a straight line at right angles to a given straight 
liqe^ from a given point in that line* 

Let AB be a ^"^en str^ieht line, and C a point ^ven in it; it is re^ 
quired to dra^ i^ straight line fron^ the point C at nght angles to AB. 

X^e ^7 P^n^ ^ in AC, and (9|. 1^ make C£ eqmal to CD, an^ 
upon DB describe ;(!'. 1.) the * 

equilateral triangle DFE, and - 
join FCj the straight line FC, 
drawn from the given point C, 
is at right angles to the giv^n 
straight line AB, 

3eeaiise pC is eqnul to CE, 

and FC oommon to the two tri- • » c «• ^ 

angles DCF,ECF,tl|e two sides ^ " *- ^9 

DC, CF are equM to the two EC, CF, eaeh tq each; but the base- 
pF is alsq equal to the base EF $ therefore the angle DCF is eqnat 
(8.' 1.) to the angle ECF; and they are adyaeent angles. But, when the 
adjacent angles which one straight line makes with another straight 
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+ p^p. xn. PROS. 

To draw a straight line perpeqdicular to a given straight 
line^ of aa unlimited lengthy from a given pomt without it. 

Let AB be a given straight line, vfhith may be prodaeed to any 
length both ways, and let C be«a p«iot without lU It is rfeqnired to 
draw a straight line perpendi* 
eniar to AB nf<9n the point C 

Take any point D upon the 
other side or AB, and from the 
eentre.G9 at the distance CD, 
describe (d. Post) the eirele 
£aF meeting AB m F, G; and 
bisect (10, 1.) FG in H, and ^ 

ioinCF,CH,CG; the straight I> 

line C Hf drawn from the giveH point C, is perpendicular to the gsrem 
straight line AB. 

Because FH is equal to HG, and HC common to the two trianeles 
PHC, GHC, the two sides FM, HC are equal to the two GH, HC,. 
each to each; but the base CF is also equal (it. Def. i ) to the base 
CG; therefore tho angle CHF is eaual (8. 1.) to the angle CHG; 
and they are adjacent angles ; now wnen a straight line stonding on a 
straight line make^ the adjacent angles ej)ual to one another, each of 
them is a right angle, and die straight line which stands upon the 
other is called a perpendicular to it|^ therefore from the pren |^int C 
a perpendicular CH has been drawn to the given strai^t line AB^ 
Whidiwastobedonef . 

f PROP. Xm. THEOR. 
The angles which one straight line makes with another 
upon on^ side of it, are either two right angles^ or are to-* 
gether eqijal tq two right ang;l^. 

Let the straight line AB make with CD* upon one side of it the 
angles CBA, ABD ; these are either two right angles, or are together 
^ual to two right angles. '' 

For, if the angle CBA be equal to ABD,each of them is a right 
ang)« (Def. 7.); bu^ if not, from the point fi draw BE at right aa^ 
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glcs (n. 1.) to CD; therefore tbe an^lcjsCBB, EBD are two riffhjt 
angles. Now, the angle CBE is equal to the two angles CB A, ABB 
together; add the angle EBD tp each of these equals, and the two 
angles CBE, EBD, wiH be equal (^. Ax.) to the three CB A, ABE, 
^D. Apin, the angle DBA is equal to the two angles DBE, BB A ; 
•dd toeadb of these equals the angle ABC ; then wHji the two angles 
DBA, ABC be eoual to the three angles DBE, EBA,4BC ; but the 
angles CBE, EBD have been demonstrated to be equal to the same 
three angles ; and things that are equal to the same are equd (4... Ax.) 
toone another; therefore the angles CBE, EBD ai« equal to the an- 
gles DBA, ABC ; but CBE, EBD, are two right angles ; therefore 
DBA, ABC are together equal to two right' angles. Wherefore, 
when a straight line, See. Q. E. JD. 

-f PROP. XIV. THEOR, 

If, at a point in a straight lihe, two other straighVlines, 
upon the opposite sides of it, make the adjaqent angles to- 
gether equal to two right angles, these two sti'aight lines 
are in one and the same straight line. 

At the point B in the straight 
line AB^ let th^ two straight lines 

BC, BD upon the flwposite sidea 
of 'AB, make the adjaeent angles * 
ABC, A BD equal together to two 
right angles. BD is in the same 
straight line with CB. 
:-> For if BD be not in the same 
straight line with CB, let BE be 
in the same straight line with it; 
therefore, because the straight 
line A B makes angles with the straight line CBE, upon one side of 
it^the angles ABC, ABE are together equal (13. 1.) to two right an- 
Sle#;-but the angles ABC, ABD are likewise together equal to two 
right angles; therefore the angles CBA, ABE are equal to the an- 
gles CBA, ABD : Take away the common ^.ngle ABC, and the re- 
maining angle ABE is*ec|ual (3. Ax.) to the remaining angle ABD, 
the less to the greater, which is impossible; therefore BE is not in the 
same straight line with BC. And in like mannier, it may be de- 
miotistrated, that no other can be in tkesame straight line with it but 

BD, which therefore is in tlie same straight line with CB. Where- 
fore, if at a point, 4^c. Q. E. D. 

I PROP. XV. THEOR. 

If two straight lines cut one another, the vertical, or op- 
posite angles are equal. 

Let the two straight lines AB, CD cut one another in the point E ; 
the angle AEC Am be equal to the angle DEB, and CBB to AED. 
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Far th)B afijajles CSA, AED^ wUdi the sMi^t^lHie AB makes iii& 
tlie gtraight line CD, are tooedfep equal (13. 1.) to. two risht aftftl^: 
and the angles AED, DEB, ^ ^ *^* 

which the straight line DB 
makes with the straight line 
AB, are also together equal 
(13. 1.) to two right angles ; 
merefore the two angles 
CEA, A£D are equal to the 
two AED, PEB. Take a- 
way the common angle 
AED, and the rffhtainlng 

an^'e CEAis equal (3. Ax.) to the remaining aii£tet)E6. In th^ 
same manner it may be demonstrated that the on^s CEB, AED are 
equal. Therefore, if two straight lines, ere. Q £. D. 

Cor. 1. From this it Is manifest^ that if two straight lines ent one 
another, the angles wbieh they make at the point of their interseo- 
tion, are together equal to four ri^ht angles. -. 

Con. 3. And kenee, all the an^e$ made by ahy number of straif^t 
lines meeting in one point, are together equal to four right angles. 

^- PROP. XVI. THEOR. 

If one side' of a triangle be produced, the exterior an- 
gle is greater than eHber of the interior, and opposite an- 
gles. 

Let ABC be a triangle, and \^i its side BC be produced to I), flic 
exterior angle ACD is greater than either of the interior opposite 
aftgies CBA, BAC. ^^ 

Bisect (10. 1.) AC in E, join 
BE ami pfoduce if to F, and 
make EF equal to BC; join also 
FC, and produce AC to G. 

Because AE is equa^ \o EC, 
and B£ to EF; AE, EB are 
equal toC£,£F, each to each; 
and the angle ABB is equal (15. 
1.) (o the 'angle CEF, because 
they are vertical angles; there- 
fore the base AB is equa^(4. 1.) 
to the base CF, and the triangle 
A£:B to the triangle CEF, and 
the remaining angles to the re- 
maining angles, each to each, to 
which the equal sides are oppo- 
site; wherefore the Anrfe BAE is ecraal te the angle ECF; but the 
angle ECD is greater than theancle ECF; ther^ore the angle EcO, 
that is ACD, lA greater than BAE : In the same manner, ff the side 
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BO be bifeettdi ft imj be dM^onttrst^d fhat the angle B€6, flmt is 
(1 5. 1 .), the angle AGDt to greater tlian tlie angle AbC* Tlietefore 
if one aide, 4^. Q. £• D. . 

4 PROP. XVII. tHEOR. 

Aiiy two angles of a tHatigle afe together less than tw« 

right angles. 

Let ABC be any triangle; anjr 4 

two of its angles together are less 
thati two right angles. 

Prodnee BC to D ; and be- 
cause ACD is the exterior atigle 
of the triangle ABC, ACI), ift 
greater (16. !.) than the interior 
and opposite angle ABCj to each 
of these add the anele ACB ; 
therefore the angles ACD, ACB , 
are «;reater than the ansles ABC, n 
ACB; but ACD, ACB are to-** 
gether equal ( 1 3* 1 .) to two right angles ; therefore the angles ABC, 
BCA are less than two rteht angles. In like etanneri it niajr be de* 
* monstrated, that BAC> ACB, as also^ CAB, ABC, are lesfthad two 
right angles. Therefore, any two angles, U^c Q« £• ^* 
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PROP- XriH TflEOR. 

e greater ade of every triangle has the greater mgle 

opposite to it- 

Let ABC be a triangle of which 
tile side AC is greater than the side, 
AB ; the angle ABC is also greater 
than the anii:le BCA. 

From AC, whieff is greater than 
AH, cut off (3. 1.) AD equal to AB 
and join BD ; and because ADB is 
the exterior an|le of the triangle 
BDC, it is gaeater (1 & h) than the 
interior and opposite angle DCB; but ADB is equal (5. 1.) to ABD 
because the side AB is equal to the side AD ; therefore Hie angle 
ABi) isliliewiRe greater than the nngle ACB; wherefore much more 
h the angle ABCl greater than ACB« Therefore (he greater side. 
Sec. Q. £. D.» ~ 
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The greatef angle of every triangle is subterided by tli6 
greater sid^, or has the greatep side opposite to it. 

Let ABC be a triangte, of v^hich the aogle ABC is greater than thir 
Single BCA ; the side AC is likewise greater than the side AB. 

For, if it be not greater, AC most 
either be e^ual fo AB,or less than it; 
It is not equal, because then the an^ 
gle ABC would be equal (5. 1 .)to the 
angle ACB; but it is not; therefore 
AC is not equal to AB; neither is it 
less; because then the angle ABC 
would be less ( 1 8. 1 .) than the afigle '' 
ACB; but it is not; therefore the " 
side AC is not Ifess than AB ; and it has been shown that it is not 
equal to AB; therefore AC is greater than AB. Wherefore tb^ 
greater angle, &c. Q»E.D» 

f PROP. XX. T^HEOR. 

Any two Sides of a triangle are together greater than the 

third side. 

Let ABC be a triangle; any two' sides of it together kre greatef 
than the third side, viz. the sides BA, AC greater thsn the side BC ; 
and AB, BC greater than AC ; and BC, CA greater than ABi 

Produce BA to the point D, 
and make (3. 1.) AD equal to 
AC ; and join DC. 

Because DA is equal to AC, 
the angle ADC is likewise equal 
(5. 1.) to ACD; but (he angld 
BCD is greater than the an^le 
ACD ; therefore the angle BC D 

is greater than the angle ADC ; ^ 

and because the angle BCD of the tt-iangle DCB is greater than its 
angle BDC, and that the greater (19. 1.) side, is Opposite to the 
greater angle : therefore the side DB is greater than the side BC ; but 
DB is equal to B A and AC together ; therefore B A and AC together 
are greater than BC. ^In the same manner it may be demonstrated^ 
that the sides AB, BC are greater than CA, *nd BC^ CA greater than 
AB. Therefore anjr two sides, &c. Q. £• D- 

£ 
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PROP. XXI. THEOR. 

If from the ends of one side of a triangle^ there be 
drawn two straight lines to a point within the triangle^ 
these two lines shall be less than the other two sides of 
the triangle; but shall contain a greater angle. 

L«fl tli€ two straigbt How BD, CD be drawn from B, C, the cnc's 
•f the side BC of the triangle ABC, to the point D within it ; BD 
and DC are less than the other two Bides BA, AC of the triangle, but 
contain an angle BDC greater than the angle B AC. 

Prodace BD to E ; and because two sides of a triangle (20. 1 .) are 
greater than the third side, the two 
sides BA, AE of the triangle ABE 
are greater than BE. To each of 
these add EC ; therefore the sides 
BA, AC are greater than BE, EC : 
Again, because the two sided CE9 
ED, of the trianc[leCED are greater 
than CD, if DB be added to each, 
the sides CE, E6, will be greater 
than CD, DB ; but it has been shown 
that BA, AC are greater that BE, 
EC ; much more then are BA, AC 
greater than BD, DC. 

Again, because the exterior angle of a triangle (16. 1.) is greater 
than the interior and opposite anR:le, the exterior angle BDC of the 
triangle CDE is greater than CED 5 for the same reason, the exterior 
angle CEB of the triangle ABE is greater than BAC; and it has been 
demonstrated that the angle BDC is greater than the angle CEB ; 
much more then is the angle BDC greater than the angle BAC. 
Therefore, if from the ends o^ &c. Q. E. I|^ 

PROP. XXII. PROS. 

To construct a triangle of which the sides shall be equal 
to three given straight lines ; but any two whatever of 
these lines must be greater than the third (20. 1.) 

Let A, B, C be the three given straight lines, of which any two 

whatever are greater than the third, viz. A and B greater than C$ 

A and C greater than^B ; and B and C than A. It is required to 

make a triangle of whfch the sides shall be equal to A, B. C, each to 
each. 
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Take a straight Ime DB 
terminated at the point f>, 
bot unlimited towards E) 
and make (3. 1.) DF equal 
to A, FG to B, and GH 
equal to C ; and from the 
centre F^ at the distance 
FD) describe (3. Po3t>) 
the circle DKL: and from 
the centre G, at the dis- 
tance GH, describe (3. 
Post.) another circle HLIL; 
and join KF, KG ; the tri- 
aDg;le KFG has its sides 
equal to the three straight 
lines, A, B. C. 




-B 



A- 

B- 



Because the point F is the centre of the circle DKL9 FD is equal 
(11. Def.) to FK| but FD ia.equal to the straightline A; therelore 
FK is equal to A : Again, because 6 is the centre of the cirda 
LKH, GH is equal (II. Def.)lo GK; but GH is equal to C; there- 
fore, also GK is equal to C; and FG is equal to B;, therefore the 
three straight lines KF9 FG9 GK, are equal to the three A9 B^C : 
And therefore the triangle KFG has ite three sides KF, FG, GK 
equal to the three given straight lines, A, B, C. Which was to be 
dune. 



J 



PROP. XXin. TROB. 



At a given point in a given straight line^ to make a recti- 
lineal angle equal to a given rectilinieal angle. 

Let AB be the given straight line, and A the giyeo point in it, and 
DQE the given rectilineal angle j it is required to make an angle at 
the given point A in the given 
straight line.AB, that shall be 
equ^l to the givei^ vectilineal 
angle DCE. 

Take in CD, CE any foints 
Df E, and join D£$ and make 
(S3. 1.) the triangle AFO, 
the sides of ^rhich shall tie 
equal to the three straight 
lines, CQ, DE, CE, so that 
CD be equal to AF, CB to 
AQj «nd D£ to FG; and be- 
cause DC» GB are equal to 
FA, AG, eaeh to each, and the 
base DE to the base FG; the aiigkDCB^isequaI(8. t.) totheanglc 
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FAO. Therefore, at the given point A in the given straight line AR, 
the angle FAG is made equal to the given rectilineal angle DCE. 
^hich was to be done. 

PROP. XXiy. THEOR. 

If two triangles have two sides of the one equal to two 
pides of the otJher^ each to each^ but the angle contained 
by the two sidfes of the one greater than the angle con- 
tained by the two sides of the other ; the base of that 
which has the greater angle shall be greater than the base 
of the other. 

' Let ABC, DEF be two triangles which have the two sides AB, AC 
^qual to the two DE, DF each to each, viz, AB equal to DE, and 
AC to DF ; but the angle BAC greater than the angle EDF ; the base 
BC is also greater than the base EF. 

Of the two sides DE, DF, let DE be the side wliich is not greater 
than the other, and at the point D, in the straight line D^ make 

28. 1.) the angle EDO equalto the angle BjiC : and make DG equal 

3. 1.) to AC or DF, and join EG, GF. 

Because AB is equal to DE, and x-VC to DG, the two sides BA, AC 
are equal to the two ED, DG^ each to ^ch, and the augle BAC is 
equal to the angle 
EDGaherefore the 
base JBC Is equal 

i4i. 1.) to the base 
iiG; and because 
PQ is equal to DF, 
the angle DPG is 
equal (5. 1.) to the 
angleDGFibutthe 
angle DGF is grea^? 
er than the angle 
£GF ; therefore the 
angle DPG is great- 
er, than BGF 5 and niuch mqre is the angle EFG greater than the an - 
gie EGF 5 and because the angle EFG of the triangle EFG is greater 
than its angle EGF, and because tlieg reater (9. 1.) side is opposite 
to the greater angle, the side EG is greater than the side E»; but 
EG is equal to BC 5 and therefore also BC is greater thai^ EF. 
Therefore, if two triangles, Hfe. Q. E. D, 

PROP, XXV. THEQB, 

^ If two triangles hav§ two sidea of the one equal to two 
sides of the otl^er, each to each, but the base of the one 
greater than the base of the other ; the angle contained by 
the sides of that which l\2^ the greater base, shall be greater 
than the angle contained by the ^'•des of the other. 
I^et ABC, DEF be two triangles which have the two sides AB, AC^ 
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equal to the two sides DB, DF, each to each, viz. AB equal to DE, 
and AC to DF: but let the base CB be greater than the base BF, 
the angle B AC'is likewise greater than the angle EDF. 

For, if it be not greater, it must either be equal to it, or less; but 
the angle BAG is not equal to the angle EDF, because then the base 
BC would be equal (4. I.) 
to EF ; but it is not ; there- 
fore the angle BAG is not 
equal to the angle EDF; 
nt^ither is it less ; because 
then the base BG would be 
less (24. 1.) than the base 
EP; but it is not; there- 
fore the angle BAG is not 
less than the angle EDF ; 
and it was shown that it is 
not equal (o it: therefore 

the angle BAG is greater than the angle EDF. Wherefore, if two 
triangles, &c. Q. E. D. 

^ PROP. XXVI. THEOR. 

If two triangles have two angles of the one equal to two 
angles of the other, each to each ; and one side equal to 
one side, viz. either the sides adjacent to l^e equal angles^ 
or the sides opposite to the equ^l angles in each ; then 
shall the other sides be equal;^ each to each ; and also the 
third angle of the one to the third angle of the other. 

Let ABG, DEP be two ^ D 

triangles which have the 
angles ABG, BOA equal 
to the angles DEP, EFD, 
viz. ABG to DBF, and 
BCA to EFD ; also one 
side equal to one side; 
and first let those sides 
be equal which are adja- 
cent to the angles that 
are equal in the two tri- 
angles, viz. BG to EF; 

the other sides shall be equal, each to eaeh, viz. AB to DE, and AO 
to DF ; and the third angle BAG to the third angle EDF. 

For, if AB be not equal to DE,oile of them must be the greater. 
Let AB be the greater of the two, and make BG equal to DE, and join 
GG ; therefore, because BG is equal to DE, and JBG to EF, the two 
sides GB, BG are eaual to th^ two DE, EF, eaeh to eaeh ; and the 
angle GBG is equal to the angle DBF; therefore the base GG is 
equal (4. 1.) to the base DF, and the triangle GBC to the triangle 
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DEF, and the oiher angles to the other an^les^eaeh toeaeh, to which 
the equal sides are opposite ; therefore the ancle GOB is equal to 
the angle DFB hut DF£ isf hy the hypothesis, equal to the angle 
BC A $ wherefore also the an^l^ bCG is equal to the an^le BC A, the 
less to the ^ater^ whieh is impossible; Uierefore AB is not unequal 
to DE, that is, it is equal to it; and BC is equal to EF; therefore 
.the two AB, BC are equal to the two DE, EF, each to each ; and the 
angle ABC is equal to the angle DEF, therefore the bas^ AC is 
equal (4. 1.) to the base DF, and the angle BAC to the angle EDF. 

Next, let the sides A D 

which are opposite to 
equal angles in each tri- 
angle be equal to one an- 
other, viz. AB to DE; 
likewise in this case, the 
other sides shall be e- 
qual,ACtoDF,andBC 
to EF; and also the 

third, nngle BAC to the 

third EDF. B H C E ¥ 

For, if BC be not equal to EF*letBC be the greater of them, and 
inake BH equal to EF, and join AH ; and because BH is equal to EF, 
and AB to DE ; the two AB, BH axe equal to the two DE, EF, each 
to each; and they contain equal angles; therefore (4^ i.) the base 
AH is equal to the baseDF,aAd the triangle ABH to the trianglcDEF, 
and the other angles are equal, each to each, to which the equal sides 
are opposite; therefore the angle BHA is equd to the andle EFD; 
but KFD is equal to the angle BC A ; therefore also the ande BHA is 
equal to the an^e BC A, that is, the exterior angle BHA of the trian- 
gle AHC is equal to its interior apd opposite an^e BCA : which is im- 
possible (16. 1.) whcMfore BC is not unequal to EF, that is, it is 
equaUo it; and AB is equal to DE; therefore the two AB, BC, are 
euual to the two DE, EF, each to each; and ija^j contain equal an- 
gles; wherefore the base AC is equal to the base DF,and Uie third 
angle BAC to the third angle EDF. Therefore, if two trianelea, 
&c. Q.E,D. . * ' 

« 

PROP. XXVII. THEOR. 

If a straight line falling i^pon two other straight lines 
makes the alternate angles equal to one another^ these two 
straight lines are parallel.. 

Let the itraisbt line EF, whieh falls upon the two straight lines AB, 
CD make the altemate angles AEF, EFD equal to one another; AB^ 
lapaaraHeltoCD. 
^ For, if it be nj»t parallel, AB and CD being produced shall meet 
^tiier towards B, Dy or towards A, C ; let ttiem be produced and 
sieettDwards B^D in die pouit 0$ therefore GEF is a triangle^ and 
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its exterior aHf^le AEF is gjNMiter (l6. i.) than tlic interior and oppo- 
site angle El^G ; but it is 
Ad equal to it, which Is 
impossible; therefore, AB 
and €D being produced, 
do not meet towards B» 
D. In like manner it may 
be demonstrated that they 
do not meet towartls A, 
C ; but those straight lines 
whidh meet neither way, though produced ever so far, are parallelf 
f 30. Def.) to one another. AB therefore is parallel to CD. \Vhere« 
lore, if a straight line, &e. Q. E. D. 

^ PROP. XXVni. THEOR. 

If a straight line falling upon two other straight lines 
makes the exterior angle equal to the interior and opposite* 
upon the same side of the line ; or makes the interior an-* 
gles upon the same side together equal to two right an- 
gles ; tke two straight lines are parallel to one another. 

Let the straight line £F, which falls upon the two straight linefr 
AB, CD, make the exteriof &ngle EGB equal to GHD, the interior 
and opposite angle upon the 
same side^ or let it make the 
interior anfi:le8 on the same side 
B6H, GHD together equal to 
two right angles $ AB is paral- 
lel to CD. 

Because the angle EGB is 
equal to the angle GHD, and 
also (15. 1.) to the angle AGH 
the angle AGH is equal to the 
angle GHD; and they are the 

alternate angles; therefore AB isT parallel (27. 1.) to CD. Againf, 
because the angles BGH, GHD are equal (By Hyp.) to two ri&^ht an-* 
gles, and AGH, BGH, are also equal (13. i»4 to two right angles, th€f 
angles AGH, BGH arer equal to the an^es BGH, GHD : Take away 
the common angle BGH ; therefore the remaining angle AGH is equal 
to the remaining airgle GHD; and the^ are alternate ^gles ; there* 
fore AB is parallel to CD. Wherefore, if a straight line^ &c. Q* E. D* 

i PROP. XXIX. THEOR. 

If a straight line fall upon two parallel' straight lines, it 
makes the alternate angles equal to one another ; and the 
exterior angle equal to the interior and opposite upon the 
same side ; and likewise the two interior angles upon the 
same side together equal to two right angles.' 
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Let the straight line EF fall upon the parallel straight line« AB^ 
CD; the alternate angles AGH, GHD are equal to one another; and 
the exterior angle £&fi is equal to the interior and opposite, upon 
the same side, 6HD ; and the two interior angles BOH, GHD upon 
the same side are together equal to two right angles. 

For if AGH be not equal to GHD, let KG be" drawn making the 
angle RGH equal to GHD, add produce KG to L; thenKL will be 
parallel to CD (27. h); but 
AB is also parallel to CD; 
therefore two straight lines 
are drawn through the same _ 
point 6, parallel to CD, and^^ 
yet not coinciding with one an- 
other, which is impossible p^ 
Ml. Ax.) The angles AGH ^" 
GHD therefore are not un- 
equal, that is, they are equal 

to one another* Now, the "F 

angle EGB is equal to AGH {±ii 4.); and AGH is proved to he 
equal to GHD ; therefore EGB is likewise equal to GHD ; add to 
each of these the angle BGH; therefore the angles EGB, BGH are 
equal to the angles tiGH, GHD; but EGB, BGH are equal (13, 1.) 
to two right angles ; therefore also BGH, GHD are equal to two right 
angles. Wherefore, if a straight line, &c. Q. E. D. 

C OR. If two lines KL and CD make, with EF ; the two ancles KGH 
GHC together less than two right angles, KG and CH will meet on 
the side of EF on which the two aisles are that are less than two 
right angles. 

For, if not, KL and CD are either parallel, or they meet on the 
other side of EF; but they are not parallel; for the angles KGH, 
GHC would th.en be equalto two right angles. Neither do they meet 
01^ the other side of EF; for the angles LGH, GHD would tfien be 
two angles of a triangle, and less than two right angles ; but this is 
impossible ; for the fiur angles KGH, HGL,CHG, GHD are tosrether 
equal to four right angles (13. 1.) of which the t Wo, KGH, CHGare 
by supposition less tlian two right angles; therefore the other two, 
iiGL, GHD are greater than two right angles.' Therefore since KL 
and CD are not parallel, and since they do not meet towards L and D, 
they must meet if produced towards K and C. 

• . PROP. XXX. THEOR. 

Straight lines which are parallel |o the same straight Una 

are parallel to one another. 

Let AB, CD, be each of them parallel to EF; AB is also parallel 
toCD. • j^ 

Let the straight linFGHK cut AB, EFj CD ; and because GHK 
euts the parallel straight lines AB, VF, the angle AGH is equal 



6# 0£OHETRT. BDdt 1 8^ 

X^9. i .) f o the angle GHP; A- \ 

^ftin, because the utraigbt line a \ i^^ 

GK cufa the |)ar&llel straight ^ ■ ip ^ 

lines EP, CD, the angle OHP \ 

is equal (29; 1.) to the anglfe ,, \„ 

GKDj and it was shown that *^ \" ' •* * 

the angle AGK is eqhai to the 

Angle GHF 5 thfipefort also AG It 

is equal to GKD; and they are 





illternate angles ; therefore AB ^ \ D 

is parallel (2f. l.)<oCD. Whfere- 
fore dtraight lines* &c; Q. £. D. 

^ PROP. XXXt PROB; 

Td draw a straight line through a given point parallel td 

a giv^n straight line. 

Let A be the giren point, and BC the given straight line, it is re^ 
quired to driiw a straight line 
thrbugh thfe point A, parallel to 
the straight line BC. 

In BC take anj point D, and 
jbin AD; and at the point A, 
in the straight line AD^ make 

(33. 1;) the aagleDAE equal id the angle ADC ^ and produce the 
itrnight line £A to F^i 

— Because the straight line AD, which meet? the iwo straight lines 
BC, EF, makes the hitehiate angl.f g EAD, ADC equal to6nean6<her^ 
EF is parallel (27. l.j to BC. Therefore the straight line EAP ia 
drawn through the given point A parallel to the ^ivefl straight iind 
BC; Which was to be done. 

l^ROPi XXXII. THEOii. 

If a sidfe of any triangle be produced^ the exterior ah^ 
gle is equal to the two interior and opposite angles ; and 
the three interior angles df eVery triangle are equal to 
two right angles. 

Let ABC be a triangle, and let one of lis iidesBC be produced to 
D; the extenor angle ACJ) U equal to the two interior^and opposite 
angles CAB, ABC 5 and the three interioi^ aiigkaof the triangle, vii; 
ABC, BCAy CABi are together equal to two right angleii 

Throdgh the point C draw 
CE parallel (31. i.) td the 
straight line AB; and because 
AB is parallel to CE and AC 
frieets them, tl^ie alternate an*^ 
gles BAC, ACE are equal (29t. 
i.) Again,^ because AB ii 
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parallel to CE, and BD falls upon thejn, the exterior angle^CD U 
equal to the interior ami opposite ansle ABC ; but the angle ACE 
was shown to be equal to the aogle BAC 5 therefore the whole exteri- 
or angle ACD is equal to the two interior and opposife angles CAB, 
ABC 5 to these ane^les add the angle ACB, and the angles ACD, ACB 
are equal to the three angles CBA, BAC, ACB $ but the angles ACD, 
ACB are equal ( 1 3. 1.) to two right angles; therefore also the angles 
CBA, BAC, ACB are equal to two right angles. Wherefore, if a 
aide of a triangle, &c. Q. E. D. 

CoR. 1. All the interior angles of any rectilineal figure are equal 
to twice as many right angles as the figure has sides, wanting four 
right angles* 

For any rectilineal figure ABCDE can be divided into as many tri- 
angles as the figure has sides, by drawing straight lines from a point 
F within the figure to each of its angles. And, by the preceding 

proposition, all the angles of these tri- 
angles are equal to twice as many right 
angles as there are triangles, that is, as 
there are sides of the figure; and the 
same angles are equal to the angles of 
the figure, together with the angles at ^< 
the point F, which is the common ver- 
tex of the triangles: that is, (2. Cor. 
15. 1.) together with four right angles. 
Therefore, twice as many right angles 
as the figure has sides, are equal to all 

the angles of the figure, together with four right angle?, that is, the 
angles of the figure are equal to twice as many right angles at tlie 
figure has sides, wanting tour. 

CoR. 2. All the exterior angles of any rectilineal figure are to- 
gether equal to four right angles. 

Because every interior 
angle ABC, with its adja- 
cent exterior ABD, is e- 
qual (l3. i.) to two right 
angles; therefore all the 
interior, together with all 
the exterior angles of the 
figure, are equal to twice 
as many right angles as 
there are sides of the d- B 
gure ; that is, by the fore- 
going corollary, they are 
equal to all the interior 
angles of the figure, to- 
gether with four Hgfit angles; therefore all the exterior angles are 
equal to four right angles. 
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The straight lines which join the extremities of two 
equal and parallel straight lines, towards the same parts^ 
are also themselves equal and parallel. 

Let AB, CD, be equal and parallel straight lines, and joined to- 
wards the same parts by the straight lines AC, BD ; AC, B l) are also 
equal and parallel. 

Join BC ; and because AB is pa- A B 

rallel to CO, and BC meets them, 
the alternate angles ABC, BCD are 
equal (29. 1.) ; and because AB is 
equal to CD, and BC common to tlie 
^0 triangles ABC, DCB, the two 
sides AB, BC are eqnal to the two C ' D 

DC, CBj and the angle ABC is equal to the angle BCD; therefore 
the base AC is equal (4. 1.) to the base BD, and the triangle ABC to 
the triangle BCD, and the other angles td the other angles (4. 1.) 
eaehtoeaeh, to which the equal sides are opposite; therefore the 
angle ACB is equal to the angle CBD ; and because the straight line 
BC meets the two straight lines AC, BD, and makes the alternate an- 
gles, ACB» CBD equal to one another, AC is parallel (37. 1.) to QD ; 
and it was shown to be equal to it. Thereiore, straisfht lines, &e« 
Q.E.D. 

' PROP. XXXIV. THE<)R. 

The opposite sides and angles of a parallelogram are 
equal to one another^ aad the diameter bisects it^ that is^ 
divides it into two equal parts. » 

N. B. A Parallelogrram is a foUMided figure, of which the opposite sides are parallel; and the 
diameter is tke straig^ht line joiiiing two of its opposite taiglt** 

Let ACDB be a paralleloffram, of which BC is a diameter; the 
opposite sides and angles of die figure are equal to one another; and 
the diameter BC bisects it* 

Because AB i» parallel to CD, and -^ 
BC meets them, the alternate angles 
ABC, BCD are equal {29^ 1.) to one 
another; and because AC is parallel 
to BD, and BC meets them, the al- 
ternate angles ACB, CBD are equal 
(29% 1.) to one another; wherefore C W 

the two triangles ABC, CBD have two angles ABC, BCA in one^ 
emial to two angles BCb, CBD in the other, each to each, and the^ 
side BC, which 18 adjacent to these equal angles, common to the two 
triangles; therefbre their other sides are equal, each to eaeh, ^r^: 
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the third angle ff the tme to the third angle of the other (m. l.)» 
Tiz. the side AB to the side CP, and AC to BD, and the angle BAG 
e^ual to the f^ngle BDC. And because the angle ABC is eqiMtl to the 
ancle SCD, and the angle CBD tp the angle ACB, the whole ^^gle 
ABD is equal to the whole angle ACD': And the angle BAC has teen 
showD to be equal to the angle BDC ; therefore the c^posite sides and 
angles of a parallelo^am are equal to one anotl^er ; also, its diameter 
hisects it} for ^B being equaUo CD, and BC €ommo;ij> the two AR, 
Be are equal to the two DC, CB, each to each; n«w the angle ABC 
is eoual to the angle BCD | therefore the triangle ABC is equal (4. l.j 
to the triangle BCD, and the diameter BC divides the par^lelogram 
ACDB into two equal parts. Therefore, &c. Q. E. D. 

- PROP. XXXV. THEOR. 

Parallelograms upon the same base and between the sam^ 
parallels, are equal to one another, 

(see ^{IB 2d AND 3d FIGURES.) 

Let the parallelograms ABCD» EBCF be upon the same base BC> 
and between the same parallels AF, BC; the parallelogram ABCD 
is ecj^ual to the parallelogram EBCF. 

If the sides AD, DP of the paral- ^ 
lelograms ABCD, DtiCF opposite to 
the base BC be terminated in the 
same point D; \t is plain that each 
of the parallelograins is double (S4. 
ig) of the triangle BDC ; and they are 
therefore equal to one another* 

But, if the sides AD, EF, opposite to the hase BC of the parallelo- 
grams ABCD, EBCF, be not terminated in the same point; then, 
heeause ABCD is a parallelogram, AD is equal (34. 1.) to BC ; for 
the same reason EF is equal to BC t wherefore AD is equal (l. Ax.) 
to EF; and DE is common; therefore the whole,, Qr the remainder, 
AE IS equal (2. or 3. Ax.) to the whole, or the remainder DF ; now AB 
IS also equal to flC ; therefore the two EA, AB are equal to the two 





PD,DC, each to each; but the exterior angle FDC is equal (39. i.) 
i^ihe interior EAB, wherefore the bsu»e EB is equal to the bai^ F(^, 
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asd the triangle EAB (4. 1.) to the triangle FDC. Take the triangle 
FDC from the trapezium ABCF, and from the same trapezium tat* 
the triangle EAB; the remainders will then he eaual (3. \xX that 
is, the parallelogram ABCD is equal to the parallelogram EQCF» 
Thereiore, parallelograms upon the samehase, &e. Q. E. D. 

f PROP- XXXVI. THEOR, 

\ 
Parallelograms upon equal bases, and between the same 

parallels, are equal to one another^ 

Let ABCD, EFGH be parallelograms upon equal bases BC,Filt 
and between the stune paral- 
lels AH, BG; the parallelo. 
fram ABCD is equal to 
IFGH. 

Join BE, CH| and be- 
cause BC is equal to FG, 
and FG to (34. 1.) EH#BC 
is equal to EH; and they 
are parallels and joined to- 
wards the same parts by the straight lines BE, CH : But straight lines 
which join equal and parallel straight lines towards the same parts, 
are themselves equal and parallel (33. 1.) ; therefore EB, CH are both 
equal and parallel, and EBCH is a parallelogram 5 and it is equal 
{'35. 1.) to ABCD, beeause it is upon the same base BC, and between 
the same parallels BG, AH ; For tke like reason, the parallelogram 
EFGH' is equal to the same EBCH : Therefore also the parallelo- 
gram ABCD is equal to EFGH. Wherefore, parallelograms, &c. 
Q. E. D. 

-^ PROP, XXXVn, THEOR. 

Triangles upon the same base, and between the same 
parallels^ are equal to one another. 

Let the triangles ABC, DBC be upon the same base BC, and be- 
tween the same parallels AD, „ _ 
BC: The triangle ABC, is e- ^_ A D p 
qual to the triangle DBC. 

Produce AD both ways to the 
points E,F, and through B draw 
(31. l.J BE parallel to C A ; ^d 
through C draw CF pamllel to 

BD: Therefore, each of the 

fieure8EBCA,DBCFisaparal. B C 

lelogram; and DBC A is equal (3«. 1.) to DBCF, beeause they ace 
upon the same base BC, and between tlie same parallels BC, $7$ 

♦ 

•■•.V- 




^ 



ELEMENTS 




lnrt the triangle ABC is the half of the paraUelos^am EBC A, becan«c 
the diameter AB bisects (S*. 1.) it; and the triangle DBC is the half 
of the parallelogram DBCF, because the diameter DC biseets it; and 
the halves of equal things are equal. (7. Ax.) ; therefore the triangle 
ABC is equal to the triangle DBC. Wherefore triangles, &c, Q. E. D. 

- PHOP. XXXVin, THEOR, 

Triangles upon equal bases, and between the same paral- 
lels, are equal to one another. 

Let the triangles ABC, DEE be upon equal bases BC, EF, and 
between the same parallels BF, AD : The triangle ABC is equal to 
the triangle DEF. 

Produce AD both ways to the points G, H, and through B draw BG 
Tiarall^l (31. 1.) to CA, and through F draw FH parallel to ED : 
Then each of the figures > a i\ o 

GBCA,DEFHisaparal- " 

lelogram; and they are 
equal to (36. 1.) one an- 
other, because they are 
upon equal bases Bu, EF 
and between the same pa- 
rallels BF, GH; and the 
triangle ABC is the half 
( 34. 1 .) of the parallelogram GBC A, because the diameter AB bisects 
it; and the triangle DEF is the half (34. l) of the parallelogram 
DEFH, because the diameter DF bisects it; But the halves of eqital 
things are equal (7, Ax) ; thererore the triangle ABC is equal to tlie 
triangle DEF. Wherefore triangles, &c. Q. E. D. 

PROP. XXXIX, THEOR. 

Equal trianglbs upon the same base, and upon the sanae 
side of it, are between the same parallels. 

Let the equal triangles ABC, DBC he upon the same base BC, and 
upon the same side oi^ it; they are between the same parallels. 

Join AE|(| AD is parallel to BC ; for, if it is not, through the point 
A draw (3 1 . 1.) AEparallel toBC, and join EC ; The triangle ABC, 
is equal (37. 1.) to tne triangle EBC, beeause it is upon the same base 
BC, and between the same parallel BC, 
AE; But the triangle ABC is equal' to the A 
triangle BDC ; tberefore also the triangle 
BDC is equal to the triangle EB C, the great- 
er to the less, which is impossible : There- 
fore AC is not parallel to BC. In the same 
manner, it may be demonstrated that no 
other line but AD Is parallel to BC ; AD 
fa therefore parallel to it. Wherefore 
equal trianglea upon, ^e. Q. E. D. 



D 




i' 



OF GEOMETRY. BOOK L 
PliOP. XL. THEOtt. 



43 




Equal triangles on the same side of bases^ \vhich are 
equal and in the same straight line^ are between the same 
parallels. . 

Let the equal triangles ABC, DEF be upon equal basis BC, EFj 

in the same strau^ht line BF, 
and towards the same parts; 
they are between the same pa- 
railels. 

Join AD; AD ispirallel to 
BC: For,irit is noit,ltiroug;h A 
draw (31. 1.) AG parallel to 
BF» and join GF. Tlie triangle 

ABC is equal (38. 1.) to the triangle GEF, beeause ther are upoii 
equal bases BC, £F, and between the same parallels BF, AG: But 
the triansi^le ABC is equal to the triangle DEF ; therefore also the 
triangle DEF is equal to the triangle GEF^ the greater to the less, 
whieh is impossible: Therefore AG is not parallel to BF; and iif 
the same manner it may be demonstrated that there is no other 
parallel to it but AD ; AD is therefore parallel to BF. Wherefore 
equal triangles, &c. Q« E. D. 

-h PROP. XLI. THEOR. 

If a parallelogram and a triangle be upon the samebase^ 
and between the same paralleL the parallelogram is dou^ 
ble of the triangle. 

Let the paralellogram ABCD and the triangle EEC be upon tM- 
same base BC and between the same pa- ^ «^ 

rallels BC, AE 5 the parallelogram ABCD^^^ — — " E 

is double of the triangle EBC. 

Join AC; then the trinngle ABC is equal 
(37. I.) to the triangle EBC, because they 
are upv/O the sAme hase BC, and between 
the same pa rallels BC, AB. But the paral- 
lelo^^ram ABCD is double (34. 1.) of the 
triangle ABC, beeause the diameter AC 
divides it into two equiil parts; where- 
fore ABCD is also double of the trian- 
j^lc EBC. Therefore, if a parallelogram, j^e. Q. E. D. 

PROP. XLII. PROS. 

To describe a parallelogram that shall be equal i6 a 
given triangle, and have one of its angles equal to a gives 
rectilineal angle. 

.I^et ABQ be the givea triangle, and I) the given rectilineal angle* 
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It isreqliired to deserve a paraJlelosram that shall be e^iialto tiU 
given triangle ABC, and have one of its angles equal toD. 

Bisect (10. 1.) BC in E, join A£, and at the point £ in the straight 
Hoe EC make (28. 1.) the angle CEF equal to D; and through A 
draw (81. 1.) AG parallel to BC, ond through C draw CG (8l.l.> 

parallel to EF : Therefore FECG 

is a parallelogram : And because A 

BE is equal to EC : the triang.O 

ABE is likewise equal (38. 1 ) to 

the triangle AEC, since they are 

upon equal bases BE, EC, and 

between the siime parallels BC 

AG; therefore the triangle ABC 

is double of the triangle AEC» i \ X: D 

And the parallelogram FECG is ^ 

likewise double (4I. 1.) of the ^ 

triangle AEC, because it is upon the same base, and between th^ 
same parallels : Therefore the parallelogram FECG is equal to the 
trianele ABC, and it has one or its angles CEF equal to the given an- 
gle U : Wherefore there has been described a parallelogram FECG 
equal to a given triangle ABC, having 6ne of its angles CEF equal to 
tiie given angle D. Which was to be done. 

^ PROP. XLIIL THEOB. 

The complements of the parallelograms which arc 
about the diameter of any parallelogram, are equal to one 
another. "^ 

Let ABCD be a parallelogram of which the diameter is AC; let 
EH,FObe the parallelograms abMit AC^that is^through which AC 

passes, and let BK. KD be the other 

parallelograms, which make up the A H t^ 

whole figure ABCD and are there- /s^ 7 

fore called the comi»lements : The j,/ n^|] 

complement BK is equal 10 the com- 

plement KD. 

Because ABCD is a parallelogram 
and AC its diameter, the triangle 
ABC is equal (34, 1.) to the triangle 
ADC: And because EEHA Is a pa- 
rallelogram and AK its diameter, the 

triangle AEK is equal to the triangle AHR: For the same reason^ 
the triande KGC is equal to tfce triangle KFC. Then, because the 
triangle AEK is equal to ihe triangle AHK, and the triangle K6C 
to the triangle KrC ; the triangle AER, together with the triangle 
KGC is equal to the triangle AllK, together ^ith the triangle KFC i 
But the whole triangle ABC is equal to the whole ADC 5 therefore th* 
remaining ebmplement BK ii^ equal to the remaiiiing complement 
KD. Wherefore, the'^oiEnplements, &e. Q^ E. I). 




PROP. XLiV. PROB. 

To a given straight line to apply a parallelogttini, which 
ihall be equal to a given triangle, and have one of its an- 
gles equal to a given rectilineal angle. 

Let AB be the ^Veil straij^ht line, Hud C the giTen trian^le^ and 
D the ffiYen reetihikeal an^le. It is r^ilired to applt to the strtighl 
line AB a parallelogram equal to the triangle C, ana having an an^* 
gle equal to D. Make (^ i.) the parallelogram BEF6 equal to 
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Khi^ trianele C, having the angle £B<j1 eqilai to tKe aagle D^ anA 
Ihe side BE in the same straight line with AB: produce F6 to H^ 
and through A draw f 31. 1.) AH parallel to BG or jfiF, and join 
HB. IThen because the straight line HF falls UpoU ^e parallels 
AH, EF, the angles AHF, HFE, are together ^qual (JW. i.} to two 
right angles; wherefore the angled BflF,'HFE are leg i t lan twd 
right angles t But straight lineg whidh ivith another straip^ht line 
make th^ interior atlgles, upon the sauic^ sid^, less Hknh tWo right 
angles, do meet if produced (Cor. 2^. 1.): Tlierefore HB, FB will 
meet, if produced; let them meet in K$ and through K drawKL 
parallel to E A or FH, and produce HA. GB ttt tfie j^oiiits L, M : 
Then HLKF is a parallelogram, df which the diatiietet iri HfiL, an4 
AG, Me are the parallelograms about HKf and LB^ BF are the 
complements ; therefore LB is equal (43. i.) to BFt btit BF is equal 
to the triangle C; wherefore LB is equal to the triaarie C; and be^ 
cause the angle GBE is equal (19. !•] to the angle AbM, aiid like- 
wise to th6 angle D$ the angle ABM is eoual to Uie angle Dt Thel'e* 
fore the parallelogram LB, which is applied to the straight line AB^ 
is equal to the triangle C, and has the angle ABM equal to the an:* 
gle D: Which was to be done. 

PROP. XLV. PROB- 

To dderibe a pitrallelogram equal to a given rectilineal ^^ 
gnre^ and having an angle equal to a given rectilineal angle« 

Let ABCD be the given rectilineal figure, and E the giveH reetili* 
neal angle. It is required to describe a parallelc^pram equal to 
ABCD, and having an angle equal to E^ 

Join UBi and describe (42. 1.) the parallelogram FH equal to th# 
triangle ADB, and having the anrie HKF «q«al to t^ aof^e iBi MmA 
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to die straight line 6H (44. 1.) applj the parallelogram 6M equal 
to the triangle OBC, having the angle 6HM equal to the ande E» 
And because the angle £ is equal to each of the angles FKH, OHM, 
the angle FKH is equal to OHM; add to each of these the angle 
KHG$ therefore the angles FKH, RHO are equal to the angles 
KHG, GHM; but FKH, KHG are equal (29. u) to two right an- 
gles; therefore also KHG, GHM are equal to two right angles: and 
D ^ F G L 




A B K H 

because at the point H in the straight line GH,the two straight line« 
KH, HM, upon the opposite sides of GH, make the adjacent angleii 
equal to two right angles, RH is in the same straight line (14. 1.) 
with HM. And because the straight line HG meets the parallels 
^M, FG, the alternate angles MHG, HGF are equal (29. l.) ; add 
to each of these the angle HGL ; therefore the angles MHG, HGLy 
are equal to the angles HGF, HGL: But the angles MHG, HGL, 
are equal (29. i.) to two right angles; wherefore also the angles 
HGF, HGL, are equal to two right angles, and FG is tlierefore in 
the same straight. line with GL. And because RF is parallel to 
)iG, and HG to ML, RF is parallel (30. i.') to ML$ but RM, FL 
are parallels : wherefore RFLM is a parallelogram. And because 
the triangle ABD is equal to the parallelogram HF and the triangle 
pBC to the parallelogram GM, the whole rectilineal figure ABCD 
i» equal to the whole parallelogram RFLM ; therefore the parallelo* 

Sram RFLM has been described equal to the ^iven rectilineal figure 
BCD, having the angle FRM equal to the given angle E. Which 
was to be done. 

CoR. From this it is manifest how to a given straight line to apply 
a parallelogram, which shall have an angle equal to a given reetili* 
neal angle, and shall be equal to a given rectilmeal figure, viz. bj 
app1j|ring (44f. 1.) to the given straight line a parallelogram equal to 
the lirst triangle ABD, and having an angle equal to the given angle. 

f PROP. XLVI. PROB. . 

To describe a square upon a given straight line. 

Let AB be the given straight line : it is required to describe a 
square upon AB. 

From the point A. draw (11. 1.) AC at right angles to AB; and 
make (3. l.) AD equal to AB, and through the point D draw D£ pa« 
raliel (31. 1.) to AB, and through B draw BE parallel Co AD; there- 
fore AD£B is a parallelogram : Whence AB is equal (34. 1.) to D£ 
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and AD to BE : but BA w equal to AD;^ 
tb^refxre the four straight lines BA^ AD, 
-DE« EB are equal to one another^ and 
t1) > parallelogram ADEB is equilateral: 
it is Ilk (nvise rectangular; for the^traight^ 
line AD meeting the parallels, AB. DE, 
makes the angles BAD, ADE equal (29. 
1.) to two right angles ; hut BAD is a right 
angle ; therefore also ADE is a right angle 
now the opposite angles of parallelograms 
are equal (34. 1.); therefore each of the^ 
opposite angles ABE, BED is a right an^ 
g\e ; wherefore the figure ADEB is rect- 
angular, and it has been demonstrated that it is equilateral ; it is 
therefore a square* and it is described upon the given straight line 
AB : Which was to be done* 

CoR, Hence every parallelogram that baa one right angle has all 
its angles right angles. 

-:^ PROP. XLVn. THEOB, 

In any right angled triangle, the square which is de* 
scribed upon the side subtending the right angle, is eiqual 
to the squares described tipon the sides which contain the 
right angle. 

Let ABC be a right angled triaoigl^ having the right angle BAC"; 
the square described upon the side BG is equal to the squares de- 
gcribed upon BA, AC. 

On BC describe (4*6. K) the square BDEC, and on BA, AC th^ 
equares GB, HC ; and through A draw (31. I.) AL parallel to BD or 
C£ and join AD, FC ; then, becaute each of the angles BAG, BAQ 
is a right angle (25. def.), the 
two i»traight lines AC AG upon 
the opposite sides of AB, make 
with it at the point A the adja- 
cent angles equal to two right an-^ 
glea I therefore CA is in the same 
straight line (14. l-l with A,Qi 
for the same reason, AB and AH 
are in the same straight line, 
Now because the angle DBC is 
•qoal to the angle FBA* each of 
them being a right angle, adding 
to eaeh the angle ABC} the whole 
aogi<* DBA will be equal (2. Ax.) 
to the whole FBC; and because 
the two sides AB« BD^ are eqoal 
to the two FB, BC each, to each 
and the «ogle DBA equal to t^ifli 
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angle FBC, therefore the baie AD is equal U, 1.) to the . bate FC^ 
and the triangle ABD to the triangle FBC. But tbe parallelogram 
3L b double (41* i*) of the triangle ABD, because they are U|)on 
the same base, dD^ and between the same parallels^ BD, AL $ and the 
•qnare GB is double of the triangle BFC, because these also are upon 
the same base FB, and between the same parallels FBi OC, Novr 
tbe doubles of equals are equal (6, Ax.) to one another; tbereiore 
the paraU^lop^i'Ain Bli is equal to the square GB : And in the same 
inanneri byjpiuing.A£|BR, it is demonstrated that tbe parallelogram 
CL is equal to the square HCt Therefore, the whole square BUEG 
is equal to tbe two squares GB» HC ; and the square BDEC is df -r 
scribed upon the straight line BC, and the squares GB, HC upon B A, 
AC : wherefore tbe square upon the side BQ is equal to tbe squares 
fipon the sides BArAC* T^erftforci |n any ngbt angled triangle, &c.^ 

^J B« Dt 

PROP. 3PLVni. THEOR, 



If the square descril^ed uppn one pf the sides of 
#ngle^ be equal to the squares de<«cribed upon the 
fwo sides of It } th^ angle contained by these two si 

A riipht anfirle. 



e tri- 
the other 

., ,_ _^ ^ _. two sides 19 

ft right angle. 

If the square described upon BC, one of the sides of the triangle 

SBC, be equal to the squares upon the other sides BA, AC, tbe angle 
AC is a ri^t angle. 

From tbe point A draw ^il« iO ^^ *^ ^S^^ angles to AC, and 
nake AD equal tq BA) and join DQ. Then |»ecaqae DA is 
AB, thf ; quare oi DA- is equal to the sqnare 
of AB : To each of the^e add the square of 
AC ; therefore the squares of DA, AC are 
equal to the scjuares of BA» AC. But tbe 
square of DC is equal (47. K) to the squares 
of DA, AC, becaase DAC is a right angle; 
and tb«^ square of BC, by hypothesis, is equal 
to the squares of BA, AC; therefore, the 
fquare of DC is ^qual to the square of BC; j^ ^ 

and therefore also the aide DC is eqiial to the ' ^ 

side BC* And because tbe side DA is equal to AB, and AC eomoion 
to the taro triangles DAC, BAC,aQd the base DC likewise equal to 
the base BC, the angle DAC is equal (S. i.) to the angle BAC : But 
DAC is a right angle ; therefore also 0AC is a right angle^ There- 
f9ff}ifthfaf|Qare,&c. ^.S.D, 
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DEFINITIONS. 
I. 

EVERY right angled parallelogram, or rectangle^ is said to be 
contaiaed by any two of the stAlght lines wbich are about one 
of tbe right angles* 

<< Thus the right angled parallelogram AC is called the rectangle 
« contained by AD and DC, or by AD and AB, Ecc. For the sake of 
^ brevity^ instead of the rectangle contained by AD and DC, we sh all 
^< simply say tbe rectangle AD.DC, placing a point between the two 
"* sides of the rectangle. Also, instead of the square ol a line, for 
*' instanee of AD, we shall frequently in what follows write AD»" ^ 

^ The sign + placed between the names of (wo magnitudes, signi- 
<' fies that those magnitudes are to be added together, and the sign 
'< — placed betiveen Ihem, signifies that the latter Is to be taken 
« away from the former.*' » 

'* The sign « signifies, that the thiags between which It is placed 
^* are equal to one another.'' 

II. 

In erery parRllelogramt any of 
the parallelograms about a di- 
ameter, together with the two 
complements, is called a Gno* 
mon. <«Thus the parallelo- 
<<gram HG, t(^ether with the 
** complements AF, FC, is the 
<( gnomon of the parallelogram 
^ AC. This gnomon may. also, 
'*for the sake of brevity, be 
^* called the gnomon AOK or 
"BHC.»' 
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^ PROP. I. THEOR. 

If there be two straight lines, one of wliich is divided 
into any number of parts ; the rectangle contained by the 
two straight lines is equal to the rectangles contained by 
the undivided line, and the several parts of the divided line. 

Let A md BC be two straight lines ; and let BC be divided into any 
parts in the poinU D, E 5 the rectangle A.BC is equal to the several 
rectangles S^B, A.DE, A.EC. 

From the point B draw (11. K) 
BF at right angles to BC, and 
make BG equal (3. t.) to A; and 
through G draw (31. I.) GH pa- 
rallel to BC 5 and through D, E, C, 
draw (31. 1.) DK, EL, CH paral- 
lel to BG; then BH, BR, DL^and 
BH are rectaogles, and BH » BK 



B 
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+ DL + EH, 

But BH = BG.BC = A.BC, be- 
cause BG»: A: AlsoBKsBG, F 
BD = A.BD, because BG = A ; 
and DL = DK.DE = A.DE, because (34. 1.) DK = BG « A. In 
like manner, EH = A.EC. Therefore A.BC = A.BD + A.DB + 
A.EC ; that is, the rectangle A.BC is ^ual to the several rectangles 
A.BD, A.DE, A.EC. 'jflierefore, if there be two straight liiie8,&c, 
4J.E.D. 

PROP. n. THEOR. 

If a straigh(t line be divided into any two parts, the 
rectangles contained by the whole and each of the parts^ 
are together equal to the square of the whole line. 

Let the straight line ABbe divided into any two parts in the point C ; 
the re^ tan^l^ AB BC, together with the rect- n la 

angle AB. AC, 18 <>(iual to the square of AB; ^ C B 

or AB.AlC + AB.BC = AB». 

On AB describe (46. 1.) the square ADEB, 
and through C draw CF (31. I.) parallel to 
AD or BE 5 then AP + CE = AE. But AF 
» AD.AC =r AB AC, because AD »^ AB ; 
CE « BB.BC « AB BC ; and AE = AB». 
Therefore AB.AC + AB.BC = AB«. There- 
fore, if a straight line, &c. Q. E. D. 

PROP. III. THEOR. 

If a straight line be divided into any to parts, the rect* 
angle contained by the whole and one of the parts^ is equal 
to the rectangle contained by the two parts^ tog^er with 
the square of the foresaid part. 

Lrttbe strais^tline AB bedivided into two parU in the poim G; 
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tbe reetangle AB.BC is equal to the rectanirle AC.BC^tc^wtlierwilii 
BC^ 

Upon BC describe (46. 1.) the 
square CDEB, and produce ED to 
F9 and through A draw (31. 1.) AF 
parallel to CD orBE; then A£s 
AD+CE. 

But AE ^ AB.BE « AB.BC, 
because BE»BC. So also AD a 
AC-CD = AC.CB: and CE =« 
BC»; therefore AB.BC=» AC.CB 
+BC*. Therefore, if a straight 
line, &e. Q. E. D. 

PROP. IV. THEOR. 

If a straight line be divided into any two parts, the 
square of the whole line is equal to the squares of the two 
parts, together with twice the rectangle contained by the 
parts. 

Let the straight line AB be divided into any two parts in C; the 
square of AB is equal to the squares of AC, CB, and to twice the rect* 
ancle contained by AC, CB, that is, AB« = AC« + CB-Hh SAC.CB. 

Upon AB describe (40. !•) the square ADEB, and join BD,and 
through C draw (31. 1 CGF parallel to AD or BE, and through O 
draw HK parallel to AH or f>E. And because CF is parallel to AD^ 
land BD falls upon them, the exterior an- \ C fi 

§^e B€K) is equal (29. 1.) to the interior 
and opposite angle ADB ; but ADB is e- 

2ual (5. 1.) to the angle ABD, because 
(A is equal to AD, being sides of a square ; 
wherefore the angle CGB is equal to the 
. angle GBC ; and therefore the side BC is 
equal (6. I.) to the side CG: but CB is 
equal (34. 1.) also to GK and CG to BK; 
wherefore the figure CGKB is equilateral. -^ 
It is likewise rectangular; for the angle ^ F E 

' CBK being aright ancle, the other angles of the parallelogram CGKB 
are also right angles (Cor. 46, 1.). Wherefore CGKB is a square,and 
it is upon the side CB. For the same reason HF also is a square, and 
it is upon the side HG, whieh is equal to AC 5 therefore HF, CK are 
the squares of AC, CB. And because the complement AG is equal 
(43. 4.) to the complement GE ; and because AG =aAC.CO «AC.CBe 
tlierefore alsoGE==:AC,CB, and AG+GE =2AC.CB. Now,HP« 
AC^and CKr=CB»5 therejrore,HF+CKrt-AG+GB=AC«+CB«-fr 
3AC.CB. 
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But HF+CK+AG+GE=flie figure AE^or AB<; therefore AB* 
»AC»+CB»+3AC.CB. Wherefore, if a straight line be divided 
&;e. Q. E. D. 

Cor. From thedemonstr9,tion9it is manifest that the parallelogra]ii9 
about the diameter of a square are likewise squares. 

!" PROP. V. THEOR. 

If a straight line be divided into two equal parts> and alse 
into two unequal parts ; the rectangle contained by the un-> 
equal parts^ together with the square of the line between the 
points of section, is equal to the square of half the line. 

Let the straight line AB be divided into two equal palls in the point 
C9 and into two unequal parts in the point D ; the rectangle AD.I^B, 
together with the square of CD, is equal to the square of CB9 or 
Ab.DB+CD«=CB«. 

Upon CB describe (46. 1.) the square CEFB, join BE, and through 
D draw (31. 1.) DHO parallel to CE orBf^; and through H draw 
KLM parallel to CB or EF 5 and a C D B 

also through A draw AK parallel 
to CL or BM : And because CH / -«r 

=11 P, if DM be added to both, '^^ = f^ -^ — M 

CM»DF, But AL=:(36.i.)qM, 
therefere AL»DF, and^addins 
CH to both, AH^gnomon CMG. 

But AH«AD.DH«AD.DB, ^ » 

because DHsDB (Cor. 4. 3.) 5 ^ G F 

therefore gnomon CMOsAD.DB. T# each add LG»CDS then 
gnomon CMG + LG = AD.DB + CD", But CMG + LG « BC« ; 
therefore AD.l)B+CD''sBC». Wherefore, if a straight line, ke^ 
Q. E. D. 

^ CoR, From this proposition it is manifest, that the difference of 
the squares of two unequal lines, AC, CD, is equal to the reetaui^le 
contained by their sum and difference, or that AC*-— CD*==(A<3T^ 
CD) (AC— CD)." 

PROP. VI. THEOR. 

If a straight line be bisected, and produced to any point ; 
the rectangle contained by the whole line thus produced, 
and the part of it produced, together with the square of 
half the line bisected, is equal to the square of the straight 
line which is made up of the half and the part produced. 

Let the straight line AB be bisected in C, and produced to the point 
D ; the rectang^le AD.DB, together with the square of CB, is equal to 
the square of CD. 

Upon CD describe (46. i .) the square CEPD, ioin DE, and thron^li 
B draw (81.1) BHGparallel to CR orDF,and through H draw KT^M 
parallel to AD or EF. and also through A draw AK parallel to CL or 
t>M. AndbeeauseAC iseqaaltoCB,thereetaiigle ALisequal(^d6.i.^ 
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to CHi but CIt is eiiiial (43. 1.) 
tdHFitherefoi^dlsoAL 18 equal A 
to HP: To eaek dT these add 
CM; therefore the whole AM is 
e^jual to the gnomon CMG. Now ^ 
Aiyf»AD.DM^ADJDB,be6aiige ^ 
DMaeDB. Therefore enotitoh 
bMGrs AD.DB, lind CMG+LG 
=iAD,DB+GB». But CMG+ 
tG=»CF»CDS therefore AD^ 
DB + CB' ^ CD^ Thei'elbcei 
if a straight line, &c* * Q. E» 1)4 

J • PROP. ViL Tafi6R. 

Jf ^ istrdlght line be divided into any two patti^ tlie 
squares of the whole line^ and of one of the parts, are eqpiu 
to twice the rectangle Contained by the whole and that part> 
together with the square of the other ptirt* 

Let the straight line AB hH divided into kjiy two parts m th|:}oiui 
C I tke sqilares of AB$ Bd> are equal to twice the reetan^k A d.BQi 
together with the square of AC« 6i* AB'*4-]bC'>»:^AfiiBC+AC'>i 

Upon AB describe (4?6i i.) th^ square ADEB, ahd constrtiet th0 
figure as in the preceding piropositibns : Because AGtaaiGE^ AG+CK 



«G£+CK, that h AK»CB, and there- 
Aire, AK+CB»2AK. But AK+CBai 
gnbmon AKF+CR; and therefore, AKF 
^^CK»2AK ^ 2AB.BK « 2AB.BC, be- 
eailse BKs(Cor. 4. 2.) BC. Since then, 
AKF+CK=2AB.BC, AKF+CK4-HF 
:si^AB.BC+HF; and lieeause ARF+ 
HF»A£»ABS AB»+CK=:2AB-BC+ 
HF, that is, (since QK^CBs and HF 
^ ACS) AB« + CB» « aAB.BC + AC». 
Wherefore, if a straight line, &c. Q. E.Dj 

Otherwise^ * 

<^ Because AB««AC« + BC»+sAC.BC {4i 2X addirig BC« » 
both, AB»+BC»«AC»+2BC« + 2AC.BC4 
But BC»+AC.BC-=AB.BC (S. 3.); and C 

therefore) 5$BC«+2AC.BC^2AB.BC$ and A' ' ' ^t ■ -- B 
therefore AB«+BC»-«AC*+«AB.BC.*' 

««Coa. Henee the suiii of the sqiiares of My two linei ii ^« 
ijtf tmee the rectangle (i6ntained by the lines togethei^ #ith tha 
square of the difference of the lines/' ♦ 

PROP. Vlil. /TflfiOB. 

If a straight lin^ b^ divided ititb ^ny two parts, four 
times the rectangle contained by the whole line^ atid obe 
of the parts, togethei* with the square of the other part> Ml 
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equal to th^ square of the straight line which is made up, 
of the whole and the first-mentioned part, 

het the straight line AB be jlivided into any two parts in the j^dint 
C ; four times tue rectangle AB.BC, together with the square of AC, 
is equal tb the square of the straight line made up of Jih and BC to« 
gether. * 

Produce AB to D, so that BD he equal to CB, and upon AD de- 
scribe the square AEFD ; and construct two figures such as in the 
preceding. Because GK is equal (34. 1.) to CB, and CB to BD^and 
BD to KN, OR is equal to KN. For the same reason^ PR is equal t9 
RO ; aiid because CB is equal to BD^ and GK to KN, the rectangles 
CK and BN are equal, as also the rectangles OR and RN : But CK 
IS equal \4l2. !•) to RN, because they are the eomplements of the 
parallelogram CO; therefore also BN is equal to GR; and the four 
rectang]e» BN, CK, GR, RN are therefore equal to one another, and 
so CK+BN+GR+RN=»4CK. Again, because CB is equal to BD, 
and BD equal (Cor. 4. 2.) to BK, that 
is to CG; and CB equal to GK, that 
(Cor. 21. 2.) is, to GPj therefor* CG 
is equal to GP; and because CG is M 
equal to GP, and PR to RO, the rect^ 
angle AG is equal to MP, and PL to X 
RF: But MP is equal (43. 1.) to PL, 
because they are the complements of 
the parallelogram ML; wherefoi*e 
AG 18 equal also to RF: Therefore 
the four rectangles AG, MP, PL, RF, 
are equal to one another, and so AG E 
+MP+PL+RF=i4AG. And it was 

demonstrated, that CK+BN+GR+RNt=»4CK; wherefore, adding 
equals to equals, the whole gnomon AOHa5:4AK. Now AK=»AB.BK 
»AB.BC,and4AK:^4AB.BC; therefore, gnomon A0H=4AB.BC ; 
and adding XH, or (Cor. 4. 2.) AC*, to both, gnomon AOHrf XH«= 
4AB.BC+AC«. But A0H-fXH=AF^AD«5 therefore AD^= 
4AB.BC + AC«. Now AD is the line that is made up of AB and BCj 
fkdded together into one line : Wherefore, il' a straight line, &e. 
Q. £. D. 

« Cor. 1. Hence, because AD is the sum, and AC the difference of 
the lines AB and BC, four time* the rectangle contained by any Uv 
lines tfigether with tlie square of their diiterence, is equal to the 
square of the sum of the lines." 

<^ Cor. 2. From the demonstration it is manifest, that since the 
square of CD is quadruple of the ftquare of CB, the squ^u« of anj 
line is quadruple of the square of half tliat line." 

Otherwise: 

." *^ Because AD is divided any how in C (4.2.), AD»=AC«4-CD* 
+2C1).AC. But CD=2CB: and therefore CD = CB^+BD2+ 
2CB.BD (4.2.)=s4CB% aiid also 2CD.AC=4CB.A0; therefore, 
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AD««»4C'+4BC»+4BC.A0, Wow BC«.+Ee.AC=r:AB.BC (^.2.) 
%n(i therefore AD'>=:»^AC+ 4 AB.BC. Q, E. D,'» 

-+ PROP. IX. THEOR. 

If a straiglit line be divided into two eqtml/and alsa 
into two unequal parts; the squares of the twa unequal 
parts are together douUe of the square of half ihe Kne>. 
and of the square of the line between the points of section. 

Let the straight line AB be divided fLt the point C into two equal j^ 
and at D into two- anequal parts ; The squares^ of ATJ^^ DB aire tog|e<Y 
ther doable of thesquares of AC9 CD. 

FroAi the point O draw (t 1^4.) CB at right an|^le» to AB, andmake 

it equal to AC or CB, ai)d join EA, EB ; throusrh D draw (31. 1.) DF- 

parallel to CE, and throiiQ*fa F draw F& parallel td AB; and join AF } 

Then, beeanse AC i» equaJ toOE, the ana^le EAC is equal (^$. 1.) to ther 

anj^le A EC; and because the aii<»Ie ACE is a right an^e, the twa 

others AEC, EAC tos^ethet make one right angle (3j8. 1.) ; and they 

are equal to one another; eaeh of tl^eai therefore is, ^alf of a right 

angle. For tlie same reason eaeh of ' ]0^ 

the angles CEB,EBC ifthalf a rightan^ 

gle: and therefore the whole AEB i« 

a right angle : And because the anarle 

OEF is half a ric^t angle, and EOF a 

right angle, for it is equal (29. 1.) ta 

the interior and oppomle angle £CB, 

• the remaiiiingangleEFG is half aright A C .D B 

angle ;therefi>re the angle G^F is equal to the angle EFG, and the 

side EG equal (5. 1.) to the side GF : Again^ because the^tngle at B is 

half a right angle; and FDB a right angle, for it is equa.1 ^. 1.) to the 

interior and opposite angle ECB, the reHiainjin»angle£kP{) is, half a. 

right angle; therefore the angle at B is equal to the angle BF£|> and the 

side DF to (6. 1.) the side DB. Now, because AC =:CBiAC»»;OES 

and AC«+CB»=«2AC«. But (A7. i.) AE««AC^+CK»; therefor© 

AE«=2AC«. Again, because EG^^GF, EQ»=*GF«, and EGHGF^ 

=:2GF». But iEFa=rEG*+GF«; thereforej^EF«=2!BF«=«2CD», 

because (34. 1.) GD=GF. Ami it was shown that AE«=;5;2AC»; 

therefore AE«+EF«=3AC»+3CD«. But (47. 1.) AF*«AB»+ 

EF*, i^nd AD*-hDF««AF% or AD«+DB«==AF«j therefore, also 

AD» + DB^=2AO»+4CD«. Therefore, if a itwght Une> &c^ 

Q. £. D, * 

Otherwise : 

«< Because AD»=:(4. %.) AC»+OD» +MCCJD9 andEiDB'+sBC^ 
CD=«(r. 3.) BC«+CD?*=«AC»+CIP, W adding equals to equals, 
AD» + BD» + «BC.CO »92AC» + aCD* + 3AC.CV, and therefore 
taking awaj the equal rectangles 2BC^CB #»ttd ;a|AC.CD, tkere re-i 
mains ADHI>B««2 AC^4 aCD».>» 
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fnOF. X. THEOR. 



If a straight line b^ bisected, an4 produced to any pointu 
ike square of the whole line thqs produced, and the square 
ff thfi part of it produced, ape together double (tf the 
fiquare of half the line bisected, and of the square of the 
line niad« Mp of the half and \\\P pant produeed, 

• 

Let U^e straight line AB be bisected i^ €, anil prodaeed to tliepoiBi 
|) ; tl^e smares of AD, DB i^re dquble of the squares of AC, C6. 

FTom the poiilt C draw (11. 1.) Cfi at right angles to AB, and make 
^t equal to AC or CD | joiii AEJ EB ; through £ draw (3 i . i.) £F pa* 
fallel to AB, aa4 through D draw DFparallel to C£^ And because 
the s^^^h^line BF meets the parallels EC, FQ, the angles C£F, EFD 
lire equfu (20. 1.) to two right angles ; and therefore the an^lt^s BEFt 
SiFO are less than two right i^ngles ; But straight lin^s, whieh witti 
f^nother straight line make the interic^ angles, upon die same side, less 
fban two ris^t angles, do meet, (Cor. 30^ 1.) ii prodn^dfar enou^: 
Therefore £B, BO will meet, if pro^dueed towards, B, D| let then^ 
meet in O, and join AG : Then because AC i« equal to CE, the angle 
GEA is equal (a« 1 .) tq the an^e EAC ; and the angle ACE is a right 
^ngle ; thek^^ oaeh qf tke aagles CE A, EAC is half a right angle 
(82. 1.) ^ For the Bailee reiison, eaeh of the angles CEB, £BC is half 
ft right angle; thereibre^A%B is a right angle: And beeause EBC ia 
halfa right angle, DBG is also.( is. l.)hi^ a right angle, for they ar& 
▼ertieally opposite; but BD^isarightangle^heeause it is eq|(ial(29. 1.) 
^ the aiternjute angle DCE; therefore i&e^ remaining angle DGB ia 
half a right ancle, and is ther^re equal to the angle I)SG; where- 
i^re also the side DB is equal (6. 1.) to the side DG« Again, beeause 
£GF is half a right ang^e, and the angle a^ F arightang;le,beingeqaK^ 
(34. i.) to the opposite angle n F 

EC D, the remainirig angle FEG ^ 

is half a H^t single, and equiyl tot 
ihe angle E.GF; wherefore also 
the si& GF is equal (fl^. i*) tq 
the side FE. And beeause EC 
lUCA, EC« + CA» =p 3CA». A, 
Vow A&^l4fr. I.) AC>+CEj 
therefore, A£''f«t24C^ A^n, 

heeanse EF«FQ. EF«-«FG», and I|F>+FG'»^EF'. ButEG 
(47. 1.) EF»+JPG«} therefore EG>»2EF'>/ a^d sinee EF»C 





fore,]fi^st|a^t|iD^<i|^. ij^B-D 



OF GEOftlETRT, BOOK I. 



m 



PROP, XL PROB. 

To divide a given straight line into two parts, so that 
the rectangle contained by the whple, and one of the parts^ 
may be eqiial to the square of the othei; part. 

Let AB be the given straight line; it is required to divide it into 
two parts, so that the reetangle. contained bj the tirkidey and ont of 
tbe parts, shUl be eqiial to the square «f the other part, 

Upon AB describe (45. %.) the square ABDC; bisect (10. i.) AC 
in E, and join BE;produee GA to F,and niake (3. i.) EF equal to 
SB, and upon AF describe (46. i.) the square FOHA $ ABi is divided 
in H, so that the reetangle AB, BH is eaual to the square of AH. 

Produce GHto K: Beeause the straignt line AC is bisected in E, 
and produced to the point F, the rectangle CF.F A, together with the 
square of AB,is equal (0. 2.) to the square of £F: But EF is equal 
^ EB ; therefore the re^laasle CF.FA together with the square of 
AE, is equal to the square of EB : And the squares of BA^ AE, are 
equal (47. i.) to the square of EB, be* F G 

eause th9 single EAB is a Hght angle; 
therefore the rectangle CF.FA, toge* 
ther with tlie square of AE, is equal to 
the squares of BA, AE : take away the 
square of AE, which is commoa to both, 
tlierefore the reoiainiog rectangle CF.FA ^ 
Is equil to (be square of AB« Now- the 
figure FK is the rectangle CF.FA, lor AP 
is equal to FG; and AD is the square of 
AB ; therefore FK is equat to AD : take E 
away the common part AK, and the re- 
mainder FH is equal to the remainder 
HD. But HD is the rectangle AB.BH, 
for AB is equal to BD ; and FH is the 
square of AH; therefore the rectangle 
AB.BH is equal to the square of AH: C 
Wherefore the straight line AB is divided in H so, that the reetangle 
AB.BH is oqual to the square of AH. Which was to be done. 

- PROP. XIL THEOR. 

Ib obtuse angled triangles^ if a perpendicular he drawn 
from any of the acute angles to the opposite side pro* 
duced, the square of the side subtending the 6hluse anglq 
is greater than the squares of the sidei§ containing the ob^ 
tuse angle^ by twice the. rectangle contained by the side 
upon which, when produced, the perpendicuJar falls, and 
the straight line intercepted between the perpendicular 
and the obtuse angle. 

Let ABC be an obtose aaj^ triaagli^ llaTiag il^ obtUie a«g|e 
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ACB, and froai the point A let AD be Ata.wn (12. 1.) perpevdicular 
to BC produced : The square of AB is greater than &e squares of 
Ac, iCB, by twice the reetanrie BC.CDl 

Because the straie^ht line BD is divided into two partttinthe point 
C, BD««(4. 30ftC^+CD»4. '^ 4 

3BC.CD 5 add AU* toT>oth : Then 
BD«+AD«=.BQ» + CD»4-AD» 
+ 2BC.CD. But ABa «= BD» + 
AD* (4r. !•), and AC»«CD«+ 
AD^ (4^. I.); therefore, AB« 




BC'+AC* +3BC.CD; that is, 
AB« is greater than BC«+AC« 
by 2BC.CD. Therefore, in ob- 
tuse i^ngled triang^les, &c. Q. E. D. 

PROP. XIII, THEpR, 

In every triangle the squi^re of the side subtending any 
oT the acute angles, is less than the squares of the sides 
containing that angle, by twice the rectangle contained 
by either of these sides, and the straight line intercepted 
between the perpendicular, let fall upon it from the op- 
posite angle, and the acute angle. 

Let ABC be any triangle, and the angle at B one of its acute ungJes, 
and upon BC, one of the sides containing it, let fall the perpendicular 
(12. 1.) AD from the opposite angle : I'he square of AC, opposite to 
the angle B, is less than the squares of CB, BA by twice the rectan^ 
gle CB.BD. 

First let AD fall within the trian- 
gle ABC ; and because the straight 
fine CB is divided into two parts in 
the point D {7. 2X BC»+BD»« 
2BC.BD+CD^ Add to each AD^; 
then BC + BD + AD» = 2BC.BD 
H-CD» + AD». But BD« + AD» 
« ABS and CD» + DA« ^ AC« 
(47. I.);. therefore BC« + AB«== 
3BC.BP+AC«; that is, AC« is less 
than BC«+ AB» by 3BC.BD- , 

^' Second]^, Let AD fall without the trianele ABC^: Then because 
the angle at D is a right angle, theunelcACB is greater (16. i.)thaii 
a right angle, and AB«=:(l3. 2^ AC«+BC»+2BC.CD. Add BO 
to each; Sen AB«+BC»=!AC«+9BC«+3BC.CD. But because 

'BD U divided into two parts in C, BC«+BC,CD« (3. 2.>BCJBD^ 
and 2BC» + ^^CCD « i»B€.BD : therefore AB» + BC»««Ae»>+ 
^BC.BD; and AC is less than AB»+BCS by 2BD.BC. 
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Lastly? Let the sicTe AC be Jierpen- 
dicular to BC ; theti* is BC the straight 
line between the perp^ndieular and the 
aeiite ai^e at B ; and it is manifest that 
(47. 1.) AB»+BC»=»AC«+3BC»=«AC* 
+3BC.BC. Therefore in eyery trianglei 
&c. Q. E. D. 




PROP. XIV. PROB* • 

To descHbe a square that shdl be equal to a given redtili- 

oeal figure^ 

Let A be the siyen rectilineal figure; it is required to descHbe a 
square that shall be equal to A. 

De^eribe ^4iO. 1.) the rectcingfllar parallelogram BCDE equal to the 
rectilineal hgure A. If then the sides of it, BE, £D are equal to ob# 
another, it is a square, and whUt Wfts required is done; but if they are 
not equaly produce one of them, BE to F, and make EF equal to ED| 
and bisect BF in G : and from the centre G, at the distance GB, or GFf 
describe the senueifcle BHt" aiid prodtiee DE to H, and join GH. 
Therefore, because the straight line BF is divided into two equal 
parts in the jpoint G, and into two unequal in the point E, the rect- 
angle B£.£F, together with the square of EG, is equal (5. 2.) to 
the square of GF: btit GF is equal to GH; therefore the reetan^ 
BE.EiF, together ^i^ith the square of EG, is equal to the square of 
GH : Bat the iqnares of HE and EG are equal \4>r. Iw) to the square 

of GH: Therefore afeo ^.^ 

the rectangle B£«EF to- / \ ^^ ^^ *« 

jether with the square of 

EG, is equal to the squares 

of HE and EG. Take 

away the square of EG, 

which is common to both, 

and the remaining reel* 

angle HE.EF is equal to 

the square of CH: But 

BD is the rectangle aon- 

tained by BE and EF, because EF is equal to ED ; therefore BDi« 

equal to the square of EH; and BD is also equal to the rectilineal 

figure A ; therefore the rectilineal figure A is equal to the square of 

%n ; Wherefore a square has beeti made equal to the given rectilineal 

figure A, Ttz» tk« square described upon SH* Which wastobedoiie^ 





ifli JklEMBiVTS 

-^ PHOP. A. 
Iill)iife side of a triangle be bisected^ tlie sum of tJb^ 
i(|uares of the other two sides is doubk of the square of 
half the side bisected, -and of the square of the line drawn 
froito the point of biseotioft to the opposite angle of the 
tritogle. 

Let' ABC be a triangle, of which the side BC is biseeted in Dj pnA 
DA drawn to the opposite anele $ the squares of BA and AC are to- 
gether double ^f the squares <n BD ana DA. 

From^ draw AE perpondieular to BC) and beeanse B£A is a rig^t 
angle, AB> » (47. i.) B£'>+AE'> and 
AC* a- CE> + AEM where&re AB*+ 
AC* « BE« + CE» + 3AE«. But be^ 
eause the line BC is eut equally in D^ 
and unequally m £, BB* + CE"* » 
(•.3.) 2BD»+3DE*5 therefore AB«+ 
AC*«2BD*+2DE». 2AE*. 

Now DE« + AE« ;» (47. 1.) AD% 
and 3DE* + 3AE* = 2 ADS* where-; 
fore AB^+AC»«3BD»+3AD«, There- 
£tti«, &e» Q. £. D« 

PROP. B. THEOB. 

The sum of the squares of the diameters of any paralleled 
gram is equal to the sum of the squares of the sides of the 

parallelogram. *r^ ^ 

Let ABCD be a parallelogram, of whieh the dii^eters are AC and 
BD; the sum of the squares of AC and BO is equal to the sum of 
the squares of AB, BC, CD, D A^ 

Let AC and BD intersect one another in E : and beeause the ver- 
tieal an^es AED, CiilB are equal (15* i*) and also the ultimate an- 
gles BAD, ECB (39. 1.), the triangles ADE, CBB hate two an^s m 
flie one enual to two angles in the other, eaeh to each ; but the side^ 
AD and BC, which are oppo- j^ D 

site to equaj angles in these 
triangles^ are. also equal (34. 
1.); therefore the other sides 
which are opposite to the e- 
qual angles are also equal 

i26. 1.), vis. A£ to EC, and 
SDtoEB. B O 

Since, therefore, BD is bisected in E, AB>-|-AD«»( A. 2.) 2B1R» 
+3AE*; and for the same reason, CD'>+BC»»2B£"+2ECa»2BE» 
+2AE», because EC«A£. Therefore AB«+AD»+DC»+BC»«=: 
4BE>+4AE*. But 4B£'>r=BD», and 4 AE'^-s AC> (2. Cor. a. 2,) be- 
cause BD and AC are both bisected in E; therefore AB*+^I)^4. 
CD»+BC«eBD«+AC». Therefore the sum ofthe squares &c. Q.E. D. 

Cor. From this demonstration, it is manifest that the dianoieters 
of every parallelogram Insect one another. 
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A. 

i^ta^E radiug of a eirele is the straight line drawn from the 
p j.0 the eireumference. 

I. 

A sti^aieht litie is siud to touch 
a cirSe, when it meets the 
eirele, and heing produced 
does not cut it« 

IL 

Circles are said to touch one 
anothei*9 iVhieh meet, but do 
not cut one another, 

m. 

Strai^t Unes are said to be e(iuallj dis-^ 

tant from the centre of a circle, when 

the perpendiculars drawn to them 

from the centre are equals 
IV. 
And the strai&;ht line on \^hieh the ^at- 

er perpen^ieulat falls^ is said to be 

fattlier from the centre^ 

An arch of a dureleis any part of the cireamfeirence 

V* 
A se^ent of a circle is the fisnre con- 
tained by a straight line^ and the arch 
l¥hi«h it eats offT 

I 
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VI. 

An angle in a segment is the angle eontaiit- 
ed by two straight lines drawn from an j 
point in the eircnniference of the seo*- 
inent, to the extremities *of the straight 
line which is the base of the segment. 

VII. 

And an angle is said to insist or stand apoa 
the arch intercepted between the straight 
lines which contain the angle. * 

VIII. 

The sector of a circle is i^e figure con- 
tained by two straight lines drawn from 
the centre, and the arch of the eireumr 
ference between them. 



IX. 

Similar segments of a circle, 
are those in which the an- 
gles are eaual, or which 
contain equal angles. 

PROP. I. PROB. 

To find the centre of a given circle. 

Let ABC be the given circle ; it is required to find its centre. 

Draw within it any straight line AB. and bisect (10. 1.) it in I) 5 
from the point D draw (11. !•) DC at right angles to AB, and pro- 
duce it to £, and bisect CE in F: the point F is the centre of the cir- 
cle ABC. 

For, if it be not, let, if possible, G be the centre, and join GA, 
GD, GB: Then, because DA is equal to DB, and DG common to 
the two triangles ADG, BDG, the two sides AD, DG are equal to the 
two BD, DG, each to each ; and the base 
GA is efjual to the base GB, because they 
are radii of the same circle j therefore the 
angle ADG is equal (8. 1.) to the angle 
GDB : But Vi'hen a straight line standing up- 
on another straight line makes the adjacent 
angles equal to one another, each (»f the an- 
gles is a right angle (7. def. I.) Therefore 
the angle GDB is a right angles But FDB U 
likewise a right angle ; wherefore the angle 
FDB is equal to the angle GDB, the greater 
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to the les», wfcich ig impoguble 5 Therefore G it not the centre of the 
circle ABC ; In the same manner, it ean be shown, that no other 
point but F is the centre : that is, F is the tentre of the circle ABC : 
Which was to be found. 

CoH. From this it is manifest that if in a circle a straigrht line 
bisect another at fight angles, the centre of the circle is in the line 
which bisects the other, 

PROP. IT. THEOR. 

If any two points be taken in the circumference of a cir- 
cle, the straight line vthioh joins them shall fall within the 
circle. 

* • ^ 

Let ABC be a circle, and A, B any two pointa in the circumfer- 
ence : tlie straii^ht line drawn from A* to B 
shall fall within the circle. 

Take any point in AB as E ; find D the 
centre of the circle ABC ^ join AD, DB and 
DE, and let DE meet the circumference in F. 
'J*hen, because DA is equal to DB, the an- 
gle DAB is equal (5. 1.) to the angle DBA; 
and because AE, a side of the triangle g^' 
DAE, is produced (96 B, the angle DEB is 
greater (16. 1.) than the angl& D4E; but 
DAE is equal to the angle DBE; therefbre 
the angle DEB is greater than the angle DBE: Now to the greater 
angle the greater side is opposito (19. i.) ^ DB is therefore greater 
than DE: but BD is equal to DF; wherefbre DF is greater than 
DE, and the point E is therefore within the circle. The same may 
he demonstrated of aur other point between A and B, therefore AB 
is within the circle, n herefore, if any two poinds, &c« Q*^ £« D. 

f PROP. in. THKOH. 

If a straight line drawn through the centre of a circle 
Msect a straight line in the' circle^ which does not pass 
through the centre, it will cut that line at right angles ; 
and if it cut it at right angles, it will bisect it. 

Let ABC be a circle, and let CD, a straight line drawn through the 
centre bisect any straight line AB, which does not pass through th& 
eentre, iii the point F : It cuts it also at right ang^les* 

Take (1. 3.) E the centre of the circle, and join EA, KBv. Then 
because AF is, equal to FB^and FE eommon^to the two tria gl a AFE,. 
BFE} th^re are two sidest in U)e oiie equal 'to two sides. i|i the other:. 
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bat the base E A. is eqnal to the ba«re EB ; 
therefore the angle AFE tsequal (8. 1.^ to 
the angle BFE. An^d when a straight line 
•tandint; upon another makes the aatae^^nt 
angles equal to one another, each oi them 
is a righ^ (7. Def. 1.) angle; Therefore 
each of the angles AFl^, BFE is a right an- 
gle; wherefore the straight line CD, j^ 
drawn through the centre biseeting AB, 
which does not pass through the centre, 
^uts AB at right angles. 

A^ain9let CD eut AB at right angles; CD 1^fi^obi3eet^ AB,thatis, 
AF IS equal to FB. 

The same construetion being> made, because the radii E A, EB ar^ 
equal to one another, the angle EAF is ecj^ual (d^ 1.) to the ansle EBF; 
and the right angle AFE is equal to the right angle BFE : Therefore, 
in the two triaqgles EAFt EBF, there i^re two angles in one equal to 
two angles in the other; nowtheside EF, which is opposite to one of 
the equi|l angles in each, is common to both ; therefore the other sides 
are equal (sa.'l.); AF therefore is equal to^B. Wherefore, if a 
ftfaiglit line, &c. Q. E, D. 

PROP. IV. THEOR. 

If in a circle two straight lines cut one another, which dQ 
pot pass thrQugh the centra they do not bisect each other^ 

Let ABCD he a eirele» and AC,BD two straight lines in it, whic]|i 
cut one anothei: in the point E, ai^d do not both pass through the cen«p 
ire : AC, BD do not bisect one another. 

For if it is possible, let AE be equal to EQj^and BE tq ED: !(f one 
of the lines pasa througl^ the centre, it is^ 
plain that it cannot be bisected by the other, 
whiehdees not pass through the centre. Bi^t a 
if neither of them pass through the centre, 
^ke (i. 3«) F^ the centre of the circle, and 
join EF; and. because FE, a straight line 
through the centre, bisects another AC> 
vhicli does not pass through the centre, it 
must eut it at right (3. 3.) angles ; where- 
fore FEA is aright angle. Again, becanse 
the straight line FE bisects, the straight line BD, which does not pasa 
through the centre, it must cut it at right (3. 3.) angles; wherefore 
FEB is a right angW: an^ F^A was. shown to be a right angle : 
therefore F£~A is equal to the angle FEB, the less to the greater, 
which is impossible i therefore AC, BD do not bisect one aiiot)|er^ 
Ifiriieiefiirey if in a. circle, &e. ^. £• Q< 
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PROP. V. THEOR, 

Ji two. cirques cut one another^ they cannot have the sam? 

centre. 

Let the two circles ABC^ GDG cut one another in the points B, C ; 
they hare not the same centre. 

For, if it he possible, let E be their centre : Join EC, and draw any 
straight line EFO mee tine* the circles 
in F and G : and because E is the cen« 
tre of the circle ABC, CE is eqvai to 
£F : Again, because E is the centre 
of the circle CDG, CE is equal to 
£Q : but, CE was shown to be equal 
to EF, therefore EPIs eaual to EG, 
the less to the greater, which is im- 
possible: therefore £ is not the 
centre of the circles ABCf CDG. 
Wherefore, if two circles, &c. Q. E. D. 

PROP. VI. THEOR. 

If two circles touch one another internally, they cannot 

have the same centre. 

Let the two circles ABC, CDE, touch one another internally in tlia 
point C : they have not the same centre. 

For, if they have, let it be Fj join FC, and draw any strvght line 
«FEB meeting the circles in £ and B ; and 
because F is the centre of the circle ABC, 
CF is equat to FB; also, because F is the 
ntre of the circle CDE, CF is eqtial to 
"^1 : hut CF was shown to be equal to FB 5 
refore FR is equal to FB, the less to the 
ater, which is lUipossible : wherefore F 
8 not the centre of the circles ABC, CDE. , ^ y ^u 

Therefore, if two circles, &e. Q. £. D. A^ ^ ^ ^^ 

4^ PROP. VII. THEOR, 

If any point be taken in the diameter of a circle which 
is not the centre^ of all the straight lines which can be 
drawn from it to the circumference^ the greatest is that in 
which the centre is, and the other part of that diameter 
is the least ; and^ of any others, that which is nearer to the 
line passing through the centre is always greater than one 
mor^ remote from it : And from the same point there can 
l[)e drawn only two straight lines that afe equal to one 
another, one upon each side of the shortest line. 

Let ABCD be a circle, and AD its diameter, in which let any point 
f be taken wkieh is not the centre: let the centre be £; of all the 
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•tnu^hl lines FB, FC, FO, jus. that can be drawn from F to the eir- 
cvmfereivse, FAjg the greatest, and FD, the other part of the diame* 
ter AD^ Ig the least: and of the others. FB is ereater tban FC* and 
FCthanFG. 

Jmn BB, CK, 6K ; and beeanse two sides of a triani^loare f^ater 
(20. i.) than the third, BE, KF are greater than BF;bat AK iseqnal 
to EB ; therefore AE and EF, that is> AF, is crater than B F : a^ak, 
heeaiise BE is equal to C£, and FE common to the trian^a BEF, 
CEF, the ttfo 8Mles BE, EF are equnl to , A 

the two CE, £F; but the angle BEF Is 
f;reHt«»r tban the angle CEF; therefore the c 
ka^e BF 13 greater (24. I.) thnn the hsse / 
FC; h>r the 9ame reason, CF is greater 
than GF. Ap^ain^ because GF, FE are 
irrentpr (20. I.) ihan EG, and CGU equal 
to ED ; 6F, FE are g^reater than ED: take 
away the common part FE, and the re- 
Biain^IerGF is greater than the remainHer 
FD : Iherefore FA is the greatest, and FD . » 
the least of all the straight lines from F to the eircunrferenee ; and BF 
is f^reater than CF, and CF than GF. 

Also there casn be drawn only two equal straiffht lines from the point 
W to the circumference, one upon each side 01 the shortest line FD : 
at the point E in th% straig*ht line EF, mako (23. 1.) the angle F£H 
equal to the ang*le GEF, and join FH : Then, because GE is equal to 
FiH,and£F common to the two trians^les G£F,UEF; the two sides 
GK, EF ace equal to the two HE, EF ; and the angle G EF is equal to 
angle HEF; therefore the base FG is equal (4. 1.) to the ba^ FH : 
but besides FH, no straight line can be drawn from F to the cireumfq, 
enee eqnai to FG: for, if tbete can, let it be FK; and because 
isequat to FGandFG toFH,FKis equaltoFH; tbatis,alinen 
er to that which passes through the centre, is ^iral to one more r^ 
mote, which is impossible. Therefore^ if any point be taken^ &e.> 
Q. E. D. 

PROP. Vlll. THEOR. 

If any point be taken without a circle, and straight lines 
be drawn from it to the circumference, whereof one passes 
through the centre ; of those which fall upon the concave 
circumference, the greatest is that which passes through, 
the centre ; and of the rest, that which is nearer to that 
through the centre is always greater than the more remote :. 
But of those which fall u:iOn the convex circumferencey 
the least is that between the point without the circle, and 
the diameter ; and of the rest, that which is nearer to the 
least is always less than the- more remote : And only two 
equal straight lines can be drawn from the point untathe 
circumference, one upon each side of the least. 
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Let ABC t>e aoirele,aiH]D anTi)«i*twith(iat)t,from wbicirietae 
straight lines DA, DE, DF, DC be drawn tn the «ireum(emiM, 
wkereof DA pamea through the ctntre. Of those which fall npan 
the cnncave part of the circumferenee AEFC, the greatest is AD 
which pasMi through thee«nlre;aiid theUnenearer-t«ADisalwm 
ereater than the more remote, viz. DE than DF, and DF than DC ; 
but of those which fall upon the convex cin^umference HLR.O, tfas 
least is DO, between the point D and the diameter AO; and the 
nearer to it is always less than the more remote, viz. DK thiia DL, 
and DL than DH. 

Take (l. 3.) M the eentre of the circle ABC, and Wn ME, MF. 
MC, MK, ML, Mtt : And because AM is equal to ME, if MD be add- 
ed to each, AD is ecjual to EM and MD; but EM and MDaregreater 
(30.1.) than ED {therefore also AD isgreaterthaa ED. Again, be- 
cause MB is equid to MF) and MD common to the triangles EMD, 
PMU,EM, MD are equal to FM,MD; but the angle EMD is great- 
er than the angle FMD; tharerore D 
the base BD is greater (34^ 1.) tban 
the tune FD. In like toanner it may 
be shown that FD is greater than 
CD. Therefore DA is the greatest; 
BD<I DE greater than DF, and DF 
than DC. 

And because MK, KD at« greater 
(30. I.) than MD,Biid MK. is equal 
to MO, the remainder KD is greater 
(5. Ax.) thnn the remainder GD, that 
isGDiateesthnn KD: Ami becau!>e 
MK, DK are drawn to the point K C 
within the triangle MLD from M, ' 
D, the extremities of its side MD ; 
MK, KD are less (3i. 1 ) than ME, ; 
LO, whereof MK is equal to ML; ' 
thKrelbre the remainder DK is less 
thtin the t^mainiler DL : In like 
manner, it may be shown that DL is less than 1)H : . 
is the least, and DK less than DL, and DL than DH. 

Also there can be drawn only two eq«a! straight lines Tnm i)ta 
point D to the circumference, one upon each side of the least: at 
the point M,in the straight line MD, make the naglcDMB equal t» 
t't,'^'}^ ^^^' *"■* J"'" ™S '"«' because in the triangles fcMD. 
HMD, ihe side KM is equal to the side BM,and MD common to both, 
and also the angle KMD equal to the angle BMD, the base DK ia 
equal (*. 1.) to the base 1)B. But, besides DB, no straight line csta 
he drawn from D to the circtimferenee, equal to DK: fhr, if there 
f*'',',^*^^*: DN; thenjbeeause DN is equal to DK, and DK equal 
to »H,DB.aeqoaUoDN; that is, the line nearer to DG, the least, 
equal to the more remote, which has been shown to he impttssilile. 
ir, therefore, juiy point, &e. Q. E. D. 
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i- PROP. IX. THEOR. 

If a point be taken within a circle^ from which there 
fall more than two equal straight lines upon 4he eircum- 
ference^ that point is the centre of the circle. 

Let the point D be taken witMn the cirele ABC, from whieh there 
fall on the eireomference more than two eqaal straight lines, vix< 
Da, DB, DC, the point D ih the centre of the eirele. 

For, if not, let £ be the eentre. Join D£, and produce it tb the eir* 
evrofereoce in F, ti ; then FG is a diame- 
ter of the dffcle ABC : And because in 
FG, the diameter of the circle ABC, there 
is taken the point D which is not the cen- 
tre, DO is the greatest line from it to tb^ 
circumference, and DC greater (7. .>.)|^ 
than DB, and DB than DA; but they' 
are likewise equal) which is impossH^le : 
Therefore £ is not the centre of the cir- 
cle ABC : In Hke manner, it may be de- 
monstrated, that no other point but D is 
the centre; D tbei^fore is the centre* 
"Wherefore^ if a point 1^ taken, &e. Q. E. D. 

PROP. X. THEOR. 

One circle <}annot cut another in more than two points^r 

If it be possible, let the eircuroference FABeut the circumference 
DEF in more than two points, viz. in B, O, F ; take the centre K of 
the cirele ABC, and join KDfKG, KF : and because within the eirele 
DEF there is taken the point K, from which more than two equal 

straight lines, viz. KB, KG, KF, fall on A 

the circumference DEF, thlB point K is 
(9.3.) the centre of the circle DEF; 
but K is also the centre of the circle 
!ABC ; therefore tie same point is the 
centre of two circles that cut one aoo- ^ 
ther, which is impossible (5< 3.). There- 
fore one circumference of a circle can- 
not cut another in more than two {>oints« 
Q. £. D. 

PROP. XI- THEOR. 

If two circles touch each other internally, the straight 
line which joins their centres being produced^ will passr 
through the point of contact. 

Let the two circles ABC, ADB, touch each other internally Id the; 
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pfAnt, A, flttd let F b« the eentre of (Im eiitte ABCy Md <l tlie eentffi 
of the cirde ADE$ the sti^t^ht line ^ . 

whidi jotae the eentren Ft G) being f90^ 
duced, passes througfh the |>oint A. 

For, if not, let it lull otherwrise* If 
|»o8sible, as FGDH* and join AF, AG: 
And because AG, GF are faster {20. \.) 
than FA, that is, than FH, tor FA is equal 
to FH» beinjS radii of the same circle; 
take away the common part F6, and the 
remainder AG is greater than the remain* 
der GH. But AG is equal to GD, there- 
fore 6D is greater than GH i and It is 

nlso less, which is impossible. Therefore *the straight line which joina 
the points P and G cannot fall otherwise than on the point A ; that is^ 
It mast {HISS through A. Tbererore, if two circkti fcs. H^. £• D« . 

PROP. xn. THEOR. 

If t^o circles, toudi each other externally^ the straight 
tine which jtnns their centres will pass through the point 
of contact* 

Let the two circles ABC, ADE, touch each other exlernslly In th0 
point A; and let F be the centre of the circle ABC, and G the centre 
of ADE ; The straight line which joins the points #, G, shall pass 
through the point of contact. 

For, if not, let it pass otherwise, if posfible, as FCDG, and join FA, 
AG: and because F is the centre of the circle ABC, AF is equal to 
FC : Alto because G 
is the centre. of the 
•frcle, ADE, AG is 
equal to GD. There* 
fore FA, AG are equal 
to FC, DG; where- 
fbre the whole FG ia 
greater than F A, AG ; 
but it is also less {20* 
I.), which is impossi- 
ble: Therefore the 
slraif^ht line which 

joins the points F, Q cannot pass otherwise than throng^h the point of 
contact A; that is. It imeses through A. Thereforet if two circles^ 
&c. Q. K- ». 

PROP. Xin. THEOR. 

One circle cannot toitch another in more points tfilLtt fUMfi 

whether it touches it on the inside or outside. 

^or, If it be possible^ let the circle EBF toae!i the circle ABC ifi 
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in«)re poind than one, find firef cm the inside, in the points B^ D ; join 
BDvamldraw (10. 11. 1.) OHtl^iseetingBD at ri^it angles: There*^ 
lorel&ecauae Uie points By D ate in the cireumt'ereiice of eaeli of the 
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Circle?, the atraightline BD falls within each (2. S,) of thrin: tnd 
therefore their centres are (Cor. l. 3.) in the 8traifl;ht line GH which 
hlsectA BD at right angles: Therefore GH passes through the point 
of contact (II. £) ; hot it does not pass through it, because the points 
B» D are without the straight line GH, which is ahsurd : Therefore 
one circle caiinot touch another in the ins de id more points tiiaii one. 
Nor can two circles touch one another on the outside in more than 
one point: For, if it be possible, let the circle ACK touch the circle 
ABC in the points A, C, and join AC : 
Theref6re, becauseihe two points A^Care 
in the circumference of the circle ACK» 
the straight line AC which joins th^m 
shall fall within the circle ACK: And 
the circle ACK is without the circle ABC ; 
and therefore the straig^ht line AC is also 
without ABC; bnty because the points 
A, C are in the circumference of the cir< 
cle ABC, the straight line AC must be 
within (2. 3.) jhe same circle, which is 
absurd : Therefore a circle cannot touch 
another on the outside in more than one 
point : and it has been shown, that a cir-» 
cle cannot touch. another on the inside in 
more than one point. Tbereforcy one circle, &c. Q, E. D. 

-f PROP. XIV. THEOR. 

!Equal straight lines in a circle are equally distant from 
the' centre ; and those which are eqiially. distant from the 
centre^ are equal to one another. 

Let the straight lines AB, CD, in the circle ABDQi be equftl to 
one another ; they are equally distant from the centre. 





^F GEOMETRY. BOOK III yi 

Take B the centre of the cirde ABDC, amJ Iroin it draw KP, EG, 
periiendiclNars to AB. CD ; join AE attd EC. Then, tmcause ti.e 
•traifht line EP |Ni»8ing through the cen- 
^e, cuts the straight line AB, which does 
not pass through the centre at right an- 
gles, it also bisects (3, 3.) it : VVhere- 

to FB, ant] AB double A 



fore AF is equal 

of *AP- Por the same ' reason, CD is 
double of CG: Bat AB id equal to CD ; 
therefore AP is equal to CO: And be- 
cau«e AE w equal to EG, the square of 
AE is equal to the s'luare of EC : Now 
the squares of AP, FE are equal (47. 1.) 
to the square of AE, because the nngle APE is a right angle ; and, 
for the like reason, the squares of EO, OC are equal to thesijuare 
of EC: Therefore the squares of AF, PE are equal to the squares of 
CG, GB, of which the square of AF is equal to the square of CG, be- 
cause AF is equ:il to CG; therefore the remaining »quare of FE is 
equal to the remaining s(|uare of EG, ami the straight line EF is 
therefore equal to EG: fiuf straight lines In a circle are said to be 
equalljr distant from the centre when the per|>endiculars drawn to 
them from the cenire are equal (3. Def, 3.) : Therefore AB, CD are 
equally distant from the centre* 

^ Nest, if the s^rtiis^ht lines AB, CO he eqttalijr distant from the 
centre, that is, if FE be equal to EG, AB is equal to CD. For, the 
same construction beins? made it may, as before, be demonstrated, 
that AB is double of AF, and CD double of CG, and that the squares 
of EF, PA are equal to the squares of EG, GC; of which the square 
of FE is equal to the square of EG, because FE is equal to EG; 
therefore the remaining square of AF i» equal to the remainiog: square 
of CGj and the straight line AP is therefore equal to CG : But AB 
18 double of AP, and CD double of CG$ whei«fore Att is equal to 
CD. Therefore equal straight lines, cTc. Q. E. D. 

; PROP. XV. THEOR. 
The diameter is the greatest straight line in a circle ; 
and of ail others, thatt^which is nearer to the centre is al- 
ways greater than one more remote j and the greater is 
hearer to the centre than tlie less. 

Let ABCD be a circle, of which the di* 
ameter is AD, and the centre E; and let 
BC be nearer to the centre than FGj AD 
is greater than any straight line BC which 
u not a diameter, and BC greater thanPG. 

From the centre draw EH, EK |>erpen* 
dieulars to BC,PG, and join EB, BC, BFj 
and because AE is equal to EB, and ED XQ 
EC,ADiseqiMlto£B,£C:ButEB,EC 
are greater (20. I.) than BC; wheiefore^ 
also AD is greater than BC. 
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And, beeatt«e B€ is nearer to the eentiv thun FC^, EH is 1e«s 
/4u Def. 3.) than EK: But, a» was demonstrated in 'the preef^in^ 
BC is double of BH and FQ AuMst of FK, and the squares of EH^ 
HB are equal to the squares of EK^ KF, of which the squi^re of EIF 
is less than the square of EK9 because EH ts less than.EK; therer 
forfe the squaro of BH is greater than the square of PR, and t])a 
stratf^tlineBH greater than FK.| and therefore BC is greater than 
FG, • 

Next, Ijet BC be greater.than FO ; BC is nei^rer to the centre than 
FG; that is, the same construction being made, EH is less than EK; 
Because BC is greater than FG, BH likewise is greater than KF; bat 
tiie squares of BH, HE are equal to the squares of FK, KE, of which 
the sq^are of BH is s^reater than the square of FK, liecause BH 
is greater than FK. ; therefore the square of EH is less than the 
square of EK, and the straight line'EHlesa tb%n EK, . Wherefur^ 
jhi» di^met^r^ 4(«, Q. £. D, 



PROP. XVI. THEOR. 



The straight line drawn at right angles to the diamet^* 
uf a circle, froni the extremity of it, falls without the cir- 
cle ; and no straight line can be drawn bettyeen that 
{Straight line ^and the oircumference, from the extremity 
of the diameter, so as not to cut the circle^ 

* 

Let ABC be a cirde, the centre of whieh is D, and the diameter 
AB; and let AE he drawQ from A perpendicular to Aift, AE shall 
IMl without the circle. 

In AE take iui j point F, join DF, and let DF meet the circle in C . 
Because DAP is a right angle,. it ia 
gftnter than the angle API) (3;a. i^); 
but the greater angle of any triani^le 
IS subtended tnr the greater side (19. 
1^.), therefore DF is greater than DA^ 
ooir DA is equal to DC, Itierelbrs 

DF is greater than DC, and the point ^ 

F is therefore without the eirclef / y^^ 

Antl F is ai^ point whatever in tho B 
fipe A£, thcirefora AR falls irithimt 
the eirele* 

Again, between the straight line 
AE and the eircumrerence#tio s traighl 
Hoe can be drawn from tlie fmiat A« 
whiefa does no( (smt the cirde, Let AG be drawn^ ip the angle DAE, 
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from 1) ilraif DH «t r^rh^anffleslo \&i 
ami because the ans^le t)H.4 is a rii^ht 
4|os:te,^ntl theaiH^ie DAH less than a 
rig:ht angle, the tide DK of the triangle 
BAH 18 lets thati the skle IM (19. I.). 
The point H, therefore, is wHhih tlie 
cirrle, and therefore the str tight line 
AG cuts tbf cirifle. 

Com* From this i( is manirest, that the 
straight Ijne which is drawn at right an- 
g^les i9 the diameter of a circle from the 
extremity of it, touches the circle ; and 
that it touches it only in one point; because, if it did meet the circle 
in two, it would fall within it(3.S.). Also it is evident thiit there can 
be but one striu|;ht line which touches tiie eircle in the same point* 

! PROP. XVIL PROB. 




To Avaw a straight line from a ^ven pointy either 
without or in the ciroumference^ which shall touch a giveti 
circle. 

First, Let A be a ^ven point without the siren circle BCD; it is, 
required to draw a straiglpt line from A) whicii shall touch the circle. 

Find (1. 3.) the centre E of the circle^ aud join AE ; and from the 
centre E, at the distance £A, describe the circle AFG; from tlio 
point O draw (11. 1.) OF at right angles to E Adjoin E^Fj and draw 
AB. AB touches the circle BCD. 

Because E is the centre of the rir-» 
eles BCD, AP6, £A is equal toEF, 
and ED to EB ; therefore the Uvo 
sides AE4 EB are equal to the two F£, 
ED, and they contain the angle at E 
common to the two triangles AEB, 
FED ^/Therefore the base DF is equal 
to the base AB, and the triangle FGD 
to the triangle AEB, and the ofhermn- 
gles to the other angles (jk- !•) : T'^i^^* 
fore the angle EBA is equal to the an* 
^e EDF ; but EDF isalij^t an^le, wherefore EBA is a rif^ angle | 
and EB IS drawn from the eentre: bal a straight line drawn from 
the extremity of a diameter, at right angles to it, touches the eirde 
(Cor. 16. 3.) : Therefore AB toiMhes the e&rek; and is drawn fhim 
the given point A. Which was to be doae. 

But if the given point be in the eirenmfereiiee of tfie circle, as the 
point D, draw DE to the centre E, and DF at ri|^ aagks to D£ ; QP 
lottches the.etrele (Con d[6. 8.) 
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PROP. XVIII. TjaEOll. 



If a straight Hfie touch a circle, the straight line drawn 
from the centre to the point of contactj is perpendicular 
to the line touching the circle. 

4 • 

4 

Let the straight line DE touch the circle ABC in the point C ; 
take the centre F, and draw the straight line FC : FC is perpenilicu>« 
lartoDE. 

For, ifitbenot,from the point P draw FBG perpendicular to DEj 
and because FGCis a rigiitaDgle,GCF mustbe (17.1.) au acute an- 
gle ; and to the greater angle the great- A 
er (19. 1.) side is opposite: Therefore 
FC is greater than FG ; but PC is equal 
to FB } tiierefore FB is greater than FG, 
the less than the greater, ivliich is im- 
possible | wherefore FG is not perpen- 
dicular to D£ : In the same manner it 
may be shown, that no other line but 
FC can be perpendicular to DE ; FC is 
therefore perpendicular to DE. There- 
fore, if a straight line, &o» Q. £. D. B 
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PROP. XIX. THEOR. 



If a straight line touch a circle, and from the point of 
contact a straight liiie be drawn at right angles to the 
touching line, the centre of the circle is in that line. 

Let the straight line DE touch the circle ABC, in C, and from C 
let CA be drawn at right angles to DE| the centre of tlic circle is 
inCA. 

For, if not, let P be the centre, if possible, and joiii CP. Because 
DE touches the eirtle ABC, and PC is 
drawn from the centre to the point of 
contact, FC is perpendicular (is. 3.) to 
DE; therefore rCB is a riglit angle: 
But ACE is also a right angle $ therefore 
the aifgle FCE is equal to the angle 
ACE, the less to the greater^ which is im- 
possible: Wherfefore F is not the centre- 
of the eirele ABC : In the same numner 
it may be shown, tibat no other point 
which is not in C A, is the centre ; that is, 
the centre is in CA. Therefore, if a 
straight line, &c. Q. E. D. 
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The angle at the centre of a circle is double of the an- 
gle at the circiimferepce^ upon the same base^ that is^upon 
the same point of the circumference. 

Let ABC be a cirele, and BDC an angle ai the eentre and BAC an 
angle at the mreumfereaee^ vbieh have the same eircumfereiKee BC 
for tlieir liase $ the angle BDC is double of Ihe angle BAC. 

First, let D, the eentre of the circle, be within the ande BAC, and 
join AQ, and produee it to E : Beeause DA is equal to DB, the angle 
*DAB is eauat (5. 1.) to the angle DBA; 
therefore the angles DAB, DBA together 
are double of the an^le DAB ; but the an- . 
gle BDE is equal (32. 1.) to the angles 
DAB, DBA; therefore also the angle BDC 
Is double of the angle DAB : For the same 
reason, the angle JBDC is double of the 
angle DAC; l^herefore the whole angle 
BDC is double of the whole angle BAC, 

Again let D, the eentre of the circle, 
he without the angle BAC; and join AD 
and produee it to E. It maj be demon* 
fitrated, tL$ in the first case, that tile an- 
gle EDC is double of the angle DAC, 
and that EDB a pi^ of the first, is dou* ^ 
Ue of DAB, a part of the other; there- 
fore the remaining angle BDC is double 
of this remaining ang^ BAG. There- 
fore the angte at the eentre, &e. Q. E. D^ 

PROP. XXI. THEOR. 

The angles in the same segment of a circle are equal to 

one another* 

Let ABCD be a circle, and BAD, BED angles in theiame segoieBt 
BA KD : The angles B AD| BED are^equal 
^0 one another. 

Take F the centre of the eircle ABC6: 
And, first, let the segment BABD be great- 
er than a semieime, and join BF, FD: 
And because the angle BFD is at the cen- 
tre, and the angle BAD at the eireumfer-' 
ence, both Ui^Ting the tamt part ttf the B 
circumference, tix. BCD, lor their base; 
therefore tlie angle BFD h^ doubly (^- 
8.) o.f Ohe angle JpAO : fpr the san^e rea- 
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son, the angle BFD ti dmiU^ pt the lUigle flSO^ Therefore the an- 
gle BAD is equal to the angle BED; ^ v 

Butyif the gegmetft BAED h^ not greater 
Ibaa a flemieirol'e^ let BAD, BiBDie ati'^ ^ 
elea in it^ these also are f*fiuil to mm^oIio" " 
ther. Draw AF to the eentre, and produee 
to C, and join CE : 'rherefore Ae seg- 
ment B ADC is greater than a semiijircle ; 
and the angles in it BAG, BEC are eqaal^ 
i>y the first ease: For tife same reason, 
heeanse CBED is greater than a semicir- 
ele, the angles CAD^.CEU are equal; 
Tharefore the whole angle BAD is equal 
to the whole angle BED.' Wherefore the angles in the saine seg- 
ment, &e. Q. E. D. 

I PROP. XXn. THEOR. 

The apposite angles of any quadirilateral figure describdl 
in a circle, are together equal to two^right angles. 

I^tABCDbe a quadrilateral figure in the circle ABCD; any. two 
of its opposite an^es^re^ogether equal to ttvo right angles. 
Join AC, BD. T\^ angle CAB is equal (31. 3.) to the angle 

IDB, heeanse they are in the same ieg*' ■ ^ 

'■'■■'^■*i^ and the angle ACB is equal ^ 
_ ali%ift ADB, because they are in 
the sum^i segment ADCB ; therefore the 
whole angle A DC is equal to the angles 
CAB, ACB: To each of these equals 
add the angle ABC ; and the angles ABC, 
ADp, are equal to the anjiles ABC, CAB, 
BCA. But ABC, CAB, BCA are equal A 
to two right angles (32. 1.); therefore 
fkiso the angles ABC, ADC are equal to 
two right angles : In the same manner, the angles BAD, DCB may 
be shown to be eqaal to two right angles* Therefoie the opposite 
angles, &e. H2* E. D» 

4 PROP.^XIIL THEOK. 

Upon the satne straight line, and upon the same side of 
itf, there cannot be two similar segments of circfes^ not 
coinciding with one another. 

If it be possible, let the two similar segments of circles, iriz. ACB, 
ADB, be upon the same side of the same straight Kne AB, not coin- 
ciding with one another;, then, because the circles ACB, ADB^ cut 
one another in the two pokits A? B, they cannot cat one anolker in 
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an J other point (lO. 3.) : one of the seg^ 
mentg miMt therefore fall within the other: 
let ACB fall within ADD, draw the straight 
line BCDy and join C A9 DA : and hecaase 
the segment ACB is similar to the wgment 
ADB, and similar segments of eireles con- 
tain (9, def. 3.) equal angles, tlie angle . _ 
ACB is equal to the an^le ADB, the eite- ^ B 

rior to the interior, which is impossihle (16. i.). Therefore^ tfiere 
cannot be two aimtlar se^^ents of cirel^s upon IIm same iidb of tht 
same line, which do not coincide.^ Q. £. D. 

^ PROP. XXIV. THEOB. 

Similar segments of circles upon equal straight lin«8 are 

equal to one another. 

Let AEB, Cip be similar segments of circles upon the equal 
straight hnes ABTCD ; the segment AEB is equal to the segment CFD. 

For, if the segment AEB be applied to the segment CFD, so as the 
point A be on C, and r 

the stmight line AB 
upon CD, the point 
B shall coincide widi 





^the point D, because 
*AB IS equal to CD: 

Therefore the straight line AB coineidfaig vHthCD^ t1 . 

AEB must (23. 8.) coincide with the segment CFD, anA j£l^Krete ' './< 
equal to it. Wh^^fore, similar segment^, &e. Q. E. D. ' 

PROP. XXV. PROS. 

A segment of a circle being given, to describe the ciecle 

of which it is the segment. 

XiCt ABO be- the gireu segment of a circle \ it is required to^ dc» 
jseribe the cirete of which it is the segment. 

Bisect (10. 1.) AC in D,and from the point D draw(ll.iADBat 
nght angles to AC, and join AB : First, let the angles ABD, BAD be 
equal to one another ; then the straight line BD is equal (6. lO to DA, 
and thereforeto DC ; and because the three slraiglit lines DA9 DBf 
DC, are all equal; D is the centre of Uie circle ^9. S.) ; from the 
eeimre D, at the distance of any of the three DA,.DB, DC, describe a 
circle $ this shall pass through the other points; and the circle of 
which ABC is a segment is described : and because the centre D is 
in AC, the segment ABC is a semicircle. N«cit let the angles ABD, 
BAD be unequal ; at the point A in the straight line AB make (23, 
i.) the luigle BAR equal to the angle ABD, andprodnc^ BD if nefsei^. 
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9BTJ9 1» E, and jtin EC : and because tlic angle ABE is equal to the 
angle BAE, the straight line BE is«equal (O* !•) to EA : and because 
A&is eqaaltol>C,aiidDE common to the triangles ADEyCDIil) the 
tvo sides AD, DE are eoual to the two CD, SE9 each to eaeh ;*and the 
angle ADE is equal to Uie angle CDE, for each of them is aright an- 
gle $ therefore the base A£ is equal (4. 1.) to the base CC : bill AB 
was shown to be eonal to EB, wherefore also B E is equal to EC : and 
the three straight lines AE9EB, EC are therefore equal to one ano- 
ther; wherefore (9.3.),E is the eentre of the Mrerle.' From the 
eentre E, at the distance of any of the three AE^ EB, EC, deseribe 
a cirele, this shall pass thraugh the other points ; and the circle of 
which ABC is 9 segment is described : als0| it is evident, that if the 
angle ABD be vreater Qi&R the aiigl^^ A^^e centre E falls without 
the segmeiit AdC, wliich therefore is leMHian a semicircle ; but if 
the angle ABD be less than BAD; the eentre E falls within* the seg« 
ment ABC» Which is tMJhrefpre greater than a semieirele : Wherefore, 
.« segment of a circle being given, the cirele is deseribed ef which it* 
is a seg ment; Whieh wait t* be done. 
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PROR XXVI. THEOR. 



In equal circles, equal angles staiid upon equal arches, 
wither they be at the centres or circumferences. 

Let^C.DEF be equal circles, and the equal angles BOCEHF 
at their ceinres, and BAC, EDF at their eireumferenoes : the areh 
BKCis eqoal to the arch ELF. 

Join BC, BP; and because the circles ABC, DEF are equal, the 
straight lines drawn from their centres mre equal: therefore Uie twa 
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BGyGC^B^re e<|Qa] to the two EH, HF; andthe angle at 6 ii 
eqtt:«lto theaoftle at H; therefore the hase BC isequaJ (4. i.) to the 
base £F : and beeatse the ansle at A U eqnal to the anf^le at U, the 
segment BAC is oimilar ^9. def. a.) to the se^^eot £DF; and thej 
are apon eqaal straiffht lines BC, £ F ; but slnnlar segments of eirdeft 
upon equal straight Tines are equal (24. 3.) to one another, therefore 
the segment B4kJD isequal to the segment EOF: but the whole circle 
ABC is equal to the whole D^^ ; therefore the remaining segment 
BK.C is equal to the remainin^egment ELF, and the areh BKC to 
the arch EjUF. Wherefore in equal circles, &c. Q. £• D. 

.+ EROP. XXVII. THEOR. i 

In equal circles^ the angles which stand upon equal 

arches are equal to one another^ whether they be at the 

centres or circumferences. 

\ Let the angles B6C, EHF.at tim centres, and BAC, EDF at the 
oireumferenees of the equal cirelerABCrnfiP stand upon the eqnal 
arohes BC, £F: the angle BOC is oqi'al tA (he angle EHF, and the 
angle BAC to the angle EDF. 

If the ansle BGC he equal to the anrie EHP^it is mat^BTest (20. 3^ 
that the an^e BAC is also equal to BDF.lBnt, )f not, one of them is 
the greater : let BGKl! be tlie greater, and at the point G, in the straight 
line BG, make the angle (2d. 1.) BGK equal tp die angle EHiy And 
because equal angles stand upon equal areh« (26: 3.>»when tley are 
at the centre, the arcft BK is equal to the arch £F : but £F is equal 
to i^C; therefore also BKis equal to BC, the less to the greater, 
which is impossible. Therefore the i^gle BGC is not unequal to tht^ 
«ng^e EHF ; that is^ it is equal to it i and the angk at A it half •f 4l« 
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angle BGC, and the angle at O half the angle EHF: therefore tlie 
angle at A is equal to the angle at D. Wherefore, iikcqual circles, 
Ice. Q.E. D^ 

i- PROp. XXVni. THEOR. 
In equal circles^ equal straight lines cut off eq«al arch^, 
the greater equal to the greater, and the less to the less. 
liet ABC, OEF be equal circles, and BC,£F equal straight lines in 
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ttAli, wlMi rat #ir the two greater wtkt» BAC^ BDF, 
ImsBOC, BHF: the greater B AC is equal to the greater EDF, aii4 
Ab ktsBOC to the kM EHF. • 

Tahe (i. 8.) K, U the eentret of the eireles, awl join BK^ K€, EL, 
hF : aaa heeaute the eircles are equii, the straight lines from thek 





taitres are eqiuJi iherefbre BlU KC are equal to EL9 LF| but the 
hase BC is also eqnal t(f theli^ £F$ therefore the angle BKC is 
equal (8. iAM ^^ angle ELMH^uid equal angles stand upon equal 
^36. 3.) aiweS) when they are at the centres ; therefbre the arch BbC 
is eonal to the arch BUr. But the whole eirele ABC is equal to the 
whole EOF i the remanini^part, therefore, of the eireumferenee, vi»^ 
BAC9 is equal to the nemaioing part BDF. Therefore, in equal eir- 
desy &e. Q. B. D. ^ 

I PROP, XXIX, THEOR. 

In equal circles equal arches are subtended by equal 

straight lines. 

Let ABC, DBF he equal eireles, and let the arehea BOC, EHF 
also be equal ; laid join BC, EF : the straight ]i«e BC is equal* to the 
straight line BF. 

Takfr(l. 3.) K, L the centres ot the circles, and join BK, KC^ EL, 
LF; and beoanse tlfe arch BGC is equal to the a|eh£HF,thean^e 
'BKC is equal (37. 8.) to the angle ELFi also beieanse the circTes 
ABC, DBF are equal, their radii are eqnal: therefore BK, KC are 
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«ifual ioEL,ljF; waA Aey c^nUtn Msai angles; thertfcre the bate 
BJD is eqoal (4* 1.) to tke base £F. Therefere, in eq[ttal circles, 8{,e^ 
^£. D. • « 

1^ PBtOP. XXX. PROB. 

To bisect a ^v^n arch^ that is, to divide it into two equal 

parts. 

. Let ADB be tbe given arch ; it is required to bisect it. ** 
Join AB, and biseet (10. 1.) it in C ; from the point C draw CD 

at right angles to AB, and join AD, DB: the areh ADB is bisected 

in the point D. * 

Because AC is equal to CB, and CD common to the trianigleiACD, 

BCD, the two sides AC^ CD are equal to ]> 

the two BC, CO; and the i^gle ACD is 

equal to the angle BCD, because each of 

Ihe^ 18 a right aogk; therefore the base 

AD' 18 equal (4. 1.) to the base BD. But 

equal straight lines cut off equal (S8. 3.) 

archesy the greater equal to the ereafir, 

and the less to the less ; and A D, DB 4tre each of them less than a 

semieirele, because DC passes through the centre (Cor. 1. 3.): 

Wherefore the areh AD is equal to the areh DB : and therefore the 

given arch ADB is bisected in O : Which was to be done. 

f PROP. XXXI. THEOR. 

In a circle, the angle in a semicircle is a right angle ; 
but the angle in a segment greater than a semicircle is less 
than a right angle ; and the angle in a segment less ,tban a 
semicircle is greater than aa*ight angle. 

Let ABCD be a circle, of which the diameter is BC, and cen!i«e 
E ; draw C A dividing the circle into the segments ABC, ADC, and 
join BA, AD, DC; the angle in the semieirele B AC is arighttt^le; 
and the angle in the segment ABC, which is greater than asemieir« 
cle, is less man a right angle; and the angle in the segpient ADC, 
which isles's than a semicircle, is greaterthan a ririit aiigle. 

Join AE, and produce BA to F; and because B£ is equal to EA, 
the angle EAB is equal (5. I.) to EBA ; 
also, because AE is e%ual to EC, the 
angle £AC is equal to ECAf where- 
fore the whole auele BAC is equal to 
the two angles ABC, ACB. But FAC^ 
the exterior angle of the triangle ABC, _ 
18 also equal (32. 1.) to the two angles ° 
ABC, ACB; therefore the angle BAD 
la equal to the angle FAC, and each of 
them is therefore a right (7. def. K) 
angle : wherefore the angle BAC in a 
Jeoncircle is a right angle. 
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Aaj beeuse the two angles ABCf BAC •f tke triaagle .ABC ar» 
fi^^^etlier less ( 17. i •) than two nght anglen, and BAC is a righi an^iey 
AAC nust be less than a rii^ht t^ij^le; andthea^fore the angle ma 
aegnopt ABC, greater than a aemieirele, is lesa than a right angles 

Mbo beeanse ABCD is a^uadrilat^al figure in a earele,any two 
of its opposite angles are ei|ttal {22* 3.) to two ri|^ angles; there^ 
fore the angles ABC, At)C are eaual to two right ancles ; and ABG 
is less than a right anrie ; whererore the other iADC is greater than 
a right angle. Fhcr^orei in a cirele, &e. Q. E. Dt 

Cor. From this it is manifest^ that if one angle of a triangle bs 
equal to the other twa^ it is a right angle, because the angle adjacent 
la it is equal to the same two; and when the adjacent angles ars 
cqaal, they are right angles. 

^-PROP. XXXII. THEOR. 

I 

If a straight Hne touch a circle, and from the point* of 
contact a straight line he drawn cutting the circle, the an* 
gles made by this line %ith the line which touches the cir- 
cle, shall be equal to the angles in the alternate segroentB 

of the circle. 

♦ • » 

Let the straight line £F tonch the eirele ABOD in B, and from the 
point B let the strilight line BD be drawn cutting the circle: The 
angles which Bi> makes with the ton ehinglineEF, shall be equal to 
the angles in the alternate se^entsof the eirole; that is, the angle 
FBD IS equal to the ans^le which is in the segn^nt DAB, and the an- 
gle DBE to the ans^le in the sei^meut BCD. 

Prom the point B draw (if. i.) B A at right angles to EF, and take 
anj point C m the areh BU,and ji)in AD, DC,€B; and because the 
^aighrt line EF touches the circle ABCD in Uie point B, and BAis 
drawn at right ane^les to the touching line^ from the point of contact 
B, the centre of the circle is (19. 3.) 
in BA; therefore the angle ADB, in a 

a semicircle, is a right (31. 3.) angle, 
and consequently the otner two angles 
BAD, ABD are equal (32. 1.) to a 
right angle: but ABF is likewise a 
right angle; therefore the single ABF 
is equal to the angles BAD, ABD: 
take horn these equals the common 
anirle ABD: and there will remain 



the angle DBF ^ual to the angle 
BAD, which is in ihe alternate seg- 




^. 



meat of the circle. And beeanse ABCD is a quadrilateral figure in a 
eircle, the opposite angles B AD, BCD are equal {22. 8.) to two right 
angles; therefore the angles DBF, DBE, being likewise equal (13. i.) 
to two right angles, are equal to the angles B AJD, BCD ; and DBF has 
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bc'ra prared equal to BAD : therefore the remaining an^ DBE ik 
ecflol to the an<>le BCD in the alternate sepnent of the earole. 
Wherefore»if a straight line,&c« Q. CD. 

PROP. XXXIII. PROB, 

Upon a given straight line to describe a segment of a cir« 
cle^ containing an angle equal to a givqn rectilineal angle.^ 

Let AB he the ^ven straight line^ and the ande at C the ^^ven rec- 
tilineal angle; it is reqnirea to describe upon the given straight I in* 
AB'a segment of a eircle, containing an angle equal to the angle CL 

First, let the angle at C he aright angle; bisect (10. i.) AB ui F, 
and from the centre F, at the dis* 
tanee FB^ describe the semicirele 
AHB ; the ang^e AHB being in a se- 
micirele is (si* 8.) eqaal to Uie 
right aii^e at C. 

But if the angle C be not a right 
angle at the point A, in the straight a f 

line AB, make (23.1.) the angle BAD eqaat to the ansle C« 
the point A draw (1 1. 1.) AB ^ » ' 

at right angles to AD; bl* 
Insect (10. I.) AS iQ F, and 
from F draw (11. 1.) FG at 
right angles to AB, and Joia 
GB: Then because AF is 
equal to FB| and FG com* 
moil to the triangles AFG, 
BFO, the two sides AF, FG 
sr« equal to the two BF| 
FG; but the angle AFG is 
aUo equal to the angle BFG; 
therefore the base AG is e- 
qiial (4. /.) to the base GB; and the circle deseribed from the ^u^ 
tre G, at the distance GA, shall pass through the point B ; let this be 
the circle AHB : And because from the point A ma extremity of the 
diameter AB« AD is drawn at ric;ht 
angles to A£, therefore j^I) (Cor. 
16. 3.) touches the circle; and 
becHuae AB, drawn from the point 

fof r6otaet A, cuts the circle, Hhe 
angle DAB is eqiml to the angle 
in tlie alternate segment AHB 
(39. 3.) ; but the nn^\e DAB i^ 
equal ta the angle C* therefore 
lilso the angle C is equal to the 
an^li^ in the segment AHB: 
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Wherefore, ujmh the giren straight line AB the segment AHB cf tt 
eirele is described which contains an angle equal to the given angle 
at C. Which was to be done. 



PROP. XXXIV. PROB. 

To cut qff a segment from a given circle which shall con- 
tain an angle' equal to a given rectilineal angle. 

Let ABC be the jgiven circle, and D the given rectilineal angle ; it 
is required to cut off a segment from the eirele ABC tliat shaUi^on- 
tain an angle equal to the angle D. 

Draw (17. 3.) the straight line EF VraeUng the eirele ABC in the 
fwint B, and at the point B, in the 
straij^ht line BF make (23. i.) 
the angle FBC equal to the angle- 
D ; therefore^ because the straight 
line EF touches the circle ABCf 
and BC is drawn from the point 
of eoQlact B, the angle FBC is 
equal (32. 3.) to the an$;lein the 
alternate segment BAG: bat the 
angle FBC is equal to the angle 
D; therefore the angle in the 
segment B AC is equal to the angle D : wherefore the segment BAC 
is cut offfhimthe given eirele AfiC containing an angle equal to the 
giTon angle D. Which was to he done. 




■/ 



PROP. XXXV. THEOR. 



If two straight lines within a circle cut one a^iother, the 
rectangle contained by the segments of one of theni i^equal 
to the rectangle contained by-^the segments of the other*. 

Let the two straight lines AG, BD, within the circle ABCD, eat one 
another in the point £ : the reetanffle contained bj AE^ EC is equal 
to tlie rectangle contained bjBB, £D. « 

ir AC, BD pa!*9 each of them through the 
centre, so that B is the centre, it is evident, 
that A£, EC« BE, ED; being all equal, the 
rectangle AE.EO Is likewise equal to the 
rectangle 6E.ED. 

But let one of them BD pass throuj^h the 
eentre* and cot the other AC, Which does not 
pass through the oentre, at right angles in the 
point E : then, if BD he bhected in F, F is the centre of the elr^e^ 
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ABOD $ joiS AF : and becasse BD, which passes throi^h the centre^ 

cuts the straight line AC, which does^not ' 

pass through the centre at right anglesy'^rn 

£, A£, EC are equal (3. 3.) to one another: 

and because the Straight line BD is cot into 

two.equal parts in the point F, and into two 

unequal, in the point E, BE.ED (5. 2.) 4. 

EF«=«FB» = AF^ Buf AF» = AE« + 

(47* 1.) EFS therefore BE.£D+EF«« 

AB»+EFS w>«' taking EF» from each, BE. 

ED=AE««AKEC. / 

Next, Let BD, which passes through the centre, cut the other AC| 
Which does not pas^ through the centre, 
in £, but not at right angles: then, as be- 
fore, if BD be bisected inl¥*»F is the centre 
of the circljl^ Join AF, and from F draw 
(13.1.) FCTperf^endiculartoAC; there- 
lore AG is equal (3. *S ) to pC 5 wherefore *. 
AE.EC+(5. 2.VBG^=AG», and adding 
GF» to both, AE.EC+EG«+GF»=AG« 
+GP^ Now Ep^GF»»=EP», and _ 

AG»4-GF»=«AF^; therefore AE.E€+BF*«AF««FB«. But PB« 

«BE.ED+(5.S5.)EFMhereforeAE.KC+BF«-BE.ED4.EF^and 

taking EFMrom both, AE.EC.=aBE.ED. ^ » »• 

Lastly, Let neither of the straight tines 
AC9BD pass through the centre ftake the 
centre F, and through E, the intersection 
of the straight lines At!, DB, draw the di- 
ameter GEFH: and because as has been 
shown, AE.EC=GE.EH, and BE.ED= 
GE.EH; therefore AE.EC a* BE.ED. 
Wherelbre, if two#traight lines, t^c. 
Q. E. D. . 
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^ ^ROP. XXXW. THEOB. 

If from any point without a circle two straight lines h^ 
drawn, one of which cuts^he circle, and the other touches 
it ; the rectangle contained by the whole line which cuts 
the circle, an#the part of it without the circle^ is equal 
to the square of the line which touches it. 

Let D be any point without the circle ABC, and DCA, DB two 
straight lines drawn from it, of which DC A cuts the circle, aod.DB 
touches it : the rectangle AD .DC is equal tQ tbe square of DB. 
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Either tiCA paroef (brough the centre, or' 
it does not ; first, Let it pass through the c< li- 
tre E, and join £B; thei^lbre the. angle 
£BD 18 a r^ht (IS. 3.) angle: and hecau e 
the strafgTit line AC is bisected in E,dttd pro* 
deced to the point D, AD.DC + EC* = 
ED« (6. 2 )• Bot ECs:;:£B, therefore AD ^ 
DC+EB« = EIK Now ED« i* (47, J.) 
£B*+BDs, beraiifte EBD is a right anf^le ; 
therefore AD.DC+EB«=EB« + BDS and 
taking EB» from eaeb^ AD.DC=:BD». 

Bot, if DCA does not pats through the 
ecntre of the circle ABC. ta1ce(K 3.) the 
centre B, aod draw EF perfiendicular (12. 
1.) to AC, end jole £B, EO, ED: and be- 
cause the straight line EF, which p«s#H 
throuf^ the centre, cuts tjie straight line 
AC, which does not pass through the cen* 
tre, at right angles, it likewise besects (3,. 3.) 
It ; therefore AF is equal to FC ; and be* 
cause tbe straight line AC is biseeted in F, 
wd produced to D (6. 2.), AD.DC+FC«=s 
rD»; add FB« to both, then ADDC+FC* 
+FE»=sFb«+FE». But(47. 1.>EC»=«FC« 
-fFE», and ED»=FDa + FEV because 
DFE is a right angiei therefore AD.DL + 
EC»»ED». Now, because EBD Vs a rirght 
angle, ED»«EB«+BD«=EC3+BD^ and 
therefore, AD.DC+EC«=EC«4-B0*. and* 
AD.DC«BD». 

Wberefiye, if &om any point, &c. Q. E. D» 

CoR. If frpm any point without a%]rcle, 
there be drawn two straight lines cutting it, 
jis AB, AC, the rectangles contained by the 
whole lines and the parts of them wilhout 
the circle, are equal to one another, viz.^ 
BA.AEssCA.Af; for each otvthe?e rect- 
angles is equal to the square of the straight 
line AD, which touches the circle. ' > « 
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If from a poiat without a circle there be drawn two 
straight lines^ one Qf which cuts the circle, and the other 
meets it; if 4he rectaqgle contained by the whole line^ 
which cuts |he circle, and the part of it without the cir- 
cle, be equal to the square of the line which meets it, the 
line which meets shall touch the circle. 
> 

Let attj point I>be taken without the circle ABC, and Trom it let 
two straight lines 1>CA and DB«be drawn, of which PCA cuts the 
eifc)ev and DB meets it ; if the reetangle AD.DC, be equal to the 
^aareof DB, DB touches the circle. 

Draw (17. 3.) ihe straight line DE touehing the cirele ABC; find 
ihe centre Ft nhd join F£, FB, FD ; then FED is a right (19. 3.) an- 
gle : and because DE touches the cirele ABC^ and DC A cuttit, the 
rectangle AD.DC is equal (35. S.) to the square of DE $ but the rect* 
^ng\e ADfDC is, bjF hypothesis, equal to the square of DB: therefore 
the square of DE is equal to the^ square of DQ i and the 8JLraji|(bt line 
J}i^ equal to the straight line DB : but FE is 
equ|l toFB, wherefore DEf EF are equal to 
DB, BF ; and the base FD is cooinon to the 
two triangles DEF, DBF ^ thereiere the an- 
gle DEF is equal (8. l!) to the angle DBF; 
Md DEF is a nght angle, therefore also DBF 
IS a right angle : but FB, if produced, is a 
diameter, and the straight line which isrflrawn 
at right mgles to a diameter, from the cztre- 
niity of it, touches (16. 3.) the circle: there- 
fore DB touches the circle ABC. Where* 
fore} if froma,point| &«• Q^ £• D* 
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. DEFINITIONS. 

I. * 

* 

A Rectilineal fi^ar^issaid to beioscrib^cl In another rectiliiiedl 
fis^rey wbeo all the angles of the inscribed » 

figure are upon the sides of the figure in which ^ y^ * *^ g-g 

it isiOBcribedi each upon each. 

In- like manner, a fi^re is said to be described 
about another figure, wben^all the sides oi' the 
circumscribed figure pass through the angular 
points of the figure about which H is described, each through each. 

in. 

A rectilineal figure is said to be inscribed in 
a circJe» when all the angles of the inscrib- 
ed figure are upon the circumference of t|e 
circle. * ^, 

ly. 

A rectMbeal figure is said to be describe^ 
about a circle, when each side of the cir- 
eumscribed figure touchea the circunifer- 
ence of the circle. 

In lilie manner, a circle is said to be' inscrib- 
ed in a rectilineal figure* when the circum- 
ference of the circle touches each side of 
^e figure^ 
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VI. 

A circle is sail! to be cleserlbed about a recti- 
Koeal figure, wheo the eircumrerence of 

' the circle passes through all the angular 
.points of the figure about which it is de- 
scribed. 

VII. 

A straight line is said to be placed in a circle, when the extremities 
cf it are In the circuml^rence of the circle. 




PROP. I. PROB. 

In a given Circle to place a straight line equal to a given 
straight line^ not greater than the diameter of the circle* 

Let ABC be tKe given circle, and D the given straight. line, not 
greater than ^e diameter of the circle. 

Draw BO the diftmeter of the cir- 
cle ABC; then, if B€ is equal to 
1), the thing required is done ; for 
in the circle ABC a straight line BC 
is placed lequal to D : But, if it is 
not, BC is greater than D; malce 
C£ equal (3. 1.) to D, and from 
tb^ centre C, at the distance €E, 

'describe the circle AEF, and join > 
CA: Therefore, because C is the d. 

• centre of the circle AEF, CA is 
equal to C£ ; but D is equal to CE ; therefore D is equal to CA : 
Wherefore, in the circle ABC, a straight line in placed, equal t<i the 
given straight tine D, which is not greater than the diameter of the 
circle- Which was to tie done. 

PROP. II. PROB. 

In a given circle to inscribe a triangle equiangular to a 

given triangle. 

Let ABC be the given circle, and DEF the given triangle; it is 
required to inscribe in the circle ABC a triangle equiangular to the 
triangle DBF 

Draw ( 1 7. 8«) the strcdght line OAH touching the circle in the point 
A, and at the point A, in the straight line AH, make {23. 1.) the angle 
j9AC equal to tlie angle DEF ; and at the point A, in the straight line 
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AOt make die anfi»1e O AB e* 
qnal to the aiig;Ie DFE, and 
join BC. Therefore, because 
liAG touches the eircle ABC 
and AC 18 drawn from the 
point of contact, the an&;le 
HAC is equal (32« 3.) to the 
ansle ABC in the alternate 
neement of the circle : But 
HAC is equal to the allele 
DBF i therefore also the an- 
gle ABC is equal to DEF; 
for the same reason^ the an^le ACB is equal to the angle OFE ; there- 
fore the remaining angle BAC is equal (33. 1.) to the remaining angle 
EDF: Wherefore the triangle ABC is equiangular to the triangle 
DEF, and it is inscribed in de circle ABC. Which was to be done* 

PROP, III. PROB. 

About a given circle to describe a triangle equiangular to 

a given triangle. 

Let ABC be- the given circle, and DEF the given triangle ; it is 
required to describe a triangle about the circle ABC equiangular to 
the triangle D£F. 

Produce EF both wajslto the points G, H, and find the centre 
K of the circle ABC, and from it draw an j straight line KB ; at the 
point & in the straight line KB, make (23. 1.) the angle BRA equal 
to the ancle DEG, and the angle BKC equal to the angle DFU ; and . 
through the points A, B, C, draw the straight lines LAM, MBN, NCL 
touching (17. 3.) the circle ABC : Therefore, because LM, !VIN,NL 
touch the circle iiBC in the points A, B, C, to which from the centre 
are drawn K.A, KB, KC, the angles at the points A, B, C, are right 

its, 3.) angles. And because the four angles of the equilateral 
igure AMSK are equal to four risht angles, for it can be divided into 
two triangles; and beeause two of tAem, KAM, KLBM are right angles, 
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the other two AKB, AMBare equal to two right angles t BuHhtan* 
pleH D GO, D EF are likewise equal (1 3. i .) to two right angles ; there- 
fore the angles AKB, A MB are equal to the angles DEC), DBF, of 
whieb AKB is equal to 0£6 ; wherefore the remaining angle AMB is 
equal to the remaining an^e D£F. In like manner, the itngle LNM 
may be demonstrated to be equal to DF£ ; and therefore the remain-* 
ing angle MLN is equal (32. 1.) to the reiAaining angle EOF: 
Wherefore the triangle LMN is eiquiangulaf to the triangle DEFt 
And! it is described fiboulthe eirele ABC. Which was to be done. 
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i PROP. IV. PROB. 

To inscribe a eirele in a given triangle* 

liCt the giTen trtangle be ABC ; it is required to inscribe a eirekt 
a ABC. 

^sect (9. 1.) the angles ABC^SCA byihe straight lines BD, CD, 
meetingone another in the point D, ffom which df aw {i2» i#) DE^OF^ 
DO perpendiculars, to AB, BC, CA. ^ 

Thoo becfli]s<> the angle EBD !» equal 
to the angle FBD, the an^ie ABC be- 
ing bisected by BD ; and becausf th^if 
right anRle BED, is equal to the ri^ht 
anorle ftFD, the two triangles EBD, 
]PBD haVe two nngl' s of the one equal 
to tivo angles of the other ; and the side 
BD, Which is opposite to one of the 
equal angles in each, is common to 
both; therefore their other 9ide8 are 
equal (26. 1,); wherefore DE 19 equal 
to DF. For the same reason, DO is equal toDF| therefore the three 
straight lines D£, DF, DO are equal to one another^ and the eirele 
described from the centre D, at the distance of any of them, will 
pacsS through the extremities of the other two, and will touch the 
straight lines AB, BC, C A, because the angles at the points E, F, Or 
ure ris:ht angles, and the straight line which is ()rawn from the extre^ 
mity of a diameter at right angles to it, touches (Cor. i%k 3.) the eir-* 
ole. Therefore the straight lines AB, BC, CA, do each of them 
toneh Aie circle, an^ the eirele EF6 is inscribed in the triangle ABO* 
Whieh was to be done. 

PROP. V. PROB. 

To describe a circle about a given triangle, 

liCf the given triangle be ABC^ it is required to describe a eirelf 
about ABC. 

Bisect (10. 1.) AB, AC in the points D, Ey and from these points 
dVaw DF, EF at right angles (li. 1.) to AB, AC^ DF^£Fprodttsod[ 
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will meet one another ; for, if ihej do not meet, they are parallel, 
wherefore, AB, AC, which are at ns^ht anp^les to them, are parallel, 
whieh is ahsurd : Let them meet in F, and join FA ; also, if the point 
F be not in BC, join BF, CF : then, beeause AD is equal to DB, and 
])F common, and at right angles to AB,the base AF is equal (4. 1.) 
to the base FB. In like manner, it may be shown that CFis equal to 
FA; and therefore BF is equal to FC; and FA, FB,F€ are equal t» 
one another; wherefore the circle described from the centre F, at the 
distance of one of them, will pass through the extremities of the other 
two, and be described about (lie triangle ABC, which was to be done* 
Cor. When the centre of the circle falls within the triangle, each 
of its angles is less than a right angle, each of them beinc; in a seg^ 
ment greater than a semieirele ; but when the centre is in one of 
the sicks of the triangle, the angle opposite to this side, being in a se* 
micircle, is a right angle : and if the centre falls without the triangle* 
the angle opposite to the side beyond which it is, being* in a segment 
less than a semicircle, is greater than a right angle. Wherefore, if the 
eiven triangle be acute angled, the centre of the circle falls within 
it: ^ it be a right angled triangle, the centre is in the side opposite, 
to the right angle; and if it be an obtuse angled triangle, the eentrtt. 
falls without the triangle^ beyond the side opposite to the obtuse angle. 

ir PROP. VI. PROB. 

To inscribe a square in a given circle. 

Let ABCD be the^ given circle; it is required to inscribe a square 

in ABCD. 

Draw the diameters AC,BD at right angles to one another, and joii^ 
AB, BC, CD, DA; because BE is equal to ED, B being the centre^, 
and because EA is at right angles to BD, 
and common to the trianel^'S ABE, ADE ; 
the base BA is equal (4. I.) to the base 
AD* and, for the same reason, BC, CD 
are each of them equal to BA or AD; b 
therefore the qua* I ri lateral figure ABCD 
]« equilateral. U i« also rectangular; 
for the straight line BD heinj? a diameter 
of the circle ABCD, BAD is a semicir- 
cle; wherefore the angle BAD U a right 
(Si. 3.) angle ; for the same reaaon each 
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^f tlH8f angles ABC, BCD, CDAis aright angle; therefore tlie quad- 
jHlateral tiffure ABCD is rectangular, and it has b^en shown to be 
eimilaterars therefore it is a square^ and it isinsoriiied ia tlni •kisla 
ABCD. Which was to be done« 

PROP. Vn. PROB. ^ 

('to describe a square about a given circle* 

Let ABCD be the given eirele; it is required to describe asqUalBi 
about it. 

Draw two diameters AC, B of the circle ABCD, at right anri^ 
to one another, and through the points A, B^ C, D draw (17. S.) FO^ 



GH, HK, KP touching the circle; t^nd because FG touches the cir«* 
[3D, and £A is drawn from the centre £ to the point of con* 



^U ABCD. 




(28. 1.) to AC; for the same reason, 
AC is parallel to FR, and in like man- 
ner, GF,HK may each of them the de- 
monstrated to be parallel to BED; 
diereferethe fia;nres GK,GC, AK,FB, 
BK are parallelos^rams ; and GF is 
ilherefore equal (34. 1.) to HK, and 
GH to FK ; and because AC is equal to 
BD, and also to each of the two GH, 
FK; and BD to each of the tWo 6P, 
HK : GH, FK are .each of ^em equal 
to GF or HK; therefore the quadrilateral figure FGHK la emiilater- 

'ri'n ^^ ' • JlJr ^f^^'F^n/I^''' ??^^ **^!"^ ^parallelogram, an4 
AEB a right angle, AGB (34. i.) is likewise a fight angle: li the 

%me manner, it may be shown that the angles at H, K, F are richt 

angles ; therefore the quadrilateral figure FOHK is rectangular : and 

it was demonstrated to be equilateral; therefore it is a square: aai 

it is described about the circle ABCD. Which was to b$ doak 

"I ^ ' 

PROP. Tin. PROB. / 

To interibe a circle in a given square. . 

. H*/^n *^° ''* ^ Siven square t it is required to intcrihe a eirtik 

Bisect (to. 1.) etieli of the sides AB, AD, in the points P, E, uA 
UirooshE dra*r fsi. 1.) EHparallel to AB or DC, and throvfth P 
i"™* F.f f.^*^*®' to AD or BC ; therefore eaeh of the ««rnre», vlK, 
M, AH, ftD, AG, GC, BG, 6D is a parallelogram, and their oppq^ 
site sideH are equal (34. 4.) 5 and becanse that AB ii «mal 19 A9, 
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and that AA i« the ktlf of AD, alod AF the half of AB, AK it^nal lo 
AF; wh^efore the sides opposite to these are equal. riis.FO to 
G£; in the saOie manDeiv it maybe demonstratedj^tbatOHfOK^ara 
each of them equal to FG or GE ; there- 
fore the four straight lines, GEf GF, GH, 
'GK9 are eqaal to one another; and the 
eirele described from tfie centre G. at the 
distance of one of them, will pass through 
the extremities of the other three; and 
tt'ill also touch the straight lines AB, BC, 
CD, DA, because the angles at the points 
£, F, H) K) are right (20. l.) angles, and 
because the straight line vl-hieh is drawn 
from the extremity of a diameter at right 
angles to it, touches the circle (16. 3.) ; therefore eaeh of the straight 
lines AB, BC, CD, DA touches the circle, which is tlierefore la*^ 
scribed in the squate ABCD. Which was to be done. 
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To describe a circle about a given square. 

|!jet ABCD be the^iven sqaare; it is required to describe a eircit 
a^t it. 

Joia«AC, BD, cutting one another in E ; and because DA is e^utd 
to AB) and AC common to the trians^es DAC, BAC, the two sides 
DA, AG are equal to the two B A, AC, and the base DC is equal to 
the base BC; wherefore the angle DAC is 
eaual ^8. i.) to the angle BAC, and the an- 
9(le DAB is biseeted by the straight line AC. 
In the same manner, it may be demonstrat- 
ed,, that the angles ABC^ BCD, CDA are 
seyerallj bisectel by the straight lines BD, 
AC; therefore, beeati^c the angle DAB is 
equal to the angle ABC, and the an?le EAB 
is the half of DAB, and EBA (he half of 
ABC ; the anglo EAB is equal to the angle 
EBA: and the side £A (0. l.) to the side KB. In the same manner, 
it may be demonstrated; that the straight lines EC, ED are each of 
them equal to EA, or EB; therefore the four ^raight linesl^A, EB, 
EC, BD are equal to one another; and the circle described from thf 
eentre E, at the distance of one of them must pass (hronf^ the ex- 
tremities of the other three^ and be described about the aquare AB)CD. 
Which was to be done* 




*« 



•F OEOMBTRT. BOOK IV. lElT 

^ PROP. X. PAOB. 

To describe an isosceles triangle, having each of the nn-. 
gles at the base double of the third angle* 

Take any straight line AB| and diviile (11.2.) it in tke point C, sa 
that the reetang^le AB9 BC may b'e equal to the sqnare of AC; aud 
from the centre A, at the distance AB, deseribe the circle BDE, in 
Which place (l. 4.) the straight line BD equal to AC, which is not 
greater than the diameter of the drcle B0£; join OA, UC9an4 
about the triansle ADC describe (a. 4.) the circle ACU; the Irian* 
|(le ABO is such as is required, that is, each of the a^ugles ABD, ADB* 
18 double of the an^^e BAD. 

Because the rectangie AB.BC is -equal to the square of AC, and 
AC equal to BO, the rectangle 
AB.BC is equal to the square of 
BO; and because from the point 
B without the circle ACD two 
straight lines BC A, BO are drawn 
to we circumference, one of 
which euts, and the other meets 
the eircle, and the reetang^le AB. 
BC eontiuned by the whole of the 
cntting line, and the part of it 
without the circle, is equal to the 
square* of BO which meets it; 
the straii»ht line BD touches (dr. 
3^) the circle ACD. And because 
BD. touches the circle, and DC 

is drawn from the point of cont ict D, the angle BOC is equaft 
(32. 3.) to the angfe DAO in the alternate segment of the circle; to 
each of these add the an^le CDA: therefore the whole angle BDA 
is equal to the two angles CDA, DAC ; hut ihe exterior angle BCD 
is equal (82. 1.) to the ans;les CDA, DAC; therefore also BOA is 
equal to BCD; hut BDA is equal (d. 1.) to COB, because the side 
AD is equal to the side AB; therefore CBD, or DBA is equal. to 
BCD; and consequently the three angles BDA, DBA, BCD, fire 
equal to one another. And because the angle DBC is equal to th^ 
gle BCn, the side BD isequal(ff.l.)tothesideDC;but BDwasma 
equal to C A ; therefore also C A is equal to CD, and the angle C\ 
equal (5. i^ to the angle DAC; therefore the angles CDA, D Ad 
gether, are double of the angle DAC; but BCD is equal to (he^ah- 
gles CDA, DAC (33. 1.); therefore also BOD is douhle of DAC. 
Bat BCD is equal to each of the angles BOA, DBA, and therefore 
each of the angles BDA, DBA, is double of the angle DAB ; where*^ 
fbre an isosceles triangle. ABD is described* having eac£i of the an* 
.|^es at the base doable of the third angle^ Which was to be done. 
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^Cor. i* Thc^aB^le BAB is the fifth part of two ri|»ht au^leii.. 
For sinee each of the angles ABD and AuB is equad to twice the 
an^le BAD, they are together equal to foar times BAD^ and thcre^ 
fore all the three angles ABD, ADB, BAD, taken together, ari 
eqaal to five times the angle BAD* But the three angles ABD^ 
ADB9 BAD are eqilal to two right angles, therefore five times the 
mngle BAD is equal to two right angles ; or BAD is the fifth paii; of 
two right angles." 

*' Cor. 3. Because BAD is the fifth part of two, pr the tenth pai^ 
•f four right angles, all the angles about the centre A are together 
equal to ten Umesthe anctle BAD. and may therefore be divided into 
ten parts each equal to JBAD. And as these ten equal angles at the 
eentre, most stand on ten equal arches, therefore the arch BD is 
mie-tenth of the circumference ; and the straight line BD, that is AC, 
is therefore €([ual to tha side of an equilateral decagon inscribed in 
the eircJe BDE,** 

* • PROP, XI. PROS. 

To inscribe an equilateral and equiangular pentagon in a 

given circle. 

Let ABGDEbe the ^iven eirele, it is required to inscribe an equi* 
lateral and equiangular penta^^on in the eirele ABCDiil. 

Describe (10. 4.) an isosceles triangle FGH, having eaeh of the an** 
gles at G, H, double of the aiigle at ^ ; and id the circle A BC D E in- 
ftcril)e (2. 4.) the triangle ACD equiangular to the triangle FQH, so 
that the angle CAD be equal to the angle at F, and each of the angles 
ACD, CDA equal to \he angle 
at O or H ; wherefore eaeh of 
the angles ACD, c3DA is dou- 
ble of the angle CAD. > Bisect 
(&. 1.) the angles ACD, CDA 
by the straight lines C£, DB; 
and Join AB, QC, D£. £A. 
ABCDE is the pentagoo re- 
quired. 

Beeanse the angles ACD. 
CDA are each of them doubl^^ 
of CAD, and are biseeted bvthe straight lines CE, DB, the fi^e angles 
DAC, ACG, ECD,CDB, BDA are equal to one another s bat equal 
angles stand upon equal {26* 3.) arches; therefore the nve arches 
AB, BC, CD,D£^ £A are equal to one another: and equaj arches 
are subtended by eaual (^. 3.) straight lines; therefore the five 
straight lines AB, BC, CD, DE, EA are equal to one another. 
Wherefore the pentagon ABCDE is equilateral. It is also eqniang^u- 
lar ; because the arch AB is equal to the areh DE ; if to each he add- 
ed BCD, the whole ABC D is equal to the whole EDCB ; and the angle 
A£I> siands mi the arch ABCD, and the angle BA£ on tke a^eH 
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J$D€B : therefore the aiij^le BAB is equal {3fr. S.) f o the an^le ASD : 
for the same reason, each of the »i^Ies ABC, BCD, CD£ is equal t« 
Che angle BAE or AGO: therefore the penta^n ABCDEis equian- 
gular : and it has heen shown that it is equilateral. Wherefore, in 
the given circle, an equilateral and equiangular pentagon has been 
inseribed. Which was to be done« 

Otherwise : 

^* Divide the radius of the given circle, so that the rectangle con- 
tiiined hf the whole and one of the parts may be equal to the square 
•f the other (il. 2.). Apply in the circle^ on each side of a given 
point, a line equal to the greater of these parts; then (2. Cor, 10,4.) 
each of the arches cutoff will be one-tenth of the circumfpreuce, and 
therefore the arch made up of both will be one-fifth of the circum<- 
ferenqe; and if the straight line subtending this arch be drawn it will 
Ibe the side of 4mi aquijateral x>eutagou inseribed in the eircle." 

PROP. XII. PROB. 

To describe an equilateral and equiangular pentagon about 

a given circle. 

Let ABCDE be the given circle, it is required to describe aneqnila- 
teralaud equiangular pentagon about the circle ABODE. 

Let the angles of a pentagon, ins;* ribed in the circle, byithe last pro- 
position, be in the points, A, B, C, D, E^so that the arches, AB, BC, 
CD, DE, EAare equal (11. 4.)5 and through the points A, B,C, D, 
Edraw GH,HK,KL,LM[,MG, touching (17. 3.) the circle; take the 
centreF,and J6iu,FB,FK,FC,FL, FD. And because the struightline 
KF^ touches the circle ABCDE in the point C,to which FC is dj-awn 
from the centre F, FC is perpendicular (18. 3.) to KL ; therefore each 
of the angles at C is a right angle : for the ^ame reason, the angles at 
the points B, D are right angles; and because FCKis aright angle 
the square of fK. is equal (47. 1.) to the squares of FC, CK. ^or 
the same reason, the square of FK is equal to the squares of FB, 
BK: therefore the sqnares of FC, CK are equal to the squares of 
FB, BK, of which the square of FC if equal to the square of FB ; the 
remaining square of CK is therefore equal to the remaining square 
of BK, and the straight line CK equal to BK: and because FB is 
equal to FC and FK common to the triangles BFK, CFK, the two 
BF, FK are equal to the two CF, FK ; and the base BK is e<pial to 
t|ie base KG ; therefore the angle BFK is equal (8. 1.) to the angle 
KFC, and the angle BKF to FKC ; wherefore the angle BPC i% 
dpuble of the angle KFC, and BKC double of FKC : for the same 
reason, the angle CFD is double of the angle CFL, and CLD double 
of CLF: and because the arch BC is equal to the areh CD the angle 
BFC is equal (27. 8.) to the angle CFD^ and BFC is double of the 
angle KFC, and CFD fbuUe of CFL; therefore ike angle KFC is 
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oqotl to Ike ftngl« CFL$ now the 
^hi ao^leFCK is equal to the rigbt 
Migle F€L; and therefore in- ihe 
two triangles FKC, FLC, there are 
two angles of one equal to two an- 
gles of the other, each to each, and 
the aide FC, which is adjac<^nt to 
the equal angles in each, it common 
1o both; therefore the other sides 
are equal (26. I.) to the other sides, 
and the third angle to the third ang^le: 
therefore the strHight line KC is 
equal toCL,and the ande FKC to the ang^l^FLC : and beeanseKC 
ia equal toCL, KL is double of KC : in the same manner, it may be 
•bown that HK. is double of BK : and because BK is equal toKC5, a« 
waa demonstrated, and fC.Lis double of KC, and HK double of BK,HK 
is eqaal to KL: in like manner, it may be shown that GH, Gi\1, IML are . 
eaen of them equal to HK or KL: therefore the pentag^on GHKLM is 
equilateral. It is also«quiaiigular ; for, since the angle FKC is equal 
to the aof^e FLC, and the anf^le HKL double of the angle FKC anil 
KLM double of FLC^ as was before demonstrated, the angle HKL ia 
equal to KLM : and in like manner it inay be shown, that each of the 
ans^les KHG^ HGM,OAf^L* is equal to the anrie HKL or KLMi 
therefore the five angles GHK,HKL, KLM,LMG, MGH beinge(|nal 
to one another, the pentagon GHKLM is equiangular; and it ia 
equilateral as was demonstrated ; and it is described about the circle 
ABCDE, Which was to be done. ' 

f PROP. XIII. PROB. 

To inscribe a circle in a given equilateral and equiangu-^ 

lar pentagon/ 

Let ABODE be the giren equilateral and equiangular pentagon ;^ 
)t is required to inscribe a circle m the pentagon ABCDE. 

Bisect (9. 1 .) the angles BCD, CDE by the straight lines CF, DF, 
and from the poiot F, in which they meet, draw the straight linea FB, 
FA, F£ : therefore, since BC Is equal to CD, and CF common to the 
triangles^ BCF, DCF, the two sides BC, CF are equal to the two DC, 
CF; and the angle BCF is equal to the angle DCF: therefore the base 
BF is equal (4. 1.) to the base FD, and the other angles to the other 
angles, to whieh the equal sides are opposite; therefore the angle CBF 
is equal to the angle CDF: aOd because the angle CDE is dout>le of 
CDF, and CDKoqual to CBA^ and CDF to CBF; CBA it abo doable 
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tf Ch« nmfie GBF; therefore the 
^nff\e ABF U equal to the anicle 
CBF ; wherefore the ans^le ABC is 
biiecteJ by the 8tTat§^bt line BF: Is 
the same mnniier} It maf be «lernon« 
«trated that the aRt:leB BAE, A£D» 
are hieected bf the straight linei 
AP, BF : from the point F draw 
(13. I.) PG, PH, FK, FL, PM per- 
pendiedtare to the Btral^ht lines AB» 
BC9 CD, T)% E A : am! beeause the 
eoj^ie HCF 19 equal toKCP» and the 
rtsrht angle PHC, equal to the right wn%\e PKC ; in thetfiaogtesFMC * 
PKC there are two angles of one equal to two angles ofthv other, and 
the side PC* which is opposite lo one of the equal angles in each, li 
coosmoo to both ^ therefore, the other sides shall be equal (24^. i.), 
ench toeaoh ; wherefore the perpendicular FH is equal to the perpea- 
dicular FK: in the same manner it may be deroonstraledy that FL, FM, 
PG Are each of them equal to PH,or FK; IherefiEwe the dye straight 
llaes FO, FH, FK, PL, FM are equal to one another; wherefore the 
circle described from the centre F^jit the disUneeof one of these fi^e, 
will pass throuffh the extremities of the other four, and touch the 
straight lines AB, BC, CD, DE, £A, because that the angles at the 
points Gy U, K, L, M are right angles^and that a straight line drawn 
from the extremity of the diameter of a eirclo^t right angles to it| 
taiichf>s (Cor. 16. 3.) the. circle : therefore each of the straight lin^a 
AB, BC, CD, DE, £A touches the circle ; wherefore the circle is in* 
Scribed in the pentagon ABCDE. Which was to be done* 

PROP. XIV, PROB, / 

3^0 describe a circle about a given equilateral and equian- 
gular pentagon « 

Let ABCDB be the giren equilateral and equiangular pelHtgon; 
It is required to describe a. circle about it. 

Bisect (9. }^)4he angles BCD«CD£ by the straight lines CF,PD, 
and from the. point F, in which they 
m^el, draw the 8traie:ht lines FBy FA, 
FE to the poi^ B, A, B. It may be 
demonstrated, in the same manner as in 
tbe preceding proposition, that the aQ<« 
isles CBA, BAE, A ED arejiisected by 
the straight lines FB, P A, FE ;. and be-> 
cause that the angle BCD is equal to 
tbe angle CDE, and that PCD is the 
half of the angle BCD, and CDF tha 
half of CDIi; the aigte FCD is equal 
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to FDC ; wherefore the M^ CF ie equal (6. 1.) !• tin* si<le FB: b 
like manner it may be ilemonfttrated, that FB« FA, FB are each of 
them equal to FC, or FD : therefore the five slraighl lined FAi FBii 
FC9 FD) FE are equal to one another; and the eircle described from 
the centre Fi at the distance of one of them^ will paaa through the 
extremities of the other four, an<l ht described about the eciuilateraf 
and equiangular pentagon ABCQE. Which was to be done. 

PROP. XV. PROB. -h" 

To inscribe an equilateral and equiangular hexagon in a 

given circle. 

Let ABCDBF he the given trircle; U is required to inscribe an 
equilateral^ and equiang;ular hexagon in it. 

Find the centre G of the circle ABCDEF, and 4fraw the diameter 
AOD; and from D as a centre, at the distance DG, describe the cir* 
cle EGCH, ioin EG^ CG, ami produce them to the pointa B, F ; and 
.iofn AB, BC, CD, DB, EF, FA : the hexagon ABCDEF is equl- 
taterai and equiaingular. ^ 

Because G is the centre of the circle ABCDEF, GE is equal to 
OD : aud because D is the centre of the circle EGCH^ DE is equal 
to DG; ivherefore GE is equal to BD, and the triangle EGD is equi- 
lateral; and therefore its three angles EGD, ODE, DEG are equal 
to one another (Cor. 5. 1.);. and the three angles of a trinngle are 
equal {32. 1.) to tvm right angles; therefore the angle EGD Is the 
third part of two right ang^les: In the 
same manner it may be demonstrated that 
the angle DGC is also the third part of 
two right angles: and because the strnight 
line GC makes with EB the adjacent an- 
gles EGC, CG6 equal (13. 1.) to two 
right angles : the remaining angle CGB is 
the third part of two right aneles: there- ^^ 
fore the angles EGD, DGC, CGB, are 
equal to one another: and alpo the angfes 
rertical to them,BGA,AGP,FGE(l5.1.); 
therefore the six angles EGD, DGC, CGB, 
BOA, AGF, FGE arc equal to one ano- 
ther. Bill equtJ aru^les at the centre 
stami upon equal (26. 3.) archer; thire- 
fore the six arche* AB, BC, CD, DE, EF, 

FA are equal to one another: and equal arches are subtended hjr 
equal (29. 8.) straight lines; therefore the six straight lines ire 
equal to one another, and the hexagon ABCDEF is equilateral. It 
is also equiangular ; for, since the arch AF is equal to ED, 10 each of 
these add the arch ABCD ; therefore the whole arch FABCD ebalX 
he equal to the whiole EDCBA : and the angle FED stands upon the 
arch FABCD, and the anf le AFE upon EDCBA; therefore the aii|;l« 




OF GEOMETRY, BOOK IV, 



lOi 



AFB !« equal to FED: io the same manner it may be demonstrated^ 
that the other angles of the hexagon ABCDEF are each of them 
equal to the angle AFB or FED 5 therefore the hexagon is equiangur 
far; it is also equilateral, as was shown; and it is inscribed in the 
given circle ABCDEF. Which was to be done, 

CoR. From this it is manifest, that the side of the hexagon is equal 
to the straight line from the centre, that is, to the radius of the circle. 

And if through the points A, B, C, D E, F, there be drawn straight 
lines touching the circle, an^quilateral and equiangular hexagon shall 
be described about it, which may be demonstrated from what has 
been said of the pentagon; and likewise a circlej may be inscribed in 
a ffiven equilateral and equiangular hexngon, and cireumscribed 
about it, by a method like to ti>at used for tbe pentagon. 

PROP. XVI. PROB. V^ 

To inscribe an equilateral and equiangular quindecagon 

in a given circle. 

Let ABCD be the given circle; it is required to inscribe an equi- 
lateral and equiangular quindecagon in the circle ABCD. 

Let AC be the side of an equilateral triangle inscribed (3. 4.) in 
the circle^ and AB tbe side of an equi- 
lateral and equiangularpentagoninscrib- 
ed (11. 4.) in tbe same; therefore, of 
such equal parts as the whole circum- 
ference ABCDF contains fifteen, the 
arch ABC, being the third part of the 
Whole contains five; and the arch AB, 
which is the fifth part of the whole, 
contains three ; therefore BC their dif- 
ference contains two of the same parts: 
bisect (30. 3.) BC in E; therefore BE, 
EC are, each of them, the fifteenth 
part of ti)e whole circumference ABCD: therefore if the straight 
lines BE, EC be drawn, and straight lines equal to them be placed 
(I. 4*) around in the whole circle, an equilateral and equiangular 
quindt^cagon will be inscribed in it. Which was to be done. 

Aad.in the dame manner as was done in the pentagon, if through 
the points of division made by inscribing the quindecagon, straight 
lines be drawn touching the circle, an equilateral and equiangular 
quindecagon maybe described about it: And likewise, as in the 
pentagon, a circle may be inscribed in a given equilateral and equK 
angular quindecagon, and circumscribed about it. 

O 
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« 

the demonstrations of this book there are eertain ^^ s%gn$ or 
characUrs which it has been found convenient to employ. 

<^ 1. The letters A, By C, &c. are ased to denote magnitndes of any 
The letters m, n, p^ q^ are used to denote numbers only. 



r. 



*^2. The sign + (plo»)9 written between two letters, that denote 
ma^itttdes or numbers, sienifies the sum of those magnitudes or 
nanbers. Thus, A+B is the sum of the two magnitudes denoted 
by the letters A and B; m+n is the sum of the nnmbers denoted by 
tn and ti* 

^S. Thesign—^ (minus), written between two letters, signifies the 
Cixeess of the magnitude denoted by the first of these letters which is 
supposed the greatest, above that which is denoted by the other. 
Thus, A— B signified the excess of the magnitude A above the magni- 
tude fi. 

^4. When a number, or a letter denoting a number, is written 
elooe to anodier letter denoting a magnitude of any kind, it signif es 
that tfie magnitude is multiplied by the number. TJius, SA sig^iiifies 
' three times A ; mB, m times B, or a multiple of B by fti* When the 
number is intended to multiply two or more magnitudes, that follow, 
it is written thus, m (A+B), which signifies the sum of A and B 
ttAen m times; ni (A-— B) is m times the excess of A above B. 

^ Also, when two letters that denote numbers are written dose to 
one anoUier, they denote the product of those numbers, when mul* 
tlplied into one another. Thus, mn is the product of m into »; and 
mn A is A multiplied by the product of m into n. 

^0. The sign » signifies the equality of the magnitudes denoted 
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Ij^ Che letters tliat staad on the opposite aides of it; A»B sicniies 
that AiseqQftlto B. A+B»C— li sigmftes that the sum of A and 
BisequaltP the ezeess of C above D* 

^ 6. The siga 7 is used to sig^ifV that the magnitudes between 
whieh it is plaeed are unequal, and that the magnitude to whieh the 
openinp; of the lines is turned is greater than the other. Thus A V 
B signifies that A is greater than B: and A Z. B signifies that A is 
less than B." 

DEFINITIONS. 
I- 

A less magnitude is said to be a part of a greater magnitude, when 
, the less measures the greater, that is, when the less is contained a 
certain number of times, exactly, in the greater. 

n. 

A greater magnitude is si^d to he a msltiple of a less, when the great- 
er is measured by the less^ thai is^ when the greater contains the 
less a certain number of times exactly. 

m. 

Ratio is a mutual relation of two magnitudes, of the same kind, to 
one another, in respectof quantity* 

IV. 

Magnitudes are said to be of the same kind, when the less fan be 
multiplied so as to exceed the ^ater ; and it is only such magni- 
tudes that are said to hare a ratio to one another. 

V. 

If there be four magnitudes, and if any equimultiples whatsoerer 
taken of the first and third, and an^ equimultiple's whatsoeyjipMi > >; :si 
the second and fourth, and if, aeeorcung as the multiple of thflKv » % '^ '^a 
is greater than the multiple of the seeond, equal to it, or If^Shu "" 

multiple of the third is also greater than the multiple of ^t^mmMtf 
equartoit,orless$ then the nrst of the magnitudes is saiatohart 
to the seeond the same ratio that the third mb to the four)|»« 

2f i^liiitudes are said to be proportionals, when the first has the same 
ratio to the seeond that the third has to the fourth; and thVthMI 
to the fourth the same ratio which the fifth has to the sixths aiiars%. 
on whateTcr be their number. 

^ When four magnitudes. A, B, C, D are prcqportionals, it is usual 
to say that A is to B as C to D, and to write them thuB> A : B '.: 
C : Oi or thus, A : fi ss G : DJ\ 
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VII. 

When of the eqaimultiples of foor maj^itodes, taken as in the fifth 
definition, the multiple of the first is greater than that of the second, 
bat the multiple of the third is not greater than the multiple of the 
fourth; then the first is said to have to the second a greater ratio 
than the third magnitude has to the fourth ; and, on toe contrary, 
the third is «aid to liaTe to the fourth a less ratio than the first ba| 
to the second. 

VIII. 

When there is any number of magnitudes greater than two, of which 
the first has to the second the same ratio that the second has to the 
third, and the second to the third the same ratio which the thii'd 
has to the fourth, and so on^ the magnitudes are stud to be eonli- 
nnal proportionals. 

IX. 

When three magnitudes are continual proportionals, the second is 
aaid to be a mean proportional between the other two. 

X. 

When there is any number of magnitudes of the same kind, the first 
is said to have to the last the ratio compounded of the ratio whioh 
the first has to the second, and of the ratio which the second has to 
the third, and of the ratio which the third has to the fourth, and 
80 on unto the last magnitude. 

Por example, if A, B, C, D be four magnitudes of the same kind^ the 
first A IS said to ha^e to the last J), the ratio compounded of the 
ratio of A to B, and of the ratio of B to C, and of the ratio of C to 
D ; or, the ratio of A to D is said to be compounded of the ratios 
of A to B, B to C, and C to D. 

And if A : B : : E : F; and B : C: : G : H,and C : D : : K : L,then, 
since by this defihition A has to D the ratio compounded of the 
ratios of A to B, B to C, C.to D ; A may also be said to have toD 
the ratio compounded of the ratios whieh are the same with the 
ratios of £ to F, G to H, and K to L. 

In like manner, the same things being supposed, if M has to N* the 
same ratio which A has to D, then, for shortness' sake, M is said to 
have to N a ratio compounded of the same ratios, which compound 
the ratio of A to D ; that is, a ratio compounded of the ratios of £ 
to F, O to H, and I^ to L. 

XL 

If three magnitudes are continual proportionals, the ratio of the first, 
to the third is said to be duplicate of the ratio of the first to the 
, second. 
« <«Thus,if A be to B as B to C, the ratio of A to C is said to be dupli- 
cate of the ratio of A to B; Hence, since by the last definition, 
the ratio of A to G is compounded of the ratios of A toB^ and B 



OF GEOMETRY. .BOOK Y. im 

to Gi a ratio, which is compoanded of two equal ratios, 19 duplicate 
uf either of these.,satioa.'' 

XII. 

If four magnitudes are continual proportionals, the ratio of the first 
to the fourth is said to be triplicate of the ratio of the first to tht 
seeond, or of the ratio of the second to the third, &c. 

^^ So also, if there are five continual proportionals; the ratio of the 
first to the fifth is called quadruplicate of the ratio of the first to the 
second; and so on, according to the number of ratios. Hence, a 
ratio compounded of three equal ratios is triplicate of any one of 
those ratios 5 a ratio compouuded of four equal ratios quadrupU* 
cate," &c. ^ 

XIIL 

In proportionals, the anteeedent terms are called homologous to one 
another, as also the consequents tp one another. 

Geometers make use of the loUowing technical words to sis^ify cer- 
tain ways of changing either the order or magnitude (if propor- 
tionals, so as that they continue still to be proportionals. 

XIV. 

Permutando, or altemando,b]rpermntatton,or alternately; this word 
18 used when there are four proportionals, and it is inferred, that 
the first has the same ratio to the third which the second* has to the 
fourth; or that the first is to the third as the second to the fourth: 
See Prop. 16. of tiiis Book. 

XV. 

Jnvertendo, by inversion : When there are four proportionals, and it 
is iuferred, that the second is to the first, as the fourth to the third 
Prop* A. Book 5. • 

XVI. 

Componendo, by composition : When there are four proportionals, 
and it is inferred, that the ivst, together with the second, is to the 
second as the third, together with the fourth, is to the fourth. 
18th Prop. Book 0. 

XVIL . 

Dividendo, by division : when there are -four preportienalsf and it is * 
inferred, that the excess of the first above the second, is to the 
second, as the excess of the third above the fourth, is to the fourth. 

* i7tb Prep. Book S. . . . 

xvm. 

Converteodo, bj conversion: when there are four proportionals, and 
i% Is inCerred; that the first is to its exeesa aboTe the second^ as the 
third to its exoetiaboTe tto iK»iirtb«c Prop. U. Book 5. 



MX. 

Bx asqoali (te.dist«BH8), or ex ^Quoy from tquaMfy oTdhtaBce ; wim 
Ibere b any number of raagnktideB more than twO) aod at naoir 
others, so that they are proportiooals when taken two and two of 
each rank* and it is inferredy that the first is to the last of the first 
rank of magnitudes^ as the first is to the last of the others. Of this^ 
there are the two following kinds which arise from the differeBt 
order hi which the magoitwies are taken two and two. 



Ex seqoali, from equality ; this term is used simply by itself, when th« 
first magnitude is to the second of the first rank, as the first to the 
second of the other rank i and as the second is to the third of the 
first rank, so is the second to the third of the other; and so on in 

^ order, and the inference is as motioned in tiie pr^eding defini* 
lion ; whence this is called ordinate proportion* 

It is demonstrated in the 2Sd Prop. JMkS. 

XXI. 

Ex eeqoali, in proportione pertorbata, sen tnorAnata : from equality^ 
In perturbate, or disorderlfiJroportion ; this term is used when the 
first magnitude k to the second of the first ranki as the fast but cme 
is to the last of the second rank ; and as the second Is to the third 
of the first rank, so is the last but two to the last but one of the 
second rank ; and as the third Is to the fbnrth of the first rank, so is 
the third from the last, to the last bnt tW0| of the second rank; and 
80 on in a cross, or inverse^ order; and the inference is as in the 
19th definition. It is demonstrated in the 2dd Prop, of Bo<* 5.. 



AXIOMS. 

I. 

EquiMULTiPtKs of the same^ or of eq^almagnitudes, are eqiial to oi^e 
anotiier. 

H. 

Those magnitudes of which the same, oneqi^d magnitudes^ are equi- 
* mnltiples^ ave equal to one another. 

A multiple of a greater magnitude is {teattr than the aaow mMitiffe 
of a less* * 

IT. 

That magnitude of wMcli a multiple is gredterthmi tkeiaBii midtiple 
of another, Is grcaiteft than IImI ^her magnitude. 
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PROP. 1. THEOR. 

If any number of magnitudes be equimultiples of as 
many others, each of each^ what multiple soever any one 
of the first is joT its part^ the same multiple is the sum of 
4^ all the first of the sum of all the rest. 

Let an J nuttiber of maq^nitiidefl A, 1^ and C %e ef^^uimitltiplet of as 
mBMj others, D, E, and F, eaeh of eaen A+B+C it the same miil« 
tiple of D+G+F, that A is of D. 

Let A contain D, B eontain £, and C contain F^ eaeh the same nnn* 
her of times, as, for instanre, throe times* 

Then^ hoeaase A eontains D three timesy AaD^f D+D. 

For the ^ame reaspn, BaE+B+E; 

And also, ' C— F+F+F- 

Therefore, adding eqnals to eaaals (Ax. 2. i.), A+B+C is equal 
tdD4>E4-F, taken three times. In the same manner, if A, B,andC 
were eaeh anj other eqnimnltiple of D, E,aiidF, it would be shown 
that A+B+C was (he same multiple of A+E+F. Therefore, &e. 
Q. E. p. 

Com. Hence, ifm.be any number, mD+mE+mF»m (B+E+F). 
For mi>, niE, and mF are multiples of D, E, and F bj m, therefore 
iheir sum is also a n^ultiple of D+B+F by m. 

PROP. II. THEOR. 

If to a multiple of a magnitude by any number^ a multi- 
ple of the same magnitude by any number be added, the 
sum will be the same multiple of that magnitude thaJt the 
sum of the two numbers is of unity. 

Let AsmC, and B^snC ; A+B«(m+n) C. 

For, since A»mC, AsC-fC+C-f &c. C being repeated m times. 
For the same reason, BssC4-C4- &c. C being^ repeated n times. 
Therefore, adding* equals to equals, A+B is equal to C taken m+H 
times $ that is, A4-Bss(m+iO ^^ Therefore A+B contains C as oft 
as there are units in m+n. Q. B. O. 

Cor. !• In the same way, if there be any number of multiples 
whatsoever, as AmnE, BsnE, CspE, it is shown, that A+B4-&» 
{m+n+p) E. 

CoR. 2. Heneealso,since A+B+Csa(m+n+p)E,aad since Ass» 
mE, B»ttE, and €«/)£, mE+nE+pE=(m+n+p) E. 

PEOP. III. THEOR. 

If the first of three magnitudes contain the second as 
4>tt as there are units in a certain number^ and if the 
second contain the third also, as often as there are units 
in a certain number^ the first will contain the third as oft 
as there are units in the product of these two numbers. 

Let AssmB, and BssnC ; then Aaem^C. 
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Since BasnC9mB^nC+7tC4-&e% repeiittdmtiines. ButnC+nC 
■ &C. repeated m timeg is equal to C (2. Cor. 2. 5.), multiplied by n+n 
+&C. n being; added to itself m. times ; but n added to itself m times, is 
n multiplied by wi, or mn. Therefore itC+nC +<$•€, repeated tit 
times aemnC ; whenee also mBasstnnC, and by hypothesis A^mB^ 
therefore Aa=ninC. Therefore, &c. Q. E. D. * 

PROP. IV. THEOE. 

If the first of four magnitudes has the same ratio to the 
second which the third has to the fourth, and if any equi- 
multiples whatever be taken of the first and third, and 
any whatever of the second and fourth ; the multiple of 
the first shall have the same ratio to the multiple of the 
second, that the multiple of the third has to the multiple 
of the fourth. 

Let A : B *t C : D, and let m and n be any two numbers ; m\ : 
nB :: mC : wD. 
, Take of m A and mC equimultiples by any numberp, and of nB and 
ftD equimultiples by any number q. Then thaeqnimuHipies of mA^ 
andmC by p, are equimultiples also of A and C, for they eontain A 
and C as oft as there are units in pm (3. 5,)^ and are equal to pm A and 
pmC For the sanie reason th^ mnltiples of nB and nD by q, are gnB, 
qnD* Since, therefore, A : B ^^ C : D, and of A and C there are 
taken any equimultiples, viz. pmA and pmC, and of B and D, any 
equimultiples qnBj (piD^ if pmA be sreater than ^B, pmC must be 
^eater than qnD (def. B, 5.); if equal) equal ; and if less, less. But 
j9mA, pmC are also equimultiples of mA and 7nC, and qnBj qnD are 
equimultiples of nB and nD, therefore (def. 5. d.), niA: nB ** mC : 
nU. Therefore, &c. Q. E. D. 

Cor. In the same manner it may be demonstrated, that if A: B ** 
C : D, and of A and C equimultiples be taken by any number m, viz. 
mA and mC, mA : B ][ mC : D. This may also be considered as in- 
eluded in the proposition^ and as being the case when n=£l« 

PROP. V. THEOR. 

If one magnitude be the same multiple of another, which 
a magnitude taken from the first is of a magnitude taken 
from the other; the remainder is the same multiple of the 
remainder, that the whole is of the whole. 

Let m A and mB be any equimultiples of the two ma^itndes A and 
B, of which A is greater than B ; mA— -mB is the same multiple pt 
A — B that mA is of A, that is, m A — mB=:m (A — B ). 

Let D be the excess of A above B, then A— -B=l>,andaddingBto 
both, A=xD4-B. Therefore (1. 5.) mAssmD+mB; take mB from 
both, and mA — mB=smD$ but DsA — ^B, therefore mA— niB=w{A 
— B). Therefore, &e. Q^ £. D. 
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PROP. VI. THEOR. 

If from a multiple of a Anagnitude by any number a 
multiple of the same magnitude by a less number be taken 
away, the remainder will be the same multiple of that 
magnitude that the difference of the numbers is of unity. 

» 

Lef mA and fzA be multiples of the magnitude A9 hj the numbers 
m and n^ and let m be greater than n; mA— tiA eon tains A as oft as 
m— n contains unity, or mA — wAa=(m— r«) A. 

Let m — n=^; then m=n+q. Therefore . (5. 5.) mA«snA+^Aj 
take n A from both, and frtA — nAssqA. Thereiore mA — nA eontains 
A as oh as there are units in q^ that is in m — Uj or mA — nA/Bs{wr^^) 
A. Therefore, &c. Q. E. D. . 

Cor. When the difference of the two numbers is equal to unity, or 
m^^nsss 1, then mA— 4iA«s A. 

PROP. A. THEOR. 

If four magnitudes be proportionals, they are prbportionals 

also when taken inversely. 

If A : B :; C : D, then also B : A :: D : C. 

Let mA and mC be any equimultiples of A and C ; nB andnD any 
equimultiples of B and D. Then, because A ; B ** C : O, if mA 
be less than nB mC will be less than nl) (def. 0. 0^, that is, if nB 
be greater than mA, nD will be greater than mC. For the same rea* 
^son, if nB=mA, nB=amC, and if nBz.wA, nDz.mC. But »B, «D 
are any equimultiples of B and D, and m A, mC any equimultiples of 
A and C, therefore (def. 5. 5.), B : A i: D : C. Therefore, &ei 
Q. E- D. 

v^-~^PROP. B. THEOR. 

If the first be the same multiple of the second, or the 
same part of it, that the third is of the fourth ; the first iis 
to the second as the third to the fourth. 

First, if mA, mB be equimultiples of the magiutndop A and B, mA s 
A ;: mB : B. 

Take of mA and mB equimultiples by any number n ; and of A and 
B equimultiples by any numbar p ; these will be nmA (3. f .), pA, 
nmB (3. 3.), pB. Now, if nmA be greater than pA; ntn is also 
sreaterthan p^'and if nm is greater than p, nmB is greater thanpB; 
therefore, when nmA is greater than pA, nmB is greater than pB. 
In the same manner, if nmA«pA, nmBa=^B, and if nmA/^pA,nmB 
ZL;pBV Now, nmA, nmB are any eqaimuitiples of mA and mB^ and 

P 
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i»A,»B are ai^ equimnlti^et of A and Bt theiwfore mA : A I^tnB r 

Bfdef. ff. ff.)* 
Ne^it, Let C be tlie same jpart of A that D isof B; then A i» ih» 

same muhiple of C that B i« of D, and therefore, as has been d^'mon- 
fltrated, A : C :: B: D, and iBTersely (A. 5.)CiA ^ U : B. There- 
fore, &e. Q. £• X>^ 

PROP. C. THEOR. 

If the first be to the second as the third to the fourth ; 
and if the first be a naultiple or a part of the second, the 
third is the same multiple or the same part of the fourth. 

Let A : B :: € : D, and first let a be a omltifJe of B, C is the 
same multiple of D, that is, if AsmB, CasmD. 

Take of A and C emiimnki|ples bj any nnnber as 9, vik. 2\ and 
SC ; and of B and D, take equimultiples by the nuaiber 2m^ viz. dmB» 
2iiil> (3. 0.) ; then, because A=smBj2A^2mB; and since A : B '* C :: 
D9 and since 2Ass2mB, therefore 2CaBdmD (def. 8, 0.), and C^^mDr 
that is, C contains D » times, or as often as A contains B. 

Next, Let A be a part of B, C i» the same part of D. For, since 
A : B :: C : D, inverselT <A. 5.), B : A HD : C. But A bein^ a 
part of B, B is a multiple of A, and thereHbre^ as is shown above, D 
IS the same multiple of d and therefore C is the same part of D that 
A is of B. Therefore, &c. Q.E.D. 

^ PROP. VII. THEOR. 

Equal magnitudes have the same ratio to the same magni- 
tude ; and the same has the same ratio to equal magnitudes* 

Let A and B be equal ma^itudes, and C any other; A : C ** B : C 

hfi m\j fg;B,be any equimultiples of A and B ; and nC any multi- 
ple of C. 

Because A«=:B, mAasn^B (Ax. !• 5.), wherefore, if mA be ^eater 
than nC, inB is ereater than nC; and if mAasnC, mB=nC ; or, if 
mAz„nC, mB/LfiC. But mA and mBure any equimultiples of A and B, 
and nC is any multiple of €, therefore (def. 5. 0.) A : C \l B : C. 

Again, if A=±=B, C : A *; C : B ; for, as has been proved, A t 
C ;;'B : C, and inversely (A. 5X C : A ;: C : B. Therefore, &e. 

PROF. Vm. THEOR. 

Of unequal magnitudes, the greater has a greater ratio 
to the same than the less has ; and the same magnkude has 
a greater ratio to the kss than it has to the greater. 

Let A+B be a magnitude greater tha9 A| and C a third magnitude, 
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A+B has tD C a ^afer raMa than A has ta C^ and C has a greater 
ratio t« A than U has to A+B. 

Let m he'such^ a nitmber thai: mA and^ m% are eaeh of them greater 
than C ; and let nC be the lea^t mn'tiple of C that exceeds mA+mB; 
then n(J — C.9 that is, (n — l)C (l. 5.) will be less than mA+^tB, or 
m \ +mB, that is, m( A+B) is greater than (n- — l) €• But because 
nC is greater than mA+mB, and C less than mB, nC-^-C is greater 
than m A , or mA is less than wC— €, that is, than (n — l)C. There- 
fere the multiple of A+B foj m exceeds the multiple of C by n — I, 
hnt the multiple of A bjin does not exceed the multiple of C by rt—4. ; 
therefore A+B has a greater ratio to C than A has to C (def. 7. d.). 

A^ain, beeause the multiple of C by n-^— 1, exceeds the multiple of 
' A by m but does not exceed the multiple of A+B by m, C has a great- 
er ratio to. A than it has to A+ fi (del. 7. d.). Therefore, &e. Qi B. B. 

>< PROR IX- THBOR. 

Magnitudes which hav6^ the same ratio to the same 
magnittide are equal to one another ; and those to which 
the same magnitude has the same ratio are equal to one 
another. 

if A : C :: B : C, A«,B, 

For, if not, let A be greater than B ; then, beeause A is greater than 
B, two numbers, m and n, may be found, as in the last proposition^ 
sueh that mA shall exceed nC, while mB does not exceed nC3. But 
beeause A : C *I B : G; if mA exceed nC, mB must also exceed 
nC (def. 5. d.) ; and it is also shown that mB does not es^eeed nC, 
which is impossible. Therefore A is not greater than B; and in the 
sanie way it is demonstrated that B is not greater than A $ therefore 
A Is equal to B. 

Next, let C : A ;: C : B, A=«B. For by inversion (A. 9.) A : 
C: ** B : C$ and therefore by the first ease, AarB. 

PROP, X. THEOR. 

That magnitude, which has a greater ratio that^ another 
has to the same, magnitude, is the greatest of the two : 
And that magriitude, to which the same has a greateV ratio 
than it has to another magnitude^ is the least of the two. 

If the ratio of A to C be greater than that of B to C, A is greater 
than B. 

Beeause A : CvB : C, two numbers m and n may he fbnnd, sueh 
that mA"7nC, and mB^nC (def. 7. S.), Therefore also mAT«*B, 
and A^B (Ax. 4. 5.). 

Again, let C : BtC : A : Bz. A. For two numbers, m and n may 
he found, soeh that mCTnB^ and mC/jnA (def. 7. 0.). Therefore, 
sinee nB is less, and nA greater than the same magnitude mCsnBAnA, 
and therefore fi^LA. Therefore, &e. Q. £,D. 
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V' PROP. XI. THEOH. 

Batios that are. equal to the same, ratio are equal to one 

another. 

If A : B :: C : D; and also C : D i: E : F; then A : B ;: E : F. 

Take mA, mC itiE, an j equimultiples of A, C, and £ ; and nB, nD, 
nHB any equimultiples of B, D, and F. Beeadse A : B '^ C : O9 if 
mAVnBjmCVnD (def.«. «.); ^^ if*mC"7nD,mEVwF (def. 5.5,), 
because C : D ;; E : F; therefore if mA"7nB, mEVnF. In thesanit 
manner, if mA=nB,mE=snF; andif TOAZ-nB,wiBZ-nF. Now,mA, 
mE are any equimultiples whatever of A and E ; and nB, nF any what- 
everof B and F; therefore A : B ;; E : F (def. 5. 5.)* Therefore, 

V PROP. XII. THEOR. 

If any number of magnitudes be proportionals, as one of 
the antecedents is to its consequent* so are all the antece- 
dents^ taken together, to all the consequents. 

If A : B ;; C : D, andC : D : : B : F; then also, A :B: : A+C+ 
£ : B+D+F. 

Take mA, mC, mE any equimultiples of A, C, and E ; and 7iB,9tD, 
nF, any equimultiples of B, D, and F. Then, because A : B : : C : 
D,if mAVnBjmCTnD (def. 5. 5.) ; and when mCVnDjmEVwF, be- 
cause C : D : : B : F. Therefore, ifwAv«B,mA+mC+mE"7nB+ 
»D +»F : In the same manner, if m A =e?iB,m A +i»C +mB=nB +«!) 
H-nF; and if mAZ-wB,mA+mC+wE^nB+nD+nF. Now, mA+ 
wC+mE=a^(A+C+E) (Cor. 1.5.),8othatmAandmA+mC+mE 
are any equimultiples of A, and of A+C +E. And for the same reason 
«B, and nB+nD+«F are any equimultiples of B, and of B+D+F 5 
therefore (dfef. 5. 5.) A : B : : A+C+E : B+D+F. Therefore 
&c. Q.E. D. 



PROP. Xin. THEOR. 

If the first have to the second the same ratio which the 
third has to the fourth, but the third to the fourth a greater 
. ratio than the fifth has to the sixth ; the first has also to 
the second a greater ratio than the fifth has to the sixth. 

if A : B : : C : D; hut C : DvE : F; tlien also, A : BvE : F, 
Beeanse C : IV7 1^ : F, there are two numbers m and 7t, sueh that 
WtCT^D, but mE2L.nF (def. 7. b.\ Now, if mCVnD, mA"7«B, be- 
cause A : B : : C : D. Therefore mAvnB, and »iEz.»F, wherefore, 
A : B VE : F (def. 7. 0.). Therefore, &e. Q.E.D. 
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> PROP- XIV, THBOB. 

If the first have to the second the same ratio which the 
third has to the fourth, and if the first be greater than 
the third, the second shall be greater than the fourth ; if 
equal, equal ; and if less, less* 

If A 2 B : : C : D; thenif A^C, BtDj if A=:C, B^Dj and if 
AiLC, BZ.D. 

First, let AtC; then A : BvC : B (8- 5.), but A : B : : C : D, 
therefore C : D^yC : B {i.Z. 5.), and therefore B"7D (10. 5.). 

In the- same manner, it is proved, that if A=sC, Be=D; and if 
Az.C,BZ-n. Therefore, &c. Q. E. D- 

^ PROP. XV. THEOR. 

Magnitudes have the same ratio to one another which their 

equimultiples have. 

If A and B be two magnitudes, and m anjrnniaber, A : B : : mA : 

YllB. 

Because A : B : : A : B (r. ff.) 5 A : B : : A+A : B+B (13. C.% 
or A : B : : 2A : 2B. And in .the same manner since A : B : : 2A : 
^B, A : B : : A+2A -• : B+2B (12- 5.), or A : B : : 3A : 3B5 and so 
on, for all the eqaimultiples of A and B. Therefore, &«. Q. E. D. 

/ PROP. X^VI. THEOR. 

If four magnitudes of the same kind be proportionals, they 
will also be proportionals when taken alternately. 

If A: B : : C : D, then alternately, A : C : : B 1 D. 

Take mA, mB any equimultiples of A and B, and nC,nD an j equi- 
multiples of C and D. Then (l5. 5.) A : B t : mA : w.B 5 now A : 
B : : C : D, therefore (11. 5.) C : D : : mA : mB. But C : D : : 
nC : «D (10. 5.) ; therefore mA : mB : : wC : wP (11. 5.) : where- 
fore if mA"7wC,mBVwD (14.5.) : if mA=nC, mB=nD,or if mAz. 
wC, mBz^nD 5 therefore (def. 5. 5.) A : C : : B : D. Therefore, &<s 
Q. E. D. 

- PROP. XVII, THEOR. 

If magnitudes, taken jointly, be proportionals, they will 
also be proportionals when taken separately; that is, if the 
first, together with the second, have to the second the 
same ratio which the {bird, together with the fourth, has 
to the fourth, the first will have to the second the same 
ratio which the third has to the fourth. 

If A+B : B : : C-f D : D,then hy dmsioii A : B : : C : D. 
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Take m A and nB. aav multiplei ^f A and B, by the munbers m and 
n; and iirst lei niATnu : to each of tliem add mB, then mA+mBT 
mB+ttB. But mA+ifiB«»m(A+B) (Cor. 1. 9.)y and mB+»B«B 
(iii+n)B (2. Cor. 3. 3.), therefore ^(A-I-BT {m+n) B. 

And because A+B:B::C+I>:D, if w(A+B)V(m4-«) B, 
iR(C+D)"7(t»+n)D> or mC+mi'VwB+nD, that is taking wiD 
from both) mC Vnl). Therefoil^, when mA is g^reater than nB, mC 
if« greater than nD. In like manner, it i^demonstratedfthiit if mAsssnBy 
iiiC=nD, and if mA^nB, that mO/^nD; therefore A : B :: C : U 
(def.fi.e.)- Therefore, &e. Q. E. D. 

PROP. XVIII, THEOR. 

If msignitudes^ taken separately^ be proportionals, they 
^ill »^80 be proportionals when taken jointly, that is, if the 
jBrst be to the second as the third to the fourth, the first 
and second together will be to the second as the third and 
fourth together to tlie fourth. 

If A : R :; C : D, then, by compoftition, .A+B : B ;: C+D : D. 

Takem( A ^B), and nB any multipLs whatever of A+.B andB: and 
first, let m be greater than n. Then, because A+B is also ereater 
titan B,m( A+B)'7nB. For the same reason, w(C+D)"7«0* hi 
tliis case, therefore, that is, when iw V«, wi( A+B) is j^reater than nB, 
find tit(C-f^)3) is greater than nD. And in the same manner it maybe 
proved, that when m3=sn,m(A+B) is greater than 9iB, and m (C+l^) 
greater than nD. 

Next, let m/jii^ ornV'?', then m( A-fB) may be greater than nB,Qr 
may be equul to it, or may be less ; first, let m( A-f-B) be greater than 
nB; then also, mA+fuBVnB; take mB, which is less than nB,from 
both, and ?wA"7wB — MiB,or mA V(n — »rt)B(6.5.). Butif mA'7(n— w) 
B,wCV {n — w)D, because A : B |* C : D. Now, (n — in) i>=iiD — 
wD ((^. 5.), therefore, ?iiC'7wD — ml), and adding mU to both, mC+m 

DVnD, that i»(1.5.),w(CH-D)"7wl>. If therefore, m(A+B)"7nBj 
w(C+l>)-7«D. 

la the same manner it will be proved, that if w( A +B)=nB,m(C+ 
D)=nD ; and if w(A+B)Z-.wB,m(C+D)Z.nD 5 therefore (def. 5.3.), 
A+B:B;:C+D;D. Therefore, &c. Q.E. D. 

PROP. XIX. THEOR. 

If a whole magnitude be to a whole, as a magnitude 
taken from the first is to a magnitude taken from the other; 
the remainder will be to the remainder as the whole to 
the whole. 



If A : B ;; C : D^aidifG be less than A, A—C : B— B :: A : B. 

Because A : B ;: C : D, alternately (16. 5.), A : C ;: B : D; and 
therefore by division (17. 3.) A— C : C :: B— D : D. Wherefore, 
again alternately, Ar-*-C : B^0 :: C : D5 bat A : B :: C : D, there- 
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fore (li. S.) A— C : B— D : : A : B. Tker^nre, 4^ Q. E. B^ 
Cor. a— C : ft— D : : C : D. 

PROP. B. THEOB. 

If faur magnitudes be proportionals, they are also pro- 
portionals by conversion, that is, the first is to its exces* 
above the second, as the third to its excess above t^e fourth. 

If A : B : : C : D, by «o« version, A : A—* : : C : C — ^D. 

For, sinee A : B : : C : D, by division (17. 5.), A— B : B : : C— D 
D, and inversely (A. 5.), B : A — B ^ : D : C — D ; therefore, by com- 
posiUon (18. 5.), A : A— B : : C : C— D. Therefore, &c. Q. B. l>. 

€oH. in the same waj-, it may be proved that A : A-f B : : : 

' PROP. XX. THEOR. 

« 

If there be three magnitudes, and other three, which 
taken two and two, have the same ratio ; if the first be 
greater than the third, the fourth is greater than the sixth ; 
if equal^ equal ; and if less^ less. 

If there be three ma^itndest A, B, and C, and other three D, E, 
and F; and if A : B : : ll : E; and also B : C i — r — « — j^ — i 

r: E : F, then if AvC, DvF; if A«C, ^' "' ^^ I 

D«P:andif AaCDaF. "> ^l^^^ I 



D«P : and if Az.C, DzJP. 

First, let A vC ; tben A : BvC : B (8. 5.). But A : B H *> : B, 
therefore also D : B VC : B (13. 5;). Now B : C ;; E : F, and inverse- 
ly (A. ».), € ; B : : F : E ; and it has been shown that D : E VC : B, 
therefore D : EvF : E (13. 5.), and consequently D vF (10. 0.). 

Next, lev A«=C5 then A : B : : C : B (7. 5.\ but A:B::D : If r 
therefore, C : B: : DrE, but C : B :: F : E, therefore, l):E;:F: 
E(11.5.),andD=F(9.5.). Lastly, let AZ.C. Then CV A, and be- 
eause, as was already shown, C : B : : F : E, and B : A : : E : D ; 
Aerefore, bv the first case, if C7A, Fvl>, that is,if A^^^C, D/^F.^ 
Therefore,&e. Q.E. B. 

PROP. XXI. THEOR. 

If there be three magnitudes^ and other three, which 
have the same ratio taken two and two, but in a cross order; 
if the first magnitude be greater than the third, the fourth 
is greater than the sixth ; if equals equal ; and iilesaf less. 

If there be three mai^itudes, A. B, Gt and other three, D, E, and 
F, such that A : B : : E : F. and B : € r: D t E : if AVC^BvF rtf 
A.=.C,D==F,aiidif Az^G, D^F. 
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A, 



B 
£ 



1^ 



First, let Ave. Then A : BVC : B (8. 5.), 
but A : B : : E : F, Ihewlore E : FvC : B 
(13. 5.). Now, B : C : : D : E, nnd inTersely, 
C : B : : E : D$ therefore, E : PVB : D (18. 5.), wherefore, DVF 

(10.5.). 

Next, let A=C. Then (7. 5.) A : B : : C : B ; hut A : B : : E.: P, 
thereffire, C : B : : E : F ( 1 1. 5.) ; hut B : C : ; D : E, and inversely, 
C : B : : E : D, therefore (11. 5.), E : F : : E ; D, aud, consequently, 
D=»F (9. 5.). 

. Lastly, let AZ-C. Then CV A, and, as was already proved, C : 
B :: E : D ; and B : A : : F : £« therefore, hy the fir«t case, stoce 
C VA, FVD, that is, DZ-F. Therefore, &c. Q. E. D. 



PROP. XXII. THEOR: 

• 
If there be any number of magnitudes, and as many 

Others, which, taken two and two in order, have the same 

ratio ; the first will have to the last of the first magnitudes, 

the same ratio which the first of the others has to the last.^ 



First, let there be three magnitudes, A, B, C, and other three, 
D, E, F, which, taken two and two, in order, have the slime ratio, viz. 
A : B : : D : E, and B : C :: E : F; then A : C : : D : F. 

Take ol A and D any eqinmultiples whHtever, mA, mD; and of B 
and D any whatever^ nBitiE : and of.O and F any whatever^gC, qF> 
Because A : B : : D : E, mA : nB : : mD : nE 
(4. 5.) ; and for the same reason, nB : gC : : nE : 
q¥. Therefore {20. 5.), according; as mA is 
greater than ^C. eqtinl to it, or less, mD is |2;reat* 
ertban gF, equal to it or less; butmA, mD are 



A, B, C, 
D, E, F, 

mA, nB, gC, 
mD, nS, qF. 



any eriuimultiples of A and D ; and qC, qF are any equimultiples of C 
and F ; therefore (def. 5. 5;), A : C : : D : F. 

Again, let there be four magnitudes, and other four which, takfn 
two and two in onler. have the same ratio, viz. A : B : : E : F ; B : 
C : ; F : G 5 C : D 2 : G 2 H, then A 2 D : 2 E 2 H. 

Fornnce A, B, C are three magnitudes, 
and E, F, O other threet which, taken two 
and two, have the same ratio, by the forei^o- 
ing case, A 2 C : ; E 2 G. And because also 
C : D : : G 2 H, by that same case, A 2 D 2 2 E : U. In the same 
manner is the demonstration extended to any numk>er of magnitudesi^ 
Therefore^ &c. Q.E.D. 



A, 



B, 
F, 



G, 






Wi- 



* N. B, Tlut propoiitioa ii unukOir tit^ 1^ ths wwdf << ex aequaj^," or « ex aequo,'' 
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n£ : n¥ (il. 

A, By C, 

D, B, F, 
iiiA)iiiBf iiCt 



iFiD.nE nF. 



PROP. XXIIL THEOE. 

tf thei^ bb any number of magnitudes, and as many 
nthers, whieb^ taken two and two, in a cross order, have the. 
same ratio ; the first will have to the last of the first magni-^ 
tudes the same ratio Which the first of the others has tO 
the last.* 

Firsts let there be three naff^itudes^ A, B^ C, an4 oth»r three, P, 
B| and Fy which} taken two and two in a eross order, hare the same 
ratio, viz. A :B : : E { F, and B : C: : D : E, then A: G : : D :F« 
•Take of A, By and D, anv eauimultijjles mA, mB, mD; and of C, 
E, F any equimultiples nCy ^% nF. 

Because A : B : : £ :F,and beeaute ako A:B : : iiiA : mB (i5.d), 
and £ : F : : iiE : nF; therefore, mA : mB : : n£ : nF (il* 5*)« 
Aeain, beeanse B : G : : D : E, mB: nC : : mD : 
nE (4. 8M and it had been jast shown that mA t 
mB r : fiE : nF ; tbcDefore, if mATnG, mD VnF 
(21. 5.) $ if mAamO^mDssnF; and if iliAi^ffG, 
. mUz^iiF. NoW) mA and mD are any equimnjti- 

{^les of A and D, and nC, nF, any .'equimultiple of C and F; there- 
ore, A : C s : D J F (def. S. s.). 

Next, Let there be four magnitndes, A, B, 0| and D9 and other 
fbttr, E^F,G, and H,whiehtahen two and two^inaeross 9rdcr,haye' 
the same ratio, viz. A:B::G:H|B:G::, 
F : 0,aBd G s D : : £ : F, then A : D : : E : 
H. For, sinee A, B, G, are three ma^itudes, 
and F, G, H other tbree, wbieh taken two and 
two, in a eross order^ have the same ratio, b^ tbo first ease, A : G : i 
F : H. But G : D I : £ : F, ti|erefore, again, bj the first ease, A : 
D : : £ : H. In the same manner, may the demonstration be extend* 
1^ to any nnmber of magnitudes. Therefore, &•• Q* B* D« 

PROP. XXIV. THEOR. 

If the first has to the second the same ratio which the 
third has to the fourth ; and the fifth to the second^ the 
same ratio which the sixth has to the fourth ; the first and 
fifth, together, shall have to the second, the same ratio 
which the third and sixth together, have to the fourth. 

Let A : B : : G : D, and also E : B : tF : D, then A+E : B : s 
C+F : D, 

Because £ : B : : F: D, by inversion,BtE : : D s F. Bnt by ^* 
nothesis, A : B : : G : B, therefore, ex eequali (£2. 8.)j A } £ 1 : G : F ; 
and by composition (18. 5.), A+E : E : : G+F 1 F. And again by 
bypotJiesis, E : B : : F : D, therefore, ex ^qnali {22, d.), A+E f 
6 : : G +F z D. Therefore, &e. Q. E. D. 

T 11 

• N. B. This proporitioii is utnally dted by tjie woMi "ej aeqimU in propmrtioB* pvtoc^ 
bata;^' dif, ** ex a«nio invertejy." 
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PBOP. £. THEOB.- 

If four magnitudes be proportionalsi the flum of tbe first 
two is to their difference as Qie sum of the other two to 
their difference. 

« 

LetA:BT:^C:D$tlieMifAvB, * 

A+B : A— B : : C+D : C— D; orif A^B 
A+B : B— A ; : C+B : IK- C. 




III the same manner, if B*7 A, ft is proved^tliaf 
A+B:B— A::C+D:D— C. Therefore, kc. 

PROP. F.» THEOB, 

Batios which are compounded of equal ratios^ are equal 

to one another. 

Let the ratios of A to B, and of B to C, whieh eomponnd the ratio 
of A to C, he equalr eaeh to each, to the ratios of D t;o £, and E to f, 
whieh eomponnd the.ratio of D to t*, A : : : D : F. 

For, first, if the ratio of A to B b^ equal to 



A, 



B, 
E, 



F, 



1 



that of DtoE,aiidthe ratio of Bto Ceqaalto 

thatofE toF,ex8eqnali(32.5.)j A:C::1):F. 

And next, if the ratio of A to B be eqnal to that of E to F, and 
the ratio of B to C equal to that of D to £, ex cequali inversely (23. 
0^), A : C : : D ! F. In the same maAner may the proposition he 
demonstrated, whatever be the number of rauos. Therefore, fcc* 
Q. £. D. 



* " » 
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or 
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^ PROP. I. THEOE. 

Triangles and parallelograms^ of the saiM lAtitiide^ ar« 

one to another aa their bases^ 

Let the trian^s ABC, ACD, and the panaUelograiBi EC^CF haT« 
(he same altitude, viz. the perpendienlar drawn from the [HMiit A 
to BD: Thea^ as the base BC, is to the base CD, so is thetriangl/s 



i 






BOOSTI. 

DEFINITIONS. 

SIMILAR teetilineal figures 
are those which have their 
several angles equal, each to 
eaeh, and the, sides about the 
equal angles proportionals. 

IL 

Two sides of one figure are said to be reeiprOeally proportional to two 
sides of another^ wJien one of the sides of the first is to one of the 
sides of the second, as the remuaing side of die second is to ti^ rer 
maining side of the first. 

ra. 

A straight line-is said to be eut In extreme and mean ratio, when tht 
whole is to ihej^reater segment, as the greater segment is to the less* 

IV. 

The altitude of any figure is the straight line 
drawn from its vertex perpendicular to the 
base. 




in ELEMENTS 

ABC !• the trbagle ACDyfod the parallelogran EC tothepandldiH 
gram CF« 

Prodnee BD both ways to Che poiati H9 L9 and take any nombpr of 
■traie;ht liaes BO, OH, eaeh equal ttf the base BC $ and DR, RL, any 
anmber of thenh eaeh eqiral to the baae CD ; and join AG, AH vAk», 
AL« Then^beeaaie CB, BG, GH are all equal, the triangles AHQ^, 
AGB, ABC are all equal (38. iO* Therefore, whatever multiple the 
base HC U of the base BC, the same multiple is the triangle AhC of 
the triangle ABC. For the same reason, whatever multiple the ba^ts 
LC is of the base CD, the 

same multiple is the trU f ,.JL 

atele ALCT of the triangle 
AUC. Bat if the base 
HO-^ equal to the base 
CI^ the triaaide AHC is 
also equid to Uie triangle 
▲LC (88. 1.): and if 
ihe base HC be greater 
than the bve CL, like- 
wise the triangle AHC is * 
S "eater than me triangle A|iC : and if less, less. Therefore, sinee 
ere are four magnitudes, viz. the two bases! fiC, CD, and the two 
triangles ABC, ACD ; aqd of the base BC and the trianele ABC, the 
first and third, any eqnimuttmles whatever have been taken, viz. the 
base HC,and the triangle AHC ; and of the base CD and triangle ACD, 
the second and fbnrth, have been taken any equimultiples whatever, 
vi%. the base CL and triangle ALC ; and sinee it has been shown, that 
if the base HC be greater than t]ie base CL, the triangle AHC is 

f^aterthaA thetriangle ALC$ and if equal, eoual; and if less, less: 
herdTore (def. 5. 9.) m the base BC is to the (mmo CD, so is the tri- 
angle ABC to the triangle ACD. 

Andbeeanse the paratlelogram CE is double of the triangle ABQ 
(41. 1.)) and the parallelogram CF double of the triangle ACD, and 
because magnitudes have the same ratio whieh their equimultiples 
have (15. 0.); as the triangle ABC is to the triangle ACD, so is the 
parallelogram EC to the parallelogram CF. And because it has been 
shown, that, as the base BC is to the base CD, so is the trian&^le ABC 
to the triangle ACD; and iasthe triangle ABC to the triangle ACD, 
80 is the parallelogram EC to the parallelogram CF; therefore,* as 
the base BC is to the base CD, so is (il. 0.) the p andlel^am EC 
to the parallelonram CF. Wherefore triangles, &e. Q- E. D. 

Cor. From iliis it is plain, that triangles and parallelograms that 
have equal altitudes,.are to one another as fheif bases. 

Let the figures be placed so as to have their bases in the same 
straight line; and having drawn perpendiculars from the vertices of 
the triangles to the bases^ the straight line whieh loins the vertices is 
parallel to that in which their bases are (as* i.), because die fer^ 
pendi«nlar9 are both eq^^ and parallel ta one anotkeiw Thm ifthe 
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itme eoDflnurtiMi te p«Ae m mi tine propositiot, ^ dtnovttratioB 
will be the iaine. . 

- PROP. n. TUEOR. 

If a straight line be drawn paraHd to one of the sides 
49f a triangle, it will cut the other udeSf or the other sidte» 
produced, proportionally : And if the sides, oi* the sides 
produi^ed, oe cut proportionally, the sHraight line which 
joins the ppints of section will be parallel to the remaining 
side of the triangle. 

Let OE be drawip parallel to BC, one of the sides of the triangW 
ABC : BD is to DA.aa CB to E A. 

Join BE, CD |^ then the triaiigle«DE is eqnal to the triangle CDB 
(37« I.), because they aie on. the same base DE, and between the 
same parallels DE, BC: but AD£ is ptnother triangle, and equal 
magnitades have, to the same, the same ratio (7. 5'.) ; therefore^ as 
the triangle BDE to the triangle AOE, so is the trianeleCDE to the 
triangle ADE; but as the triangle BDE to the triau^e ADE, so is 

il. 6.) BD, to DA, beeause having the same altitude, viz. the perpen- 
ieular drawn from the point E to AB, they are to one another m 
their bases ; and for the same reason, as the triangle CDE to the tri« 
angle ADE, so is CE to E A. Therefore, as BD to'DA, so is C£ to 
^A(ii.ff.). 

Next, let the sides AB, AC of the triangle ABC, or these sid«s 





m^doeed, be cut proportionally in the points D, E, that is, so that 
BD be to DA, as CE to EA, and join PE $ DE is parallel to BC. 

The same eonstniction being made, beeause as BD to DA, so is CE 
to JP A $ and as BD to DA, so is the triangle BDE to the triangle ADE 
U. 6.}; and as CE to EA, so is the triangle CDE to the triangle 
ADE ; therefore the triangle BDE is to the triangle ADE, as the tri- 
angle CDE to the triangle ADE; thatis, the triangles BDE, CDE 
have the same ratio to the. trian^e ADE ; and therefore (s. a.) the 
triangle BDE is equal to the triangle CDE : And they are on the same 
base !>£$ but equal trianj^s on the same base are between tte 



I 



i» ELEMENTS ^ * 

same parallds (39. <.) ; Uierefore DE is paraHel tioBC, Wbftrefmt 
if « straig^l linei &e. Q^ £^ D. 

/ PROP. la THEOR. 

If the angle of a triangle be bisected by a straight line 
which also cuts the base ; the segments of the base shall 
have the same ratio which the other sides of the triangle 
have to one another : And if the segments of the bas0 have 
the same ratio which the other sides of the triangle have 
to one another, the straight line drawn from the vertex to 
the point of section, bisects the vertical an^. 

Let the angle BAG, of aiiv trian^e ABC, be divided into two equal 
angles, by ihe straight line AD : BD i|s to DC as BA to AC. 

Through the point Cdraw CEparallel (81.1.) to DA, and let BA 
prodaeed meet CE in E, Beeause the straight line A,€ meets the 
parallels AD, fiC, the air^ A^E is equal to the alternate ang^e 
CAD (29.1): Biit CAD, b^ the hypothesis, is equal to the angle 
B AD ; wherefore BAD is equal to the angle ACE. Aigain, because the 
straight line BAE meets the paral- 
lels AD, EC, the exterior angle 
BAD is equal tp the interior and 
opposite angle AEC ; But the angle 
ACE has been proved equri to the 
an^e BAI) ; therefore a»o ACE is 
equal to the angle AEC, and eonse- 
qnently the side AE is equal toihe 
side (6. 1.) AC, . And beeanse AD 
is drMvupjeirallel taonenf the sides 
of the triansle BCE, viz. to EC^ ^ 
BD is to DC, as BA to AE\2. «.) ; * 
hut AE is equal to AC $ t^eraftre, as BD to DC, so is BA to AC 
(7. S.). 

Next, let BD be to DC, as BA to AC, and join AD ; the angle BAC 
is divided into two equal angles, by the straight line AD. 

The same construetion being made; beeause, as 3D to DC» so is 
BA to AC; and as BD to DC, so 
is BA to AE (2. 0.), because AD 
is parallel to EC; therefore AB 
is to AC, as AB to AE {ii. 5.)i 
Consequently AC is equal to AE 
(ft. 5.) 9 ane the angle ACC is 
thererore equal to fhB angle ACE 
(9. 1.). But the angle AEC is 
equal to the exterior and oppo- 
site angle BAD; and the angle n 
ACE is equal to the alternate an- 
g^CAD (29. 1.): WherefbrealsotheangleBAD iseqnal tothean. 
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' de CAD : Therefore the angl® BAC is tut into twe equal angles by 
8ie straight line AO. Therefore, if the angle, &e. 9* £• ^' 

PROP. A. THEOR. 

If the icxterior angle of a triangle be bisected by a 
straight line which also cuts the base produced ; the seg* 
meats between the bisecting line and the extremities of 
the ba^e have the same ratio which the other sides of the 
triangles hare to one another : And if the segipents of the 
ba^ produced have the same ratio which the other sides 
of the triangle have, the straight line, drawn from the ver- 
tex to the point of section , bisect the exterior angle of the 
triangle. 

Let theexterior an^le CAB, of any triangle ABC, be biseeted by the 
straight line AB whieh meets the base produced in D; BD is to DC* 
as BA to AC. 

Through C draw Cf* parallel to AD (31. i,); and because the 
fltraif^tliiie AC n^eets the parallels AD,FC,thea,ngle ACFisequal 
to the alternate angle CAD (29. i.): But C AD is equal to the angle 
DAE(^Hyp.): therefore also DAE is eaual to the ansle ACF. Again, 
4>eeanse the straight line FAE meets the parallels AD, FC the exte- 
rior anele DAE i» equal to the interior and opposite angle CFA : Bat 
the an^e ACF has been prov* 
ed to oe equal to the angle 
DAE ; therefore also the ancle 
ACF is equal to the angle Ci^, 
and consequently the side AF 
is equal to the side AC (6. 1.); 
and, beeanse AD is parallel to 
FC, a side of the triangle BCF, 
BD is to DC, as BA to AF (% 
6.); but AF is equal to AC); 
therefore as BD is to DC, so is BA to AC. 

Now let BD be to DC, as BA to AC, and join AD ; the angle CAD 
is eanal to the angle DAE. 

Tne same construction beiae made, because BD is toDC, as BA 
to AC ; and also BD to DC, as B A to AF (2. 6.) ; therefore BA is to 
AC, as BA to AF (11. 5.) ; wherefore AC is equal to AF (9. 5.), and 
the angle AFC equal (0.1.) to the angle ACF:,but the ansle AFC 
is equaJ^to the exterior angle E AD, and the angle ACF to tne alter- 
nate angle CAD ; therefore also BAD is equd to the angle CAD. 
"Wherefore, if the exterior, &c. Q, E, D. 

\ PROP, IV. THEOR. 

The sides . aboat the equal angles of equiangular trian- 
gles are proportionals ; and those whieh are opposite to 




1^ SLEM£NTO 

» 

the equal angles are homologous sides^ that isy are the an« 
tecedents or* consequents of the ratios. 

Let ABC, DCE» be eqaiannilar trianries, having tht an^e ABC 
•qnal to the angle DCS, and tiie angle ACB to the angjie DBC, and 
eonseqaently (32* 1. ) the angle B AC equal to the angle CDE. The 
sides about the eqnai an^es <tf the triangles ABC,DC£ arepropor- 
tionais; and those are. the homologous sides which are opposite to 
the equal an<^es. 

Let tlA triangle .SOS be placed, so that its side CE maj be conti- 
guous to Be, and in the same straight line with it : And because th^ 
angles ABC, ACB are together less than two right angles (l7«i*)|ABC 
and DEC, which is equal to ACB, are al- 
so leM than two right angles : wherefore 
BA,JBD produced shall ai«et (Cor. 39. 1.); 
let them be produced and meet in the 
point F; and because the ana^le ABC is 
equal to the angle DCE, BF is parallel 
(28. 1.) to CD. Again, 4>ecau9e the ao- 

.file ACB isegiial to the angle DEC, AC is 

' parallel to FE (28 1.): Therefore FACD 
18 a parallelof^am ; and consequently AF 
is equal to CD, and AC to FD (34 l.)t 
And beeaose AC is paraliel to FE, one of the sides of the triangis 





VD : DE (2« 6.) ; but FD is eqnal to AC $ therefore B€ 2 CE :: AC 
: DE : and alternatelj, BC : CA :: CE : ED. Therefore, beeaose 
it has been proved that AB : BC :: DC : CE ; and BC : CA ;: CE : 
ED, ex tequali, 6A : A€ : : CD i DE. Therefore the sides, 4t.< 
Q. E. D. 

PROP. T. THEOR. 

If the sides of two triangles^ about each of their anglev 
be proportionals, the triangles shall be equiangular^ and 
have their equal angles opposite to the homologous sides. 

Let the triangles ABC, DEF have their aides proportionals, so that 
AB is*to BC, as DE to EF; and BC to CA, as EF to FD ; and con- 
sequently, ex SMfuali, BA to AC, as ED to DF; the triangle ABC is 
equiangular to the triangle DEF, and their equal angles are opposite 
to the .homologous sides, viz* the an^le ABC being equal to the angle 
DEF, and BCA to £FD, and also BAC to EOF* 
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At th(B points B, F, in the 
straight line £F, tnake (23. 1.) 
the angle FEO eqlial to the an^ 
gle ABC, aqd the anele EFG e- 
qual to BC A, M'herefore the rc- 
moiniag angle BAC is equal to 
the remaining angle EOF (32. 1.), 
and the triaiigle ABC is there- 
fore equiangtlar to the triangle 
GEF; anj consequently th^y 
have their sides opposite to the ' 

lequal angles proportionals (4. 6.)* WherefiMfe, 

AB : BC :: GE : £F$ hut by supposition, 

AB : BC :: DE : EF, therefore, 

DE : EF :: GE : EF. Therefore (11. d.) DB and GB 
hare the same ratio to EF, and eonsequently are equal (9. 5.). For 
the same reason, DF is equal toFG: And because, in we triangles 
DEF, GEF, DB is equal to EG, and BF common, and also the haw 
hf equal to the base GF; therefore the an^e DEF is equal (8. 1.) 
to the angle GEF^ and the other angles to the other angles, which are 
subtended by the equal sides (4. 1.). Wherefore the angle DFB is 
equal to the angle GFB, and EDF to E6F : and heeause the angle 
DEF is equal to the angle GEF, and GEF to the angle ABC ; there- 
fore the angle ABC is equal to the angle DEF : For the same reason, 
the angle ACB is equal to the angle DFB, and the an^e at A to tl^e 
atagle at D. Therefore the triangle ABC is equiangular to the trian* 
gle DBF. Wherefore, if the sides, &e. Q.B.D* 

^1 PROP. VI. THEOR. 

If two tf^angles have one angle of the one e^ual to one 
angle of the other, and the sides about the equal angles 
proportionals, the triangles ishall be equiangular, and shall 
nave those angles equal. which are opposite to the homo* 
logous sides. 

Let the triangles ABC, DEF have the angle BAC in the one equal 
to the angle EDF in the other, and the sides about those angles mo- 
portionals ; that is, B A to.AC, as ED to OF ; the triangles ABC, D JBF 
are equiangular, and have the angle ABC equal to Uie angle DBF, 
andACBtoDFE. 

At the points D, F, is 
the straieht line DF, make . 
(23. 1.) Uie angle FDG e- 
qual to either oC the angles 
BAC, EDF ; and the angle 
DFG eqnal to the angle 
ACB; wherefore (he re- 
maining anj^le at B is equal 
to the remaini]]^ one at G 
(32. 1.), and consequently 

R 
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the trilingle ABC is equian&rulartothetitangleDGF^ aad Aer^fofe 
BA : AC :: GD (4. 6.) : DF. But by hypothesis, 
BA : AC :: ED : DF; and therefore 
ED : DF :: GD ^<ll. 5-) DF; wherefore ED is equal (9. 5.) 
to DG: and DF is cnminoii to tne two triangles EDF^tiDF: there- 
fore the two sides ED, DF are equal to the two sides QD^ DF;J[)ut 
the angle EDF is also equal to the angle GDF ; wherefore the base 
EF is eqnal^to the base FG ^4. 1.)? and the triangle £DF to the tri- 
angle GDF, and the remaining angles to the remaining angles, ea^eh 
to ea:eh, whieh are subtended by the equal sides: Therefore the 
angle DFG is equal to the angle DFE, and the angle at G tathe angle 
at E : But the angle DFG iis equal to the angle ACB; therefore the 
angle ACB is equal the angle DFE,<and the angle BAC is equal to the 
angle EDF (Hyp.) ; wherefore also the remaining angle at B is e^ual 
to the remaitiing angle at E. Therefore the triangle ABC is equian- 
gular to the triangle DEF. Wherefore, if two triangles, &c. Q. £. D. 

PROP. VII. THEOR. 

If two triangles liave one angle of the one equal to One 
^ angle of the other, iand the , sides about two other angles 
proportionals, then^ if each of the remaining angles be 
either less, or not kss^ than a right angle, the triangles^ 
shall be equiangular^ and have those angles^ equal about 
which the sides are proportionals. 

Let th^ two triangles ABC, DEF have one angle in the one equal to 
one angle in the other, viz. the angle BAC to the angle EDF, and the 
sides about two other angles ABC, DEF proportionals, so that AB is 
to BC, as i)E to EF; and, in the first ease, let each of the remaining 
angles at C, F, be less than a right angle. The triangle ABC is equi- 
angular to the triangle DEF, that is, tKe angle ABC is equal to the an- 
gle DEF, and the remaining angle at C to the remaining angle at F. 
For, if the angles ABC, DEF be not equal, one of them is greater 
than the other: Let ABC be the greater, and at the point B, in th^ 
straight line AB, make the -angle 
ABG equal to the angle (23^. i.) 
DEF : and beeause the angle at A 
is equal to the angle at D, iind the 
angle ABG to the ansrle DEF 5 the 
remaining angle AGl^ is equal 
(32. l.)^'to tho remaining angle 
DFE:" Therefore the triangle 
ABG is equiangular to the triangle 
DEF 5 

wherefore (4. 6.), AB : BG !! DE : EP5 but, 
by hypothesis, DE : EF 11 AB : BC, 
therefore, AB : BC :: AB : BG (11. S.} 
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and because AB has tbe same ratio to each of the lines BC^BG; BC 
iseqoal (9. 6.) to BG, and therefore the anele BGC is equal to the*an- 
|^eBCG(6. 1.): But the angle BCG is, by hypothesis, less than a 
ri:rht angle; therefore also the angle BGC is less than a right angle, 
and the adjacent angle AGB must be greater than a right angle (13. i.) , 
But it was proved that the angle AGA is e(]^al to the angle at E; there- 
fore the angle at F is greater than a right angle; But by the hypo the* 
sis, it is^less than a right angle ; whieh is at^surd. . Thereibre the an- 
gles ABC, D .^F are not unequal, t]^at is, they are equal i And the an- 
gle at A is equal to the angle at Dj;. wherefore the remaining angle at 
C is equal to the i^emaining dnde'atF: Therefore the triangle AJ3C 
i^ equiangular to the trim^e DEF. 

^ext, let each of the angles at C, P be not less than a right angle ; 
the triangle ABC is als,o,in thi.scase,equiangiilartothe trianele DEF. 

The same construction being ii|;ia4ey it-may be provedyinUkeman*- 
ner, thai BO is equal to BG 
and the angle at C eqaal to 
the anf^ BGC : But the an* 
^e at C is not less than a 
right angle; therefore the an- 
gle BGC is not less than a 
tight angle : Wherefore, two 
a* tgles of the triangle BGC are 
together not less than two ridit angles, which is imppssible (17. i.) ; 
and therefore the triangle AbC may be proved to.bje equiangula,r to 
the triangle DEF, ai in the first case« 
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PROP. Vra. THEOB. 



In a right angled triangle if a perpendicular be^ drawn 
from the right angle to the basie ; the triangles on each 
sid^ of it are similar to the whole triangle, and to one 
another. 

Let ABC be a right angled triangle, having the right angle BAC ; 
and from the point A let AD be 4rawn perpendicular to the base BC : 
the triangles ABD, ^DC are similar to the whole triangle ABC, and 
to one another. 

Because the angle BAC is equal to the angle ADB^ each of thei^. 
being a right angle, and the angle 
at B eommon to the two triangles 
ABC, ABD *9 the remaining angle 
ACB is equal to the remaining an- 
gle BAD (3^. 1.) : therefore the 
triangle ABC is eouiangular to the 
triangle ABD, ana the sides abmit 
tiieireqoal angles are proportion- 
als (4. 6.) ; wherefore the triangles nre similar (def. 1.6,). In the 
'fike manner) it may be demonstrated, that the triangle ADC is equian^ 
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nlar and siodlar to the triangle ABC : and the trian^agABD, ADC, 
TOin|;eaeh equiaagular and similar to ABC, are eaaian^ular and simi- 
lar to one another, Therefore^ in a right angled, &c. Q. £. D. 

CoR, From this it is manifest, that the perpendicular drawn, from 
the right angle of aright angled-triangle, to the base, is a mean pro* 
portional between the segments of the base; and also that eaeh of the 
ftides is a mean proportional between the base, and its segment adja* 
eent tolhat side. For in the triangles BDA, ADC, 

BD : DA :; DA : DC (4', 6.) ; and in the 
trfangles ABC, BDA, BC : BA::BA : BD (#.6.); and in ths 
triangks ABC, ACD, BC r CA ;: CA : CD (4. 6.). 

-h PROP. IX. PROS. 

From a given striiight lide to cut off any part required, 
that is> a part which ah^Il be conbuned in it a gives pum'> 
bcr of times. 

Let AB ha the g^ven straight line; it is required to eut off from 
AB, a part whioh shall be contained in it a given number of times. 

From the point A draw a straight line AC makiBg any angle with 
AB ; and in AC take any point D, and take AC 
f(ueh that it ahaU contain AD, as oft a9 AB iff to 
contain the part, whieh is to be cut off from it; 
join BC» and draw DE parallel to it : then AB 
IS the part reouired to he eiit off. 

Because ED is parallel to one of the sides 
of the trian^e ABC, viz. to BC, CD : DA :: 
DE : EA (S. 6.) ; and by composition (18. 5.), 
CA : AD :: BA ; A£ ; But CA is a multiplo 
of AD$ therefore (C^ 0.) BA is the same 
multiple of AE, or contains AE the same num- 
ber of tinies that AC contains AD ; and there- 
fore, whatever nart AD is of AC, AE is the same of AB \ wherefore, 
from the straigBt line AB the part required is cot off. Which was to 
be done. 

« 

PROP. XV PROB- 

^ To divide a given straight line similarly to a given 
divided straight line, that is^ into parts that shall have the 
same ratios to one another which the parts of the divided 
given straight line have. 

Let ABbe the straight lint 0Yentobedivided,«ndACthediTided 
line ; it is required to divide AB similarly to AC 

Let AC be divided into the ppintsD, £ ; and let AB, AC be plaeed 
so as to contain any anrie, ajia Join BC, and through the points D, !<, 
draw (8i. i.) DF, E0, paraUel to BC; ^d throiurh D A-aif imiS^ 
jyarallel to AB ; therefore each of the figures F^^ ^B, is % parallelflr 
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Sram: wherefbre Dil is .<emial (34. lO te 
'O, and HK to .OB: anil beeause H£« is 
parallel to KC, one of the aides of the tri- 
angleDKCCB; ED ;: («. 6.) RH : HD s 
But KH»BG, and HDsaOF; therefore 
CE ;. ED :: BO : GF : Again, beeause 
FD is paraJlel to £0, one of the sides of 
the trian^e AGE, ED : DA : OF : FA : 
But it has been proved that CE : ED H 
BQ : GF; therefore the given straight line 
AB is dividedsimilarly to AC. Which wai^ 
to be doue* . • 

f PROP. XL PROB- 
To find a third proportional to two given straight lines. 

Let AB9 AC be the two given straight lines^ and let them be plaeed 
so as to eontain any angle; it is requir- 
ed to find a third proportional to AB 

Produce AB» AC to the points D, E ; 
and make BD pipial to AC ; and haviue 
joined fiC, through D draw DE parallel 
toit(31.1-). 

Beeause BC is parallel to DE, a side 
of the triangle ADE, AB : (2. 6.) BD :: 
AC i CE; but BEs:AC : therefore AB : 

AC::AC;CE. Wherefore to the two ^«. • , xxr^- x. 

given straight lines AB, AC athird proportional^CEisfo|ind. Whicl^ 

was to be done. 

4 PROP. XII. PBOB. . . 

To find a fourth proportional to three given strwght hnes. 

^et A, B, C be the three given stnug^t lines ; it i» required to find 

afonrthproportional to A,B,C. _.._ , 

' Take two rtraight lines DE, DPj eontwning any angk U-DF j and 

Bpon these makel)0 equal to A, GB equal to^Jiid D" equal to Lj 

apd haviBg joined GH, draw EF parallel (31. 1.) to it through the 
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font fiL And because GH is naralld to EF, one of the sides of the 
triangle DEF, DG : GE :: DH : HF (2. 6.) 5 but DG=:sA, GE=»B, 
and DH=sC; and therefore A : B :; C : HF. Wherefore to the three 
jBTen straight lines, A, B, C, a fourth proportional HF is founds 
vVhich was to be done. 

^ PROP. Xm. PROB. 

To find a mean proportional between two given straight 

lines. 

Let AB, BC be the two given straight lines ; it is required to find a 
■lean proportional between them. 

Plaee AB, BC in a straight line, and upon AC describe the semicir- 
cle ADC, and from the point B 
(ii. 1.) draw BD at risht angles 
toAC, and join AD,DC. 

Because the angle ADC in'a se- 
micircle is a right angle (31. 3.) 
and because in the right aneled 
triangle ADC, DB is drawn from 
the right angle, perpendicular to 
the base, DB is a mean propor- 
tional between AB, BC, the segments of the base (Cor. 8. 6.)^ there? 
fore between the two giveii straight lines AB^ BC, a mean proportion* 
a! DB is found. Which was to be done. 

• PROP. XIV. THEOR. 

Ec^ual parallelograms which have one angle of the one 
equal to one angle of the pther^ have their sides about the 
equal angles reciprocally proportional*: And parallelo- 
grams which liave one angle of the one equal to one an* 
gle of the other^ and their sides about the equal angles re- 
ciprocally proportional^ are equal to one another. 

Let AB, BC be^ equal paralle- 
lograms, whieh have the ans^les 
at^ equal, and let the sides DB, 
BE be placed in the same straight 
Bne; wherefore also FB, BO 
are in one straight line (l^. 1.) : 
the sides of the paralleiograms 
AB, BC, about the equaJ angles, 
are reciprocally, proportional; 
that is, DB is to BE, as GB to 
BF. 

Complete the parallelogram FE; andbecanse theparallelograras 
AB, BC are eqiral, and FE is another parallelogram. 

• . AB:FB::BC;FE(7.0.): 



I 
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kit because the parallelogranu AB, FE have tlie tamaaltilode. 

AB : FlE :: DB : BE (*. 60, also, 
BC : PE :: GB : BP (i. 6.); therefore 
DB 2 BE :: GB : BF (li. 5.). Wherefore, the sides 
of the parallelograms AB, BC about their equal angles are reeipio- 
ealfy proportional. 

But, let the sides about the^ equal anc^Ies be reeipi«eally propor- 
tional, viz. as DB to BE, so GB to BFj the parallelosram AB is 
equal to the paralielogram BC. 

Because, DB : BE :: GB f BF, and DB : BE :: AB : FE, and 
GB : BF :: BC : EP, therfcfcye, AB : FE .*: BC : -FE (li! s.)i 
Wherefore the parallelogram AB is equal (9. 5.) to the paralieloeraa 
BC. Therefore equal parallelograms, &c. Q.E. D. 

PROP. XV. THEOR. 

Equal triangles which have one angle of the one equal 
to one angte of the other have their sides about the equal 
angles reciprocally proportional : And twangtes which 
have one angle in the one equal to one angle in the otber^ 
and their sides about the equal angles recipn)ca]ly pro- 
portional^ are equal to one another. 

Let ABC, ADE be equal 
triangles, whieh have the an- 
gle BAC eqi^al to the angle 
DAE; the sides about the 
equal angles of the triangles 
are reeiproeallj proportion- 
al ; that isy C A is to AD, as 
BA to AB. 

Let the triangles be plac- 
ed so that their sides CA, 
AD be in one straii^ht line ; 
wherefore also EA and AB 
are in one strai^^ht line (14. ^ 

1.) ; join BD. Because the triande ABC is equal to the triangle 
ADE, and ABD is another triangle; therefore, triaftscle CAB: trian^ 
g]e B AD :: triangle EAD : triangle BAD ; but CAB : BAD :: CA • 
AD and EAD : BAD :; EA : AB; therefore CA : AD :: EA : AB 
(11. 5.), wherefore the sides of the triangles ABC, AJ>£ about the 
equal angles are reeiproeally proportional. 

But let the sides of the triangles ABC, ADE, about iKe equal an- 
gles be reciprocally proportional, viz. C A to AD, as EA to AB : the 
triangle ABC is equal to the triangle ADE. 

Having joined BD as before; because CA : AD : : EA j AB; and 
sinee CA : AD : ; triangle ABC : triangle BAD (i. e.); and also 
EA : AB : : triangle EAD : triangle BAD (11. 5.) ; therefore, Irian* 
gle ABC : triangle BAD : : triangle EAD : triangle BAD ; that ts> 
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the irianglef ABC)EA1> bate the same ratio to the trianftle BAB, 
wherefore the triangle ABC is equal (9. 5.) to the triangle EAD. 
Therefore equal triangles, ^c. Q. £. J^. 

PROP. XVI. THEOR. 

If foiTT Straight lines be proportionals^ the rectangle 
contained by the extremes is equal to the rectangle con- 
tained by the means ; And if the rectangle contained by 
the extremes be equal to the rectangle contained by meaiis^ 
the four straight lines are proportionals*^ 

Let the four itraigjbt Koes, AB, CD, Ev F beproportionala, viz. as 
AB to CD, 80 E to F; the rectangle conuined by AB, F is eqiial to 
the rectangle contained by CD, £• 

From the points A, C draw (ll.<.) AG, CH at rigMangl^ to AB, 
CD ; and make AG equal to F, and CU equal to E, and etynplete the 
parallelograms BG, DH. Because AB : CD JI E : F ; and aince 
EteCH, and F«AG, AB : CD (7. 5.) :: CH t AG: therefore the 
aides of the paralletograms BG^ Dil aboot the equal angles are reci- 
procally proportional ; but parallelogrants which have their sides aboot 
equal angles reciprocally proportional, are equal to one another 

il4w 6.) ; therefore the parallelogram BG la equal to the parallelogram 
IH : and the parallelogram BG is » 

contained by the straight lines AB, ^ '' ^ h[ 1 

. F ; because AG is equal to F; and 
the paraAelogram DH is contained 
by CD and £, because Ctl is equal 
to £ : therefore the rectangle con* 
tained by the straight rines AB, F 
is equal to that wUcfa is contained 
by CD and E. 

And If the rectangle i*^ntained 
. by the straight lines AB,F be equal to that which is contained by CD, 
E ; these four lines are proportionals, tiz. AB is to CD, as E to F. 

The same construction being made, beicause the rectangle contain* 
ed by the straight lines AB, P is equal to that which is contained by 
CD, E,and the rectangle BG is contained by AB, F, because AG is 
equal to F ; and the rectangle DH, by CD, E, because CH is equal to 
E| therefore the parallelogram BG is equal to the parallelogram DH 
and they are equiangular t but the sides about the equal angles of 
equal parallelosrams are reciprocally proportional (14. e.J: where^- 
fbie AB : CD :: CH : AG; but CH»E, and AG«F, therefore AB : 
CD::E:F. Wherefore, if four, &c. Q.E.D. 
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PROP. XVn. THEOB. 

If three straight lines be proportionals^ the rectangle 
contained by the extremes is equal to the square of the 
mean : And if the rectangle contained by the extremes be 
equal to the square of the mean^ the three straight lines 
are proportionals. 

Let the three straight lines A, B, C be proMiticuialByTiz. as A to 
B9 «• B to C$ the rectangle eon tamed by A, C is eqaal to the sqoaro 
ofB. V ^ ^ 

Take Oequal toB: and because as A to B^ so B to C, and that B 

is equal to D; A is (7. d.) to B, as D to C : but if four straight lines 

, be proportionals, the rectangle contained by the extremes is equal to 

that which is contained by the means (16. 6.)s A 

therefore the reetauglo A.C ==> the reetan- p 
gle B.D; but the rectangle B.D is equal to 



the square of B, because BaD ; therefore f; 
the rectangle A.C is equal to t]ie square of B. ^ 



And if the rectangle contained by A* C be equal to the square of 
B;A:B::B:C. 

The same e«nstruction being mafle, because the rectanfi^le contain- 
ed by A, C is equal to the square of B9 and the square of B is equal to 
the rectangle contained by B, D, because B is ^ual to D; therefore 
the rectangle contained 1^ A, C is equal to that contained by B, D; 
but if the rectangle contained hj the extremes be equal to that eon^ 
tained by the means, the four straight lines are proportionals (i6.6.) : 
therefore A : B :: D : C, but B»D$ wherefore A : B : : B : C : 
Therefbre, if three straight lines, 8cc« Q.E. D. • 

PROP. XVin. PROB. 

upon a given straight line to describe a rectilineal figort 
similar, and similarly situated to a given rectilineal figure. 

Let ABbe the given straight line, and CDEFthe ^venreetilineal 
.figure of four sides; it is required upon the giTen straight line AB to 
describe a rectilineal figure similar, and similarfy situated to CDBF. 

Join DF, and at the points A, B in the straight line AB,make (iS8. t •) 
the angle BAG equal to the an^e at C, and the ande AB8 equal to 
the angle CDF$ therefore the remaining an^e CFD ise«iaJ to thtf 
remaining angle AGB {B2. 1.) : wherefore the triaDrie.FC&ilej«i« 
angular to the triangle OAB : Again, at the points G,B in the strai^t 
line GB make (23. 1.) the anf^e BGH equal to the an^e DFS, awp 
the angle GBH %qual to FDE ; therefore the remaining angle FED m 
equal to the remaining angle GHB,and the triangle FDE tofomffsw 
to the triangle GBH: tl^n, because the angle AGB is «!^ia1 tp tlie 
angle C¥D. and BGH to DF£, the whole angle AGH is ^V^tl to tto 

S 
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ivhole CFE : for the saiQ^ reasoiiy the angle ABH is eqaal to the an* 
ele CDE ; also the ancle at A is equal to the angle at C| and the anr 
gle GHB to FED : Therefore the rectilineal fignre ABBG is equi- 
angular to CDEFr but likewise these figures have their sides about 
the equal angles proportionals : for the triangles GAB^ FCD being 

equiangular, 

BA : AG : ; DC : CF (4. 6.) ; for the same reason^ 

AG : GB : : CF : FD ; and beeause of the equi- 
angular triangles BGH,DFE,GB : GH : : FD : FE; therefore, 

ex sequali {22. 5.) AG : GH : : CF : FE,. 
Id the sanie manneryit may be proved, that 

AB:BH::CD:DE. Also (4. 6.)^ 
GH : HB : : FE : ED. Wherefore, because the 
rectilineal fleures ABHG, CDEF are equiangular, and have their 
sides about the equal angles proportionals, they are similar to one 
another (def. 1.6^)* 

Next, Let it be required to describe upon a given straight line AB, 
a rectilineal fignre similar, and similarly situated to the rectilineal 
£gure CDKEF. 

Join DE, and upon the given straight line AB describe the rectili- 
neal figure ABHG similar, and similarly situated, to the quadrilateral 
figure C DEF, by the former ease ; and at the points B, H in the strai^ 
line BH, make the angle HBL equal to the angle EDK, and the angle 
BHL equal to the angle DEK ; therefore Uie remaining angle at K is 
equal to the remaining angle at L; and because tlie figures ABHG, 
CJDBF are* similar, the angle GHB is equal to the an^le FED, and 
BHLis equal to DEK ; wherefore the whole angle GHL is equal to 
the whole angle FEK; for the same reason the angle ABL is equal 
to themgle C OR : therefore the five-sided figures AGHLB, CFKKD 
are equiangular; and beeause the figures AGHB, CFED are similar, 
GH ii to HB as FE to ED ; atad as HB to HL, so is ED to ER (4. 9.) ; 
th^relbre, ex sequali (22. 9,), GH is to HL, as FE to EK: for the 
saline reason, AB is to 6L, as CD to DK : and BL is to LB, as (4. 6.) 
DR to RE, because the triangles BLH, DRE are equtaiigu lar : there- 
fore, because the five-sided figures AGHLB, CFEKD are equiangular^. 
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and have their sides about the equal angles proportionals^ they are 
similar to one another: and in the same flianner a reetilineal figure of 
SIX) or more, sides may be described upon a ^ren straight line similar ' 
to one given, and so on. Which was to be done. 



^ 



PROP. XIX. THEOR. 




Similar triangles are to one another in the duplicate ratio 

of their homologous sides. 

Let ABCy DEF bo simi- 
lar triangles, having the an- 
gle B equal to the angle E, 
and let AB be to BC, as 
BE to EF, so that the side 
BC is homologous to £F 
(def. 13. 0.): the triangle 
ABC hat to the trian^ 
DKF, the duplicate ratio 
of that which BC has to 
EF. 
Take BG a third proportional to BC andEF (11. e.^orsuehthat 
BC : EF : : EF : BG, and join 6A. Then because 
AB : BC : : DE : EF, alternately (16. sX 
AB:DE::BC:EFjbnt 
BC : EF : : EF : BO; therefore (11. 5.) 
AB : DE : : EF : BG : wherefore the sides of the 
triangles ABG,DEF, which are about the equal angles, are recipro- 
cally proportional : but triangles^ which have the sides about two 
equal angles reeiprocally 
proportional, are equal to 
one another (15. 6.): there* 
fore the triangle ABG is e- 
qual to the tnangle DEF; 
and because that BC is to 
EF, as EF to BG; and that 
if three straight lines be 
proportionals, the first has b 
to the Uiird the duplicate 
ratio of that which it has to the second; BC therefore has to BG the 
duplicate rado of that which BC has to EF. But as BC fo BG, so i« 

il. 6.) the triangle ABC to the triangle ABG: therefore the triangle 
^BC has to the triangle ABG the duplie^e ratio of that which BC 
has to EF : and the triangle ABG ig equd to the triangle DEF; where^ 
fpre also the triangle ABC has to the triangle DEF the duplieato 
ratio of that whieb BC hat to EF. Therefore, *simUar triangle^ 
&e. Q. E.D. 
€oa. From this it is manifest^ that if three straight lines be pro*^ 
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portiottals, ms the Snt is to the thirds 9b U aiiy tridttf^ «|Nm ^ bii^ 
to a similar) and •imilarlj described triangle upon the seeoiid* 

PROP. XX. THBOR. 

Similar polygon^ may be divided into the same number 
of similar triangles^ having the same ratio to one another 
that the polygons have ; and the polygons havd to om 
another the dupUeate ratio of that which t^eir homologous 
sides have. 

Let ABCDB, FOHKL be similar pblygons, and let AB be tlfe 
homologoos side to FO : the polygons ABCDE, FGHKL maT be di- 
vided into the same iramber of similar triangles, whereof eaen has to 
eaeh the same ratio whieh thepobrgons have; and the polygcm 
ABCDE has to the poly|;on FGilKL a ratio duplieate of that whieh 
t&e side AB has to the side FG. 

Join BE, EC, GL, IM*. and beeaose the jpoljgon AB€))fiS is simi- 
lar to the polygon FGHKJU the ancle B AE is equal to the angle GFL 
(def. i. 6.), and BA : AE : : GF: FL (def. i. 6.) : wherdbre, be- 
cause the triangles ABE^ FQL have an angle in one eqoal to an an- 
gle in the other, and their sides about these equal angles prdpdrlion- 
als, the trian^ ABE is equiangular (6. 6.), and therefore similar, to 
the triandle FGL (4. 6.) : whereibre the angle ABE is eaual to the 

31e FGL: and, beeause the polygons are similar, the wnole angle 
C is equal (def. !• 5.) to the whole an^le FGH$ dierefore the re* 
maining an^Ie EBC is equal to the remaining angle LGH: now 'be- 
eause the tntangles ABE, FGL are similar, 

EB : BA : : LG : GF; aUdl also beeause 
the polygons are similar, AB : BC : : FG : GH (def. i. 6.); tlierii- 
fore, ex sequali {22. d.) ; EB : BC : : LG : : GH; that is, the sides 
about the equal angles EBC, LGH are proportionals $ therefore 




(6^ 6.) thfe triangle EBC is equiangular to the triangle LGH, and 
similar to it (4.*6.)* For the same reason, the triangle ECD is ^like- 
wise similar to the triangle LHK; therefore the similar pofygoYis 
ABCD£| FGHKL are divided into the same number of similar frt- 
aflglet. 
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AbddMie tritiiigles baV0»elu;h to hlA^ Hiit wmt ratio wUdi Ike 
polycoBs have to one another, the anteeedents being ABE, EBC, 
ECU, and the eonseqaentg JB'GL, I<GH, LUK; and the polyeon 
ABODE has to the polygon FGHKL the doplieate ratio of tlMt 
whidi the side AB haa to the homologovt side FG. 

Beeanse the triangle ABE is siaular to the trian^e FGL, ABE has 
to POL the duplicate ratio (10. 6.) of that whieh the side BE haft to 
the side 6L: for the same reason, the triangle BEG has toGLHtha 
dapKeate i«tio of that whieh BE has to OL: therefore, as the trian- 
gle ABE to the trian^e FGL, so (ii. 0.) is the triangle BEG tvthe 
triangle GLH. Again, because the triangle EEC is similar to the 
triangle LGH, EBu has to LGH the duplieate ratio of that which the 
aide EC has to the side LH : for the same reason, the trianele'ECD 
has to the triangle LHK, the duplicate ratio of that which EC has to 
LH : therefore, as the trian^ EBC to the triangle LGH, so is (11. 0.) 
the triangle ECD to the triangle LHK: but it has been proved, that 
th^ triangle EBC is likewise to the triangle LGH, as fke triaiorie 
ABE to the triangle FGL. Therefore, as the triangle ABE is to Ae 
triangle FGL, so is the triam^ EBC to tin triangle LGH, and the 
triangle BCD to the triangle LHK: and therefore, as one of the .^ 
ante^ents to one of the eonseqnents, so are aU the anteoedents to . ''v 
all the eoMeqnenls (1^ 0.). Wherefore, as the triaag^ABS to dio i 
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triangle FGL, so is the polygon ABCDE to the^ly^n FGHKL: 
luit the ^iangle ABE has to the triangle FGL, tWHuplicate ratio of 
that which the side AB has to the homologous siddjPG. Therefbre 
also the polygon ABCDE has to the polygon FGH&^jfte duplicate 
ratio of that whieh AB has to the homologous sideFi§^ Wherrfore 
sitaiilar polygons, &c. Q. £. D. 

Con. U. In like manner it majr be proved, that similar figures of 
four sides, or of any number of sides, are one to another, in the dupli- 
cate ratio of their hotnologons sides; and the same has already been 
pr^ed of triangles: therdbre, universally similar reetilineal figures 
are to one aaotnee, in the dnpUeate ratio of their homologous sides. 

Cor. 2. And if to AB, FG, two of the bomolesous sides, a third 
proportional M he taken, ABhas (def. 11. 1(.) to M the duplieate ra* 
Ho of that whieh AB has tol^: mit the Ibur-si&d figure, or poly- 
gon, upon AB has to the fonr'^sidedAgnie, or polygon, upon FG we* 
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wife Ac dttflieate ntio of tktt whiob AB has to FO: llieitfore, at 
jLh ift to M, 80 is the figure upon AB to the ^jg^rt upon FG, whieb 
was also oroved in trian^s (Cor. 10* 6.)* Therefore, universally) 
k is manifest, that if three straight lines be proportionals, as the first 
is to the third, so is any reetilineal figure upon the first, to a sioiilart 
and similaiiy deseribed reetilin^ figure upon the seeond. 

CoR. 8» Because all squares are similar figures, the ratio of any two 
squares to one another is the same with the duplicate ratio of their 
sides ; and hence, also, any two similar rectilineal figures are to one 
another as the squares of their homologous sides* 

PROP. XXI. THBOR. 

Rectilineal figures which are similar to the same rectili* 
neal figure, are also similar to one another* 

Let eaeh of the rectiKaeal fisures A, B be similar to the reatilineal 
figure C : The figure A is sintflar to the figure B. 
^ Because A is similar to Cythey are equiangular, and also have their 
mdes about the equal angles proportionals (defr 1.6.). A^n,beeaose 
B is similar to C, the^ are equiangular, and have their sides about the 
equal angles proportionals (def. i. 6.) : therefore the figures A^ B» 





are eaeh ef them equiangular to C, and have the sides about the 
equal angles of each of them, and of C, prcmortionals. Wherefoi^ 
the rectilineal .O^res A and B are equiangular (1- Ax. 1.), and have 
their sides about the equal angles proportionals (ll. 5.). Therefore 
A is similar (def. i. 6.) to R^ Q» E. D. 

PROP. XXII. THEOR. 

If four straight lines be proportionals, the similar recti- 
lineal figures similarly described upon them shall also be 
proportionals ; and if the similar rectilineal figures simi- 
larly describ^ upon four straight lines be propwtionals^ 
those straight lines shall be proportionals. 

Let the four straight Ibes, AB, CD, EF, GH be proportionals, viz. 
AB to CD, as £F to OH, and upon AB, CD let the similar ncetilineal 
figures KAB, LCD be similany deseribed $ and upon EF^ OH the 
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mmilar reetiUneal fte^nres MF, NH, in like manners the rectilineal 
figure KAB is to LdD, as MF to NH. 

To AB^ CD take a third prbportional(11.6.)X; and to £F, QH, 
a third proportional O: and because 

AB : CD :: EF : GH, and 
• €D:X: :GH : (ii.5.)0,eiL6equaH(2^.d.) 
AB : X : : £F : O. But 
AB : X (2. Cor. 20. 6.) : : KAB : LCD: and 
£F ; ; : (2. Cor. 20. 6.) MF : NH; therefom 
KAB : LCD (2. Cor. 20. 6.) : : MF : NH. 

And if the figure KAB be to the figure LCD, as the fignre MF t0 
the figure NH, AB is to CD, as EF to GH. 

Make (12. 6.) as AB to CD, so EF to PR, and upon FR deseril)« 
(18. 6.) the rectilineal figure SB similar, and similarly sitaated to ei« 
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ther of the figures HF» NH : then, because that as AB to CD, so ia 
EF, to PR, and upon AB, CD are described the similar and similarly 
situated rectilineals KAB, LCD, and upon EF, PR,ln like manner, 
the similar rectilineals MF, SR ; KAB is to LCD, as MF to SR; but 
bjr the bjpolhesis, KAB is to LCD, as MF to NH; and therefore the 
rectilineal MF having the same ratio to each of the twoNH, 8R, these 
two are eqoal (9. 5.) to one another: they are also similar, and simi- 
larly situated; therefore GH is equal to PR: and because as AB te 
CD, so is EF to PR, and because PR is equal to GH, AB is to CD, as 
EFtoGH. Iftberefore four straight ilnes>&c. Q. £. D« 

* • 

-^j PROP. XXIII. THEOR, 

Equiangular parallelograms have to one another the ratio 
which is compounded of the ratios of their sides. 

Let AC, CF be equiangular parallelograms having the angTe BCD 
equal to the auf^le ECG; the ratio of the parallelogram AC to tht; 
parallelogram CF is the same mih the ratio which is compounded^ 
the ratios of their sides. 
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hei BC, GO be placed in a straight line ; thereFore DC and CB 
also in a straight, line (14. ].)| complete the parallelognmi D6$ and, 
Uking any struf ht line K, make ( I2.*6.) as BC to CG, so R to L; 
anH as DC toCE, so make (12. 6.) L to M: therefore the ratios ofK/ 
to L', and L to M, are the same with the ratios of the sides, viz* of 
BC to CO, and of DC to C£. But the ratio of K to liT is that which 
is said to be comfiounded (def. 10. 5.) of the ratios of K to L> and h 
to M ; wherefore also K has to M the 
ratio eompoonded of the ratios of the ^ 
sides of the parallelograms. Now 
because as BC to CO^ so is the pars! 
lelpgram AC to the parallelogranfi CH 
(I. 6.)$ and as BC to CO, so Is K 
to L; therefore K is (11. 5.) to L, 
as the parallelogram AC to the pa- 
ralleloprram CH: again, because as 
DC to CE, so is the parallelogram CH 
to the parallelogram CF: and as'DC 
to CE, so is L to M; therefore L is 
(11. 5.) to M, as the; parallelogram 
CH to the parallelogrism CF: there- 
fofft, since it has been proved, that as K toLy aois the parallelogram 
AC to the parallelogram CB ; and as L to M, so the parallelogram 
CH to the parallelogram CF; ex sequali (22. 5,), K is to M, as the 
parallelogram AC to the parallelogram CF ; but % has to M the ratio 
which is compounded of the ratios of the sides | therefore also the 
parallelogram AC has to the paralleliw«m CF the ratio which is 
«omfK>unded of the ratios of the sides. Wherefore . equiangular na- 
rallelogram9> &c. Q. E. D. ^ 
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PROP. XXIV. THEOR. 



The parallelograms about the diameter of any paFallelo- 
gram, are similar to the whole, and to one another. 

Let ABCD be a parallelogram, of which the diameter is AC ; and 
E6,HK the parallelograms about the diameter: the parallelf^rams 
EOyHK are similar, both to the whole parallelogram ABCD, and 
to one another. 

Because DC, OF are parallels, the angle ADC is equal (29. i.) to 
the angle AGF: for the same reason, because BC» £F are parallels, 
the angle ABC is equal to the angle AEF: and each of the angfea 
BCD, EFO 13 equal to the opposite angle DAB (34. l.)» and therefore 
are equal to one another, wherefore the parallelograms ABCD, AEFO 
are equiangdar. And because the angle ABC is equal to (he aogl« 
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AEF9 and the angle BAG eommvn to the 
two triangles B AC, EAF, they are equian? 

filar to one another; therefore (4. 6.) as 
B to BC^ 80 is AE ti £F; and heeanse 
the opposite sides of papalleloerams are 
6qual to one another (34 1.), AB is (7. 5.) 
to ADy as AE to AG; and DC to CB, as 
GF to FE; and also CD to DA, as FGto 
GA ; therefore the sides of the parallelo- 
grams ABCD, AEFG about the eqnal an- 
gles are proportionals ; and they are therefore nmilartoone another 
(def. 1. 6.) : for the same reason the parallelogram ABCD is similar 
to thenarallelo^ram FHCK. Wherefore eaeh of the paraUdoffraaty 
GE.KH is similar to DB: but rectilineal figures whieh ai^ similar 
to the same rectilineal figure, are also similar to one another (21. 6.); 
therefore the parallelogram GE is similar to KH. Wherefore the 
parallelograms, &c. Q. E^ D. 

PROP. XXV. PROB. 

To describe a rectilineal figure which shall be similar to 
one, and equal to another given rectilineal figure. 

Let ABC be the given rectilineal figure, to whieh the figure to h6 
desenbed is required to be similar, and D that to which it must fie 
equal. Jt is required to describe a rectilineal figure similar to ABC^ 
and equal ta D. 

Upon the straight line BC describe (eor.45. 1.) the parallelogram BE 
equal to tile figure ABC 5 also upon CBdescribe|cor.40. i.) thejparalle- 
loCTam CM equal to D, and having the angle FCB equal to the angle 

VS J ^»^®™ ^^ *"^ ^^ ^^^ ina straight line (29. 1. 14. 1.), as also 
I.K and EM; between BC and CF find (13. 6.) a mean proportional 
»H, and upon GH describe (18. ft.) the reeUlineal figure KGHsimi- 





lar, and similarlT situated, to the %iire ABC And beeattse BC id to 
OH as GH to CfVaad if three straight lines be proportionals, as the first 
i« to the third, so is {^ Cor. ^f 6.) the figUfe vpoii the Sni to thft li^ 
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milar and similarly deseribed figure opon the seeond; therefore ai 
BC to CF, so is the fisrure ABC to the figure KGH : hut as BC to CF, 
so is (1. 6.) the parallelogram BE to the parallelogram EF : therefore 
as the figure ABC is to the figure KGH, so is tke parallelogram BE to 
the parallelogram EF (11. 5.) : but the reetiliDeal figure ABC i? 
equal to the parallelogram BE ; therefore the reetilineal figure KGH 
is equal (14. 0.) to the parallelogram EF: but EF is equal to the fi- 
giir^D ; wherefore also KGH is equal to D ; and it is similar to \BC. 
Therefore the rectilineal figure KGH has been described similar to 
the figure ABC, and equal to D. Which was to be done. 

PROP. XXVL THEOB. 

If two similar parallelograms have a common angle, and be 
similarly situated^ they are about the same diameter.. 

Let (he parallelograms ABCD9AEFG be similar andsimilarlysitu*^ 
ated, and have the angle DAB common : ABCD and AEFu are 
about the same diameter. « 

For, if not) let, if possible^ the paralle- 
logramBD have its diameter A HC in a dif- 
ferent straight line from AF, the diameter 
of the parallelogram EG and let GFrneetx 
AHCT in H ; and through H draw HK pa- ^ 
Vallel to AD or BC; therefore the paral- 
lelograms ABCD, AKHG being about the 
'same diameter, are similar to one another 

(24. 6.): wherefore, as DA to AB, so is 
def. 1. 6.) GA to AK; but because ABCD 
and AEPG are similar parallelograms, as DA is(to AB, so is GA ta 
AE ; therefore (11. 5.) as GA to AE, so GA to AK; wherefore GA 
has the same ratio to each of the straight lines AE, AK; and conse- 
quently AK is equal (9. 5.) to AE, the less to the greater, which ifi 
impossible; therefore ABCD* and AKHG are not about the same 
diameter^ wherefore ABCD and AEFG must he about the same dia- 
meter. Therefore, if two similar, &c. Q. E. D. 
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PROP. XX Vn. THEOB. 



Of all the rectangles contained by the segments of a 
given straight line, the greatest is the square which is de- 
scribed on half the line. 

» 

Let AB be a given straight line, which is bisected in C ; and let D 

he any point in it, the square on AC is . ■ ■ ; — |- 

greater than the rectangle AD, DB. ^ C D B 

Fori since the straight line AB is divided in two eqiial parta in C, 
and into two unequal parts in D, the rectangle contained by AD and 
DB^ together with the square of CD, is equal to the square of AC 
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0. 2X The square ef AC is therefore greater than the reetangl« 
D.I|B. Therefore, &c. Q. £. D. 

PROP. XXVin. PROB. 




To divide a given straight line, so that th^ rectangle 
contained by its segments may ^e equal to a given space ; 
but that space must not be greater than the square of half 
the given line. 

Let AB be the ^ven straight line, and let the sqvare upon the 
given straight line C be the spaee to whieh the rectangle contained 
by the segments of AB must be equal, and this square, by the deter« 
mination, is not greater than that upon half the straight line AB. 

Bisect AB in D, and if the square upon AD be equal to the square 
upon C, the thing required is done : But if it be not equal to it, AD 
must be greater than C, according 
to the determination : Draw D£ at 
right angles to AB, and make it e- 

Sial to G; produce ED to F, so 
at ^F be equal to AD or DB,and 
from the centre E, at the distance 
£F, describe a circle meeting AB 
in G. Join EG; and because AB 
is divided equally in D, and une- 
qually in G, AG.GB+DG«=(5- 2.) DB»aEG». But (47. i.) 
ED»+DO«»EG«; therefore AG.GB+DG^»ED'>+DGS and .tak- 
ing away DG<, AG.GB^ED'^. Now EDsC, therefore the rectan- 
gle A6.GB is equal to the square of C : and the given line AB is 
divided in G, so that the rectangle contained by the segments AG, 
OB is equal to the squ^e upon the giyen stn^ight line C. Which 
ivas %o be done. 

PROP. XXIX. PROB. / 

• ■ 

To produce a given straight line^ so that the rectangle 
contained by the segments between the extremities of the 
given line, and the point to which it is produced^ may be 
equal to a given space. 

Let AB be the given straight line, and let the square upon the 
given straight line G he the space to which the rectangle under the 
segments of AB produced, must be equal. 

Bisect AB in D, and draw BE at nght angles to it, so that BE be 
equal to C ; and having joined D£, from the centre D at the distance 
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DE deieribe %eireIe«iMdng ABpro- 
Aieed in G* And beeante AB is 
biseeted in D, and prodoeed to Q, 
(•. S.) AO.OB+J>B>:arDO*»DE>. 

Bat {4ff. 1.) DB«»>DB«+BES 
therefore AO.OB + DB* i« DB* + 
B£' and Aa6B«»BE'. Now, BE 

■•C $ wherefore the straight line AB 

it prodneed to O, so that the reetan- ^ 

gm eoMtained by the segments AG^ 
B of the line prodneed, is eqnal to the square of C. Whieh was to 
be done. 
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PROP. XXX. PROB. 



To cut a given straight Ifne in extreme and mean ratio.' 

9 

Let AB be the giren straight line; it is required to cut it in ex- 
trene and mean ratio. 

Upon AB deseribe (46. l.^ the square BC, and produce CA to J^ 
so that the reetaa^ CID.DA may be equal to the square CB (29. 6.). 
Tako AE eqnal to AD9 asd eomnlete the rectangle DF under UC and 
AE, or under DC and DA. Then, because 
the rectangle CD.DA is equal to the square 
CB, the rectangle DF is e^al to CB. Take 
away the common part CE tnm ea4l, and 
the remainder FB is equal to the remainder 
DE. But FB is the reetan^e contained by 
FE and EB, that is, byAB and BE ; and Dfi 
is the square upon AE$ therefore AE is a 
mean proportional between AB and BE (17. 
•.), or AB is to AE as AB to EB. But AB 
is greater than AB ; wherefore AE is great* 
er than BB (14. 5.) : Therefore the straight 
line AB is cut in extreme and mean ratio in 
E (def. 8. 6.). Which waste be done. . 

Odierwise: 

Let AB be the given straight line; it is required to eut it in ex- 
treme and mean ratio. 
' Divide AB in tike point C, so that the rectangle contained by AB, 

BC be eqnal to the square of AC (11. 2.) i ■ ■ 

Then because the rectanj^le AB BC is equal A (0 B 

fo the square of AC, as BA to AC, sots AC 
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to CB (17. 6.); Therefore AB b eat in extreaie and nieaii ralM in 
C (def. 8. 6.}. Wbieh was to be*doiie. 

^1 PROP. XXXI> THEOR. "^ 

In right angled triangles^ the rectilineal figure At* 
bribed upon the side opposite to the right angle^ is equal 
to the similar^ and similarly described figures upon the' 
sides containing the right angle. 



Let ABC be a rigU angled triangle, having the right angle BAC : 
The reetilineal figure desenbed npon BG is equal to theuidRr, and 
simiiarljdteseribcd figares^ipon BA, AC. 

Draw the perpeHdielilar AD; therefore, because in a right a^- 
g^ed triangle A&C, AD is drawn from the right an^e at ^beq 
onlair to the base BC, the trianyks ABD, ADC are similar 

whole triangle ABC, and to one another (8. S.), and beeanse t^ 

anrie ABC is similar to ADB^as CB to BA,i(o i9 BA toBD<^.}$ 
ana because these three straight lines are proportionals, as the first to 
tiie third, so is the %ure upon the first to the similar, and similarly 
described figure upon the second (3. Cor. 20. 6.) : Therefore, as CB (• 
BD, so is the H^tb uMjj^CB to "^ * 

the similar and similar! V^^cribed 
&nire upon BA: and inversely 
(B. 0.), as DB to BC, so is the fi- 




gure upon BA to that upon BC* 
for the same reason as DC to CB, 




so is the figure upon CA to that 
upon CB. Wherefore, as BD and 
DC together to BC, so are the fi- 

Sires, upon BA and on AC, toge* 
er, to the figure upon BC (3*. 5.) ; therefore the figures on BA, 
and on AC, are together equal to that on BC ; and they are similar 
figures. Wherefore, in right angled triangles, &e. * Q-Ej "" 

PROP. XXXn. THEOR. 

If two triangles, which have two sides of the one pro- 
pqrtional to Iwo sides of the other^ be joined at one an- 
gle^ so as to bave their homologous sides parallel to one 
another ; their remaining sides shall be in a straight line. 

Let ABC, DCE be two triangles vdiieh have two sides BA, AC 
«.»roportional to the two CD, D£, viz. BA to AC, as CD to D£ ; and 
let AB be parallel to DC, and AG taDB; BC and C£ are in a 
straight line. 







t#6 ELEMENTS 

Btetvie AB is parallel to DC, and the straight line AC meets theoif 
the alternate angles BAC, AGO are equal (20. 1.); for the same 
leases, the «ngle CDE is equal to the angle ACD: wherefore also 
SAC is equal to CDE: And beeause the triiyiglesABCyDCE have 
«&e angle at A equal to one at D, a 
and th^ sides about the$e angles 
proportionals^ Tiz. BA to AC, a|i 
,CD to D£, the triangle ABC is 
cqaiangular (6. 6.) to DCE: 
Therefore the angle ABC i& e- 
q»al to the angle DCE : And the 

angle ^^C was pro%'ed to be e- \ .^ — ^ ' ■ — ^ 

qnal W ACD: Therefore the ^ 
whole angle ACE is equal to the tfTb angles ABC, BAC ; add the 
Dionygle ACB, then the angles ACE, ACB are equal to the an- 
LAB<J^ BAC, ACB : But ABC, BAC, ACB are equal to two right 





(32. 1.)^ therefore also the^ajD^les ACE, ACB are equal to 
,^^^ht angles: And since at* the point C, in the straiufht line AC, 
IkSffb straightlines BC, CE, whicn are on the opposite sides of it| 
Bake the a^acent angles ACE, ACB equal to two right angles; 
tltercfbre (14. i.) BC and CE are in a straight line. Wherefore, if 
two triangles, &^ Q. £. D. 

. I- ptfoP. XXXIII. THEOR^ 

In equal circles, angles, whether at the centres or cir- 
cumferences, have the same ratio which the arches, on 
whicl^hey «stand, have to one another : So also have the 
sectors. 

Let ABC, DEF be equal circles; and at th^ centres the angles 
BGC» EHF, and the angles BAC, EDF at their cireumferenees ; as 
the arckBC to the arch EF, so is the angle BGC to the angle EHF, 
and the angle BAC to the angle EDF :'and also the sector BOC to 
the seetlpSHF. 

Take an J number of arehes CR, KL, eaeh equal to BC, and any 
number whatever. FM, MN each equal to EF ; and join GK, GL, HM, 
HN. Because the arches BC, CK, KL are all equal, the angles BGC, 
CGK, KGL are also all equal {27. 3.) : Therefore, what multiple 
'soeyer the arch BLis of the arch BC, the same mulj^ple is the angle 
BGL of the angle BGC : For the same reason, whatever multiple Uie 
arch EN is of the arch EF, the same multiple is the angle EHN of the 
angle EHF. Bvi if the arch BL, be equal to the arch EN, the angle 
BGL is also equal (27. 3.) to the angle EHN; or if the arch BL be 
neater than SN, likewise the angle BGL is greater than EHN: and^ 
II less, less: There being then fourmag^tudes» the two arehes, BC» 
£F, and the two angles*BQC, EHF, and of the arch BC, and of the 
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alisrle BCiC, htLve been taken any ^uimtiltiples whateTei% riz* the 
areli BL, and the ansckBuL; abdof the arch EF, and of theans^e 
EHF, and equimultiples whatever, viz. the arch EN, ai^d theans^le 
£H^ : And it has been proved, that if the arch BL h^^eater than 
EN, the angle BGL is grater than EHN; and if^ual, equal; vnA 
if less, less : As therefore, tfie arcH BQ to the archT^F. so (def. 6. 5.) 
is theande B6C to the anfleEHf": But'as the an^e BGC is to the 
anarle EHF,8oi8 {iS. 5.) the angle BAG to the an«*1e E^F, foreaeb 
is double of each (20. 3.) : Therefore, as the cireiimference BC is tn 
EF, so is the angle BGC to the angle EHF; and the angle BAG i0 
the angle EDF. 





Also, as fhe arcff BC to EF) so. is the sector BGC to t^e pectnr 
E^F^ Join BC, CK, and in the ardhes BC, CK. take any poirftsX, 
O, and joiQ BX, XC, GO, OR : Then, becaose in the tmnscles GBG, 
GCK, the two sides BG, GC are equal to the two CG, uK, and also 
contain- equal an^lps; the base BC is equal (4. I.) to the base CK.» 
and the triangle GBC to the triangle GCK: And because the arch 
BC is equal to the airch CK, the remaining part of the whole circum- 
ference of the circle ABC is equal to the remaining part of the whole 
circumference of the same circle: Wherefore the angle BXC i« 
equal to the angle pOK (27. 3.) ; and the segment BXC is therefore 
fimilar to the s'egment COK (def. 9. 3.); and they are upon equal 
straight lines BC, CK: But similar segftientB of circles upon equal 
straight lines are equal (24. 3.) to one another: Therefore the seg- 
ment BXC is equal to the segment COK; And the triangle BGC i« 
equal to the triangle CGKj therffore the whol^ the sector BG# is 
equal to the whole, the sector CGK : For the same reason, the sec- 
tor K6L is^equal to each of the sectors ^GC, CGK ; and in the same 
manner, the sectors EHF, FHM, MHN may be proved equal to one 
another: Therefore, what multiple soever the arch BL is of the arch 
BC, the same multiple ia the sector BGL of the sector BGC. For 
the same reason, whatever multiple the arch EN ij of EF, the 
same multiple is the sector EHN of the sector EHF: Now if the 
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•r^b Bh be equal to EN, the teetor BGL it equal to tbe seoftor EHN ^ 
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Bad if tbe areh BL be greater tban EN, fbe aeelor BGL is greater 
tban tbe sector EQN ; add if lew, less: Since,* tben, there are four 
Biagnituc^, the two arches BC,EF,and the two sectors BGC,£HF, 
and of tbe arch BC, and sector BGC, the arch BL and Hie sector 
BGL are any equimultiples' whatever ; and of the arch £F, and sec- 
tor EHF, the arch EN and sector EHN, are«ny equimnltiples what- 
ever ; and it has beeilproved, that if the arch BL be^r^ler tban EN, 
the sector BGL is greater than the sector EHN ; if equal, equal ; and 
if less, less; therefore (def. 5. 5.), as the arch BC is to the arch £F, 
so 19 the sdetor BOC to the sector EHF. Wherefore, in eqaat circles, 
&€. Q-E. D. ^ • . 

:^ PROP. B. theor/ , ' 

If an s^le of a triangle be bisected by a straight line, 
v^hich likewise cuts the base ; the rectangle contained by 
the sides of the triangle is equal to the rectangle contained 
by the segments of the base, together with the square cf 
the straight line bisecting the angle. 

Let ABC be a triangle, and let the an|;le B AC be bif^ected by the 
straight line AD $ the rectangle B A. AC is eqial to the rectangle 
BD.DC, together with tb< square of AD. 

Describe the circle (5. 4.) ACB about 
the triangle, and produce AD to the cir- 
cumference in E, and join EC. Then, 
because the angleBAD is equal to the an> 
gle CAE» and the angle ABD to the anglefiy 
(21. 3.)' AEG, for they are in tbe saoie 
segment; the triangles ABD, AEC aije 
equiangular to one another: Therefore 
BA : AD : : fiA : (4. 6.) AC, and conse- 
quently, BA.AC*=(16. 6.) AD.AE;=: 
ED.DA (3. 2.).fDA«. But ED.DA= 
<BD.DC, therefore BA.AC» BD.DC + 
DA^ Wherefore, if an angle, ^e* ^* £. D. 
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4- PROP. C. TfiEOR. 
If from jmy angle of a triangle a straight line be drawn 
perp^dieular to thie base; the rectangle contaisecl by the 
sides of the triangle id equal to the rectangle contained by 
the perpendicular, and the diameter of the circle described 
about the triangk; 

LetABGbeatriugle, anS A}) the pertendienlarf'roii)theaiif;lo 
A le the biue BC ; the reeUttgle BA.AC is equal to the reetansle 
«intajned 1^ AD and the diameter of tl^ circle dsseribed about the 
triangle. 

Describe (». *.) Ott tinle, ACB ab<nit k 

the triaBi^e, imd draw its diameter AE, 
and join EC; Beeauie the right an^e 
BDA ig e(|ual (S. 3.) to the angle EGA 
iu a aemieirclei and the angle ABD tog 
the angle AEC, in the same Mgment 
(21. a.Jj the triangle* ABD, AEIC are 
ei|iiiangular : Therefore, aa (*i Oi) BA 
to AD, BO ii EA to AC: and conse- 
quently the reetaugle SA.AC is equal 
(16. 6.) to the rectangle EA.AD. If, 
-therafore, &om all angle, &c. Q; E. Di 

V PlioP. D* tHEOtt. 

The rectangle contained by the diagonals o^ a quadri^ 
lateral inscribed in a circle, is equal to both the rectan- 
gles, contained by its opposite sidtSi 

Let ABGD he any qaadrilatefal inicribed In i. eireUj Kiid let AC^ 
BD he drawn; the rectangle <iLCJ)D is equal to the tve Ketanglei 
AB.CD.andAD.BC. 

Make the angle ABE eqnal to the angle DBC ; add to each of thefd 
the eoidntdn angle EBD, then the angle ABD ii equal to the augld 
EBC : And the angle BDA is eqilal to (31. S.) the angle BCE^ be- 
canse they are in the ^ame tegnieat 
therefore the triangle ABD is equian- 
gular to the triangle BCE. Wherefore 
(4. 6.)] BC i CE i : BD : DA, and con- 
sequently (16. 6.) BCjDA « BD.CE. 
Again, because the aqgle ABE is equal / 
to theangleDDC,andlheangle(2l.8.) 
BAEtotheanp|eBDC,thetriangleABE \ 
jg equiangnltM- to the triangle BCU; 
therefore BA : AE i : BD ! DC, and 
BA-DC=BD.AE : But it was shown 
thatBC.DA=BD.CE; wherefore BC. 
UA+BA.DC=:BD.CE+BD.AE=a=BD.AC (*. 3.); That is thfl 
rectangle contained bv B^aid AC, is eqnaJ to (he rtetangtw c*«* 
' TJ 
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fained by AB, CD, and AD, BC. Therefore the reetangle, &c. 
Q. E. D* I 

PROP. E. THEOB^ 

If an arch of a circle be bisected^ and from the ex« 
tremities of the arcb^ and from the point of bisection^ 
straight lines be drawn to any point in the circumf^ference^ 
the sum of the two lines drawn from the extremities <rf 
the arch will have to the lin^ drawn from the point of 
bisection^ the same ratio which the straight line subtending 
the arch has to the strAight line subtending half the arch. 

Let ABD be a circle, of wli^eh AB ia an arch bisected in C, and 
ttom A, C,andB to D, any pmnt whatever in the eireumferenee, let 
AD, CD, BD be drawn ; the gnn^of the two lines AD and DB has t# 
DC the same r atio that BA has to AC. 

For since ACBD is a qaadrilateral 
inseribed in a circle, of which the di- 
aconals are AB and CD, AD.CB+ 
DB.AC (D. 6.)=AB.CDj but AD. 
CB+DB.AC»AD.AC+DB.AC,be- 
eaiiseCB^AC. Therefore AD.AC+ 1 
DB.AC, that is (1. 3.), (AD+DB) 
AC»AB.CD. And because the sideiB 
of equal rectangles arc reciprocally 
proportional (14. 6.), AD+DB : DC 
: : AB : AC. Wherefore,&e. Q.E.D. 

PROP. F. THEOR. 

If two points be taken in the diameter of a circle^ such 
that the rectangle contained bf the segments intercepted 
between them and the centre of the circle be equal to the 
square of the radius : and if from these points two straight 
lines be drawn to any point whatsoever in the circumfer- 
ence of the circle, the ratio of these lines will be the same 
with the ratio of the segments intercepted between the two 
first mentioned points and the circumference of tbe circle. 

Let ABC be a circle, of which the ce itre is D,^and in DA produced, 
let the points Eand F be such thatth^ rectansrleED^DF.is equal to 
the square of AD ; from E and F to any point B in the cii'cumference, 
let EB, FB be drawn ; FB : BE : : FA : AE. 

Join BD, and because the rectangle FD,DE is eqil^to the square 
of AD, that is, of DB, FD : DB :: DB : DE (17. 6.). 

The two triangles, FDB, BDE have therefore the sides proportion- 
al that are about the common an^le D; therefore they are eqoiangir" 
lar (6. 6^, the angle DEB being eqa^ to the angle DBF, and DBE t o 
DFB. Now since the sides about thes^ipqnal angles af» also propor-^ 
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tioiial (4f. «0> FB : BD : : BE : BD, and alternately (16, SX PB ; 
BE :: BD : ED,or FB : BE : : AD : DE. ButbecaiweFD : D\ :: 
DA : DE,by dmgion (17. 5.), FA : DA : : AE : ED, and alternately 

J 11. 50, FA : AB :: DA : ED, Now it has been shown that FB : 
IE : : AD : DE, therefore FB : BE : : FA : AE. Therefore, &c. 
Q. E. D. ^ , 

Cor. If AB be drawn, beeanse FQ : BE : : FA : AE, the ansle 
FBE is bifteoted (d. 6.) by AB. Also, since FD s DC : : DC : DE, by 
eomposition (is. 5.), FC : DC : : CE t ED, and sinee it has been 
shown that FA: AD (DCV: : AE : ED, therefore, ex sequo, FA : AE: 
FC * : CE. But FB : BE : : FA : AE, therefore, FB : BE : : FC : 
CE (11.5.); so that if FB be produced to G,aa4 if BC be drawn, tha 
iuig;le EBG is bisected by the line Bfi (^A. 6.). 

PROP, Q. THEOR, 

If fW)in the extremity of the diameter of a circle a 
straight line be drawn in the circle^ and if either within 
the circle or produced without it^ it meet a line perpen* 
4icular to the same diameter, the rectangle contained by 
the straight line drawn in the circle, and the segment of it> 
intercepted between the extremity of the diameter and the 
perpendicular^ is equal to the rectangle eqiitained by the 
diameter, and the segment of it cut off by the perpendicular. 

Let ABC be a eircle, of wHieh AC is a diameter, let DB be per- 
pendicular to the diameter AC, and let AB meet DE in F : the rect- 
angle B A.AF is equal to the rectangle C A.AD. Join BC, and be. 
cause ABC is an anale in a semicircle, it is a right mgle (31. 8.) : 
Now, the angle ADF is aho a right angle (Hyp.) ; aiijd t&e an^e 
BAC is either the same with DAF, or vertical to it; therefore the 
trianglesABC,ADFareeqnianeular,andBA: AC :: AD: AF(4.6.)$ 
tli^erefore also the rectangle BA.AP^ contained by the extremes, rs 
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fqnal to the reetftne^ ACAD eontfuned by the meai^s (16. 6.). IP 
%refore,&c. Q.E.D. 

PROP. H. THEOR. 

The perpendiculars drawn from the three angles of any 
triangle to the opposite sides intersect one another Ia the 
«anie point* 

Let A^Cbe 1^ triangle, BD and CE two perpendienlara hiteraeet- 
ing one another in F : let AF be joined, and produced if neeessarji 
let it meet BG in 6, ^O is perpenuieular to. Bv* 

Join D£, and about the tnangle A£F let a eirele be deseribed, 
A£F ; then, beeaiise AEF is a riuht angle, the eirele described about 
the iriangle AEF will have AF for 
its diameter (31. 8.). In the 
same manner, the eirck de^orib- 
^d about the triangle ADF ha4 
AF for its diameter; tlprefore 
the points A, E, F and D are in 
the circumference of the same 
mrolc^. But because the ang;]e 
EFB is equal to the angle DFC 
(10. 1.)) and also the angle BEF 
to the angle C DF, being both right 
itngles, Uie trianeles BEF ana 
COF are equiangular, and there- 
fore BF 2 EF :; CF ; FD (4. e.),^ 
or alternately (l6. 5.) BF : FC 
:: EF : FD. Since, then, the sides about the equal angles BFC, 
$FD are proportionals, the triangles BFC, EFD are also equiangular 
;«. 6.) ; wherefore the anj^le FCB is equal to the ande EDF. But 
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eles; therefore the remaining angles AEF, FOC are also equal 
{S2. 1.) : But AEF is a ri^ht angle, therefore FGC is a right angle, 
and AG is perpendicular to BC. Q. E. D. 

Cor. The triangle ADE is similar to the triangle ABC. For the 
two triangles BAD, CAE having the angles atD and E right angles, 
and the angle at A eornqton, are equiangular) and therefore BA : AD II 
CA : AE, and alternately BA : CA : : AD : AE; therefore the two 
triangles BAC^DAE^have the angle at A eommon, and the sides about 
that angle proportion als, therefore they are equiangular (6. 6.) and 
similar. Hence the reetaiigles BA.AB9 CA.AD are equal. 

- PROP. K. THEOR. 

If from any angle of a triangle a perpendicular be drawn 
to the opposite side or base ; the rectangle contained by 
the sum and difference of the other two sides^ iir equal to 
the rectangle contained by the sum and difference of the 
segments^ into which the base is divided by the perpen- 
dicular. 

Let ABC be a triangle, AD a perpendicular drawn from the angle 
A on the base BC, so that BD, DC are the segments of the base; 
(AC+AB) (AC— AB)=(CD+DB) (CD— DB). 




From A. as a centre with the radius AC, the greater of the two 
.sides, describe the circle CFO: produce AB to meet the circumfer- 
ence in E and F, and CB to meet it in G. Then because AF^r AC, 
BF» AB+ AC, the sum of the si#»8 $ and since AEsAC, BE^sAC, 
ir-ABssthe difference of the sides. Also, because AD drawn from 
the centre cuts GC at right angles, it bisects it 5 therefore, when the 
perpendicular falls within thetriangle,BG»DG— DB=:DC— DB«b 
the difference of the segmenU of the base, and BCssBD+DC«^he 
sum of the segments. But when AD falls without the triangle, BG^es 
DG+DB»CD+DB»thesum of the segments of the base, and BC 
asCD — ^DBssthe difference of the segments of the base. Now, in 
both cases, because B is the intersection of the two lines FE, GC, 
drawn in the circle, FB.BE»sCB.BG; that is, as has been shown, 
(AC+AB) (AC— AB)=:(C»+DB) (CD— DB). Therefore, &c. 



BLBMBNTS 

OF 

GEOMETRY. 

SUPPLEMENT. 
BOOKL 

OF THE QUADRATURE OF THE CIRCLE. 

DEFINITIONS. 

I. 

Chord of an areh of a cirele is the gtraight linejoiniog; the ex^ 
tremities of the arch; or the straight line which subtends thei. 
arch* 

The perimeter of any figure is the length of the line or lines, hy 
which it is houndea. 

IIL 

The area of any figure is the space contained within it. 

AXIOM. 

The least line that can be drawn between two points, is a strai^t 
line : and if two figures have the same strai^t line for their base, 
that whieh is contained within the other, if its bounding line or lines 
be not any where convex toward the base, has the least perimeter. 
JCoR. 1. Hence the perimeter of any polygon inseribedin a cireley 
is less than the circumference of the circle. 

CoE. 3. If from a point two straight lines be drawn touching a eir* 
ele, these two lines are together greater than the areh intercepted 
between them; and hence the perimeter of any polygon described 
about a circle is greater |haii the circumference of ^e circle. 
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PROP. I. TflEOR. ^ 

If from the greater of two unequal magnitudes there be 
taken away its half^ and from the remainder its half: and 
so on ; There will at length remain a magnitude less than 
the least of the proposed magnitudes. 

Lei AB and C be two mieqdal magnitddes, at ivliich AB is (h^ 
greater. If from AB there be taken away its half, 
and from the remainder its half, and so on : thertf 
shall at length remain a magnitude less than C^ 

For C may be mnltiplied so as, at length, to 
beeome greater than AB. Let DE, therefore, he 
a multiple ^f C^ whiefa is greater than AB, and 
let it eontain the parts DF, FG, 6E, eaeh equal 
to C. From AB ti|ke BH equal to its half, and 
from the remainder AH, take HK equal to its H-- 
half, and so on, until there be as mkoj divisions 
in AB as there are in DE : And let the divisions 
in AB be AK, KH» HB. And because DB is 
greater than AB, and EG taken from DE is not 
greater than its half, bot BH taken from AB is e- 
qual to its half; therefore the remainder GD is 
greater than the remainder HA. Again, because 
GD is greater than HA, and GF is not greater than thd half of GD, 
but HR is equal to the half of HA; therefore, the ren^ainder FD kr 
greater than the remainder AK. And FD is equal to C, therefi»re C 
is greater than AK ; that is, AK is less than C. Q. E. D. 



K .. 



-^t 



£ 



1 



^ 



PROP, n- THISOR. ^ 

Equilateral polygons, of the same number of sides, in-* 
scribed in circles^ are similar^ and are to one another as 
the squares of the diameters of the circles. 

Let ABCDEF and GHIKLM be two equilateral polygons of the 
same number of sides inscribed in the circles' ABD, and GHK; 
ABCDEF and GHIKLM are similar, and are to one another ai the 
squares of the diameters of the circles ABD, GHK. 

Find N and O the centres of the circles ; join AN and BN, as also 
GO and HO, and produce AN and GO till they meet the eircumfex^ 
ence»inD and K. 
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Beeause the straight lines AB, BC, CD, DB, EF^FA, are all equal, 
ihe arches AB, BC, CB, BE, EF, FA are also equal {28. 3.). Fof 
the same reasou, the arehes GH, HI, IK, KL, LM , MG are all equal, 
and they are equal in number to the others; therefore, whatever 
part the areh AB is of the whole cireumferenee, ABD, the saftie is 
the arch GH of the eirennnferenee GHK. But the an»1e ANB is the 
same part of four rip^ht anpcles,that the areh AB is of the circumftr' 
ence ABB (33. 6.) ; and die angle GOH is the same part of fotfr 
right angles that the areh GH is. of the circumference GHK (33.6.) 
therefore the angles ANB, GOH are each of them the same part of 
four right angles, and therefore thej are equal to one another* The 
isosceles triangles ANB^ GOH are therefore equiangular (6. 6.), aird 
the angle ABN equal to the angle GHO; in the same manner, by 
joining NC; OI, it may be prom that the angles NBC) OHI a^ 





ecjlHa! to one another, and to the angle ABN. Therefore the whole 
angle ABC is equal to the whole GHI5 and the same may be proved 
of the antcles BCB, HIK, and of the rest. Therefore, the polygons 
ABCBEF and GHIKLM are equiangular to one another; and sines 
they are equilateral, the sides about the equal an^es are proportion- 
als ; the polygon ABCB is therefore similar to the polygon GHIKLM 
(def. 1. 6.). And because similar polygons are as the squares of 
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Iheifr homologous sides (20. 6.), the polygon AfiCDEF is to the po- 
lygon GHIKLM as the square of AB to the square of GH; but be- 
cause the trians^les ANB, GOH are equiangular, the square of AB is 
to the square of GH as the square of AN to the square of GO (4. 6.), 
I>r as four times the square of AN to four times the square (15. 5.) 
of GO, that is, as the square df AD to the square of GK (2. Cor. 8. 2.). 
Therefore also, the polygon ABCDEF is to the polygon GHIKLM 
as the square of AD to the square of GR; and tliey nave also been 
• shown to be similar. Therefore, &(5* Q» E. D. 

Cor. Every equilateral polygon inscribed in a circle is alsoequl* 
angular: For the isosceles triangles, which have their common ver- 
tex in the centre, are all eqyal and similar; therefore, the angles at 
their bases are all equal, and the angles of the .polygon are therefore 
alsoequaL • 

PROP. III. THEOR. 

The side of anj^ equilateral polygon inscribed in a cir- 
cle being given, to find the side of a polygon of the same 
number of sides described about the circle. 

Let ABCDEF be an equilateral polygon inscribed in the circle 
A^D; it is required to fina the side of an equilateral polygon of the 
same number of sides desc^ribed about the circle^ 

Find G the centre of the circle; join GA, GB, bisect the arch AB 
in H; and. through H dfaw KHL touching the circle in H, and meet- 
ing G A and GB produced in K atid L ^ KL is the side of the polygon 
required. 

Produce GF to N, so thkt GN maybe eqaal to GL; join KN, and 
from G draw GM at right angles to KN, join also HG. 

Because the arch AB is bisected in H| the angle AGH is equal to 
the angle BGH (27. 3.) 5 and 
because KL touches (he circle 
in H, the angles LHG, KHG are 
right angles (16. 3.) $ therelbre) 
thpfe are two angles of the tri-* 
angle HGK, equal to two ao^- 
Sles or the trianele HGL, each 
to each. But tne side GH is^ 
•ommon to these triangles; 
♦herelore they are equal (26. 
1.), sinil GL is equal to GK. 
Aeain, in the triangles KGL, 
KGN, because GN is equal to 
GL ; and GK common, and also 
^ the ancle LGK equal to the an- 
gle KGN; therefore the base KL is equal to the base KN (4. 1.) 
Aut because the triangle KGN is isosceles, the angle 6KN is equal 

X 
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to the angle GNK, and the angles OMR, GMN are both right Angles 
by construction; ivhererore, the triaogleaGMK, GIVIN have two an- 
gles or the one equal to two angles of the other, and they have also 
the side GM commony therefore they are equni (26. 1.), and the side 
KM is equal to the side MN, so that Ki\ is bi^-ected in M. But KN is 
equal toKL, and therefore their halves KM and KH are also equal. 
Wherefore, in the triangles GKH, GKM, the two sides GK and KH 
are equal to the two GK and KM, each to each ; and the angles.GKHj 
GKM, are also equal, therefore GM is equal to GH (4. 1.) ; where- 
fore, the point U is in the circumference of the circle; and because 
KMG is a right angle, KM touches th^ circle. And in the same man- 
lier, by joining the centre and the other angular points of the iiir 
scribed polygon, an equilateral polygon may be described about the 
circle, the sides of which will each be equal toKL,and will he equal 
in number to the sides of the inscribed polygon. Therefore, KL is 
the side of an equilateral polygon, described about^the circle, of the 
same number of sides with the inscribed polygon ABCDEF ; which 
was to be found. 

Cor. 1. Because GL, GK, GN^, and the other straight lines drawn 
from the centre G to the angular points of the polygon described about 
the circle ^ABD are all equal; if a circle be described from the centre 
G, with the distance GK« the polygoawill be inscribed in that circle; 
and therefore, it is similar to the polygon ABCDEF (2. 1.). 

Cor. 2. It is evident that AB, a side of the inscribed polygon is (o 
KL, aside of the circumscribed, as the fierpendicular from G upon 
AB, to the perpendicular from Gupon KL, that is k> the radius of the 
circle; therefore also, because magnitudes hare the same ratio with 
their equimultiples (15. 5.), the ^lerimeter of the inscribed polygon is 
to the perimeter of (he circumscribed, as* the perpendicular from the 
centre) on a side of the inscribed poly gon, to the radius of the circle. 

PROP. iV.. THEOR. 

A circle being given, two similar polygons may be fonnd, 
the ope described about the circle, and the other inscribed 
in ity which shall differ from one another by a space less 
than any given space. 

Let ABC be the given circle, and the square of D any given space ; 
a polygon may be inscribed in the circle ABC, and a similar polygon 
described about it, so that the difference between them sliall be less 
than the square of D. 

In the circle ABC apply the straight line x\E equal to D, and let AB 
be a fourth part of the circumference of the circle. From the cir- 
camference ABtake away its half, and from the remainder its half, and 
so on till the circumference AF is found less than the circumference 
A£ (1. 1. Bnp;). Fidd the centre G; draw the diameter AC, as also 
the straight lines AF aiid FG ; and having bisected the circuniferenee 
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AF in Kyjoin K€^ and draw HL toiichin$^ the cirele in K, and meet- 
ing 6 A and OF produeed in H and L; join CF. 
, Because the isosceles triangles HGL and AGF have the common 
angle AOF, they are equiangular (6.'6.), and the angles GUK, G AF 
are therefore equal to one another. But the an^sles GKH, CFA are 
also equal, for they are right angles ; therefore the triangles UGK, 
ACF, are likewise equiangular (32. 1.). 

And because the arch AF was found by takingfrom the arch AB its 
half, andfrom that remainder its half, and so on, AF will be contained 
a certain number of times, exactly, iirthe arch AB, and therefore it 
will also be contained a certain number of times, exactly, in the whol^ 
circumference, ABC ; and the strught line AF is therefore the side of 
%n equilateral polygon inscribed in th^'circle ABC. Wherefore also, 
HL is the side of an equilateral .polygon, of the same number of sides, 
described about ABC (3. 1. Sup.). Let the polyeon described about 
the circle be called^ M and the polygon inscribed be «alled N$ then, 




because these polygons are similar (Cor. 8. 1.), they are as the squares 
of the homologous sides, HL and AF (Sup. 3. Cor. 30. 6.), that is, be- 
cause the triangles HLG, AFG are similar, as the square of HG to 
the sbuare of AG, that is of GK. But the triangles HGK, ACF havia 
been proved to be similar, and therefore the square of AC is to the 
square of CF as the polygon M to the polygon N 5 and, by cjonversion, 
the square of AC is to its excess above the square of OF, that is, to the 
square of AF (47. 1.), as the polygon M to its excess above the poly- 
con N. But the square of AC, that is, the square described about 
flie circle ABC is greater than the equilateral oolygon of eight sides 
described about the circle, because it contains that polygon f and, fot 
the same reason, the polygon of eight sides is greater than the poly- 
eon of sixteen, and so onj therefore the square of AC is greater 
than any polygon described about the circle by the continual bisection 
of the arch AB ; it is therefore greater than the polygon M. Now, it 
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bai kHeii demonstrated, that the square of AC i« to^e sqoare of AF 
as the poly^n M to the difference of the polygons; therefore, since 
the s<}uare of AC is greater than M, the square of AF is greater than 
the difference of the polyjs^ons (14. 5.). The difference of the polj<» 
p^ns is therefore less than the square of AF; hot AF is less than D; 
therefore the difference of the polvgons is less than the squai*e of D| 
that is, than the given space. Therefore, &e. Q. E. D. 

Cor. 1. Because the polygons \l and N differ from one anotfier 
more than either of them dillers from the circle, the difference be* 
tween each of them and the circle is le«s than the given space, viz. 
the square of D. And therefore, however small any given space 
may be, a pol^gos may be inscribed in the circle, and another dc 
scribed about it, each of whiefc'shall difier from the circle bj aspaet 
Je$8 than the given space. 




6oa. «. The space B wliich is greater than any polygon that cam 
he inscribed in the circle A^ and less than any polygon that can be 
described about it, is equal to the circle A. It not, let them be une- 
qual; and first, let B exceed A by the space C. Then, because the 
polygons described about the circle A are all grater than B, by 
nypolhesis; and because B is greater than A by the space C, there- 
fore no polygon can he described about the circle A, but what mixst 
exceed it by a space greater that C, which is absurd. In the samt 
manner, if B be less than A by the space C, it is shown that no poly- 
gon can be inscribed in the circle A, but what is less than A by a space 
greater. than C, which is also absurd. Therefore, A and B ar^ not 
imeqi^al, tba^tis) they are equal to one another. 

PROP, V. THEOR. 

The area of any circle is equal to the rectangle contain- 
ed by the semidiameter^ aiid a straight line equal to half 
the circumference. 

Let ABC be a circle of which the centre is D9 and the diameter 
AC; if in AO produced there be taken AH equal to half the circum- 
ference, the area of the circle iti equal to the rectangle contained by 
HA and AH, 
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Xet AB h^ the side afaii§r equilateral poljc^n inseribed in the eir- 
c!c ABC ; bisect the circumference 4B in G, andthrousrb G draw 
EOF touching the circle, and meeting DA prodaeed in £, and DB 




produced in F; EF will be the side of ah equilateral polygon ^Te- 
seribed about the circle ABC (3. 1. Sup.)- In AC produced take 
AK equal to half the perimeter of the polygon whose side is AB; 
and AL equal to half the perimeter of tlie polygon whose side is EF. 
Then AK will be less, and AL greater than the straight line AH 
(Ax. 1. Sup.). Now, because in the triangle EDF, DG is drawn 
perpendicular to the base, the triangle EDF is equal to the rectangle 
contained by DG and the half of EF (41. 1.) ; and as the same is 
true of all the other equal triangles having their vei-tices in D, which 
make up the polygon deseribed about the circle; therefore, the 
whole polygon is equal to the rectanti;le contained by DG and AL, 
half the perimeter of the polygon (l. 2.), or by DA and AL. But AL 
is greater than AH, therefore the rectande IJA.AL is greater than 
the rectangle D A.AH ; the rectangle D A.AH is therefbre less than 
the rectangle DA.AL,that is, than any polygon described about the 
circle ABC. 

Again, the triangle ADB is equal to the rectangle contained by DM 
the perpendicular, and one half of the base AB, and it is therefore 
iess than the rectangle contained by DG, or DA^ and the half of AB. 
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And fts tbe tame is true of all the other tciangles hav&g their vefti- 
•es in D9 which make up the inseribed polygoo, therefore ^the whole 
#f the inseribed polygon is less than the rectangle eontained by DA, 
and AK half the perimeter of the polygon. Now, the rectangle 
JDA.AK IS leds than DA.AH; mueh more, therefore^ is the polygon 
whose side is AB less than DA.AH; and the reetangle DA.AH is 
therefore greater than any polygon inscribed in the circle ABC. But 
tiie same reclan^le DA.AH has been proved to be less than any poly- 
eon described about the circle ABC ; therefore, the reetangle DA.AH 
IS equal to the circle ABC (2. Cor. 4. 1. Sup.). Now, DA is the se- 
midiameter of the circle AoC, and AH the naif of its circumference. 
Therefore, &c. Q. £.D. 

GoR. 1. Because DA : AH : : DA' : DA.AH (t. 6.), and because 
hy this proposition, DA.AH =:the area of the circle, of which DA is 
tne radius : therefore, as the radius of any circle to the semtcireum- 
ferenee, or as the diameter to the whole circumference, so is* the 
•quare of the radius to the area of the circle. 

Cor. 2. Hence a polygon may be described about a circle, the pe- 
rimeter of which shall exceed the circumference of the circle by a 
line that is less than any g*iyen line. Let NO be the given line. Take 
IB NO the part NP less than its half, and less also than AD, and let a 
polygon be described about the circle ABC, so that its excess above 
ABC may be less than the sonare of NP (!• Oor. 4. 1. Sup.). Let 
the side or this polygon be EF. And since, as has been proved, the 
circle is equal to the rectangle DA.AH, and the polygon to the rect- 
angle D A.AL, the excess 0^ the polygon above the circle is equal to 
the rectangle DA.HL; therefore the rectangle DA.HL is less than 
the square of NP;.and therefore, since DA is greater than NP,HL 
is less than NP,andtwiee HL less than twice NP, wherefore, mueh 
more is twice HL less than NO. But HL is the difference between 
half the perimeter of the polygon whose side is EF, and half the cir- 
cumference of the circle: therefore, twice HL is the difTetence be- . 
tween the whole perimeter of the polygon and the whole eircumfer« 
enee of the circle (0. 5.). The difterence, therefore, between the 
perimeter of the polygon and the circumference of the circle is less 
than the given line '^O* 

Cor. 3. Hence also, a polygon may he inscribed in a circle, such 
that the excess of the circumference above the perimeter of the po1y« 
gon may beless than any given line. This is proved like the pre- 
ceding. 

PROP. VI. THEOR. 

The areas of circles ai^ to one another in the duplicate 
ratio, or as the squares^ of their diameters. 

Let ABD and GHLhe two circles, of which the diameters are AD 
and GL $ the circle ABD is to the circle GHL^ as the square of AD to 
the square of GL. 
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Let ABCDEF and GHKLMN be two equilateralpolvgons oftte 
same iiumbar of sides iaseribed ia the eiretea ABD, uilL; and IctQ 






* 
be such a space that the square of AD is to the sqtf are of GL as thtf 
circle ABD to the space Q. Because the polyene ABCDEF anil 
GHKLMNare equilateral and of the same number of sides, they are 
similar {2. i. Sup.), and their areas are as the squares of thediarae^ 
ters of the circles in which they are inscribed. Therefore AD» • 
GL» :: polygon ABCDEF s polygon GHKLMN; but AD» ; GL» ::' 
circle ABD : Q; and therefore, ABCDEF : GHKLM : : circle ABD It 
Q. Now, circle ABD V ABCDEFj therefore Q V GHKLMN 
(14. B.), thaUs,Q is greater tha» anjflpolygon inscribed in the circle 
GHL. 

Ih the same manner it is demonstrated, that Q is less than any 
polycon described about the. circle tJHL; Wherefore the space Q is 
equal to the circle GHL {2. Cor. 4. 1. Sup.). Now, by hypothens^ 
the circle ABD is to the space Q as the square of AD to the square <tf 
GL; therefore the circle ABD is to the circle GHL as the square of 
AD to the square of GL. Therefor, &c. Q. £. D« 

CoRr 1. Hence the ;^ireumferenees of circles are to one another ar 
their diirmeters. 
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Let the straight line X be equal to half the circumferenee of the 
circle ABD| mad the straight liae Y to bali the circumference of the 



X 



circle GHL : And because the reetanjcles AO.X and GP.T are et\uK\ 
to the circles ABD and GHL (5. 1- Sup.); therefore AO.X : GP.Y 
:: AD» : GL« :: A0« : GP»5 and alternately, AO.X : A0» II GP.Y 
: GP^; whence; because rectangles that have equal altitudes are as 
their bases^ (I. 6.), X '.: AO :: Y : GP, and again alternately, X : Y 
II AO : GP; wherefore, takir>|^ the doubles of each, the circumfer- 
ence ABD is to the circumference GHL as the diameter AD to the 
diameter GL. * 

CoR. 2. The circle that is described upon the side of a right an- 
gled triangle opposite to the right angle, is equal to the two circles 
described on the other two sides. For the. circle deBcribe<] Ufion 8R 
Is to the circle described upon RT as the square of SR to the square 
of RT; and the circle ilescribed upon TS is to the circle describetl 
upon RT as the square of ST to the square of RT. Wherefore, 
the circles described on SR and * 
on ST are to the circle descrih- ® 

ed on RT as the squares of SR 
and of ST to the square of RT 
(24. 5.). But the ^uares of RS . 
and of ST are equal to the 
square of RT (47-' 1.); there- 
fore the circles described on RS 
and ST are equal to the circle 
described onjRT. 



PROP. VII. THEOR. 

Equiangular parallelograms are to one another as the pro^ 

ducts of the numbers proportional to their sides. 

« 

L^ AC and DF be two equianj^ular paral1e1o$;rams, and let MjN", 
P and Q be four Rumhers, such that AB : BC :: M : N ; AB : DE '.: 
M : P, and AB : EF :: M : Q, and therefore ex eequali, BC : £F ll 
N : Q. The parallelogram AC is to the paralletogram DF as MN t^ 
PQ. > 

LetNP be the product of N into P^ and the ratio of MN to PQf 
will be compounded of the ratios (def. 10. &.) of MN to NP, and of 
MP to PQ. But the ratio of MN to NP is the same with (bat of M 
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to P ( 15. 5.), because MN and- NP are equimultiples of M and P; 
and for the^me reason, the ratio of NP to PQ is tbe same with that 
of N to Q ; therefore tbe ratio of MN to PQ is compoonded of tbe 
ratios of M to P, and of N to Q. Now, the ratio of M to P is tbe 
same with that of the «ide AB to the side DE (by Hjrp.) ; and the 
ratio of N to Q the same with that of 4be side BG to tbe side EF. 
^Therefore, tbe ratio of MN to PQ is compounded of the ratios of 
AB to D£» and of BC to JBF. And the ratio of tbe parallelogram AC . 
to the parallelogram DB^ is compounded of the same ratios (23. 6.) ; 
therefore, the parallelogram AC is to the parallelogram DP as MN» 
the pi'oduct of the numbers M and N, to PQ» the product of tbe 
numbers P and Q. Therefore, &c. Q. E. D. 

Cor. 1« Hence, If OH be to KL as the number M to tbe number 

N ; the square described on GH ^ --^ 

will be to Hie square described on O ' ^ g " L 

%\a as MM, the square of the 
. number M to NN, the square of the number N* 

r » CoR* 2. If A| B, C, D, &c< are any lines, and Ht^ tt, r, «, Sec. titim* 

' . hers proportional to them \ riz. A : B •! m : it : A : C I! m : f , At 

1) !! m : «, ^c.} and if tbe rectangle contained by any two of tbe 
L-**' ^ lines be equal to the square of a third line, tbe product of the num* 
f "^'berf- proportional, to the first two, will be equal to the square of tbe 

number proportional to tbe third; that is, if A.C«aB',mxrtenxtl# 
orsatn*. 

For by tHis Prop. A»C rB" I*. mXr :n* 5 but A.Cft=B«, therefoMl 
vxy^r^sMfti^. Nearly in the same way it may be demonstrated, that 
whatever is the relation between tbe r^cta;igle8 contained by thesd 
lines, there ia tbe same between tbe products of the nnmbers propor« 
tional to tbem. 

80 also conTcrsely if in and r be numbers pfopoHional to tbe llnea 
A and C ; if also A.C«=B^ and if a number n be fonnd>such, that n^ 
t=mr, then A i B *t m : n« For let A : B It m s ^, then stnce, m, q^ 
T are proportional to A, B^ and C, and A.Ca^B*; therefore, as baa 
Just been proved, g^tttrnx*"; but n'—j^Xfi by l^potbcsisi tberefore 
n"==^3, and nas^fj wbeMfipre A : B 11 m i n# 

^ 8CH0LIUM. 

In order U^ have numbers proportional to any set of magnitodaa of 
the same kind, suppose one of thenfl to be divided Into any number, fil 
of equal partS) and let H be one of those ptfrts« liCt H be foimd n 

Y 
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tioies in the magnitude B, t times in C, t times in D| ficc, then U \% €ti^ 
iSeot tftiat tbH numbers m, n, r, t are profiortional to the magnitudes A> 
B, C and D. Wtien thererure \\ is said in any oi' the followiDji pro-' 
|K)sitions, that a line as Asca number in, it is understood that Assm 
xH, or that A is equal to the given magnitude H multifdied by m^ 
and the same is understood ol the other magniludes^B, C, D, and 
their profiortiooal numbers, H being the common measure of all 
Clie magnitudes. This common measure is omitted tor the sake' of 
brevity in the arithmetical expression; but is always implied, wheti 
a line, or other geometrical magmtude, is said to be equal to a 
number. Alto, when there are fractions in the number to ivhich f h« 
magnitude is called equal, it is meant thnt the common measurt H ia 
farther subdivided into such parts as the numerical fraction indi&afes«.. 
Thus, If As=360.3759 it is meaut that there It a certain magnitude H^ 

auch that A«!360xH+— ^^^xH, or that A is equal to 360 times H, 

together with 370 of the thousandth parts of H. And the same is 
true io all otiier eases, where numbers are used to express the reta- 
tiooa of geometrical magnitude?. 

PROP. VIII. THEOR. 

The perpcndiculat* drawn from the centre of a circle om 
the chord of any arch is a mean proportional between half 
the radius and the line made up of the radius and the per*- 
pendieular drawn from the centre on th^ chord of double 
that arch : And the chord of the arch is a mean propor* 
tional between the diameter and a line which is the dtf* 
ference between the radius and the foresaid perpendicular' 
from the centre* ,. «'■ 

Let ADD he a circle, of which the centre is C) DBE any. arch, 
and DB the half of it ; let the chords DE, DB be drawn ; as also CF 
and CG at right angleato DE and DB; if CF be firoduced it wlfl 
meet the circumference in B: let it meet it again in A and let AC be 
bisected io H; CG is a mean r>roportional between AH sod AF) ancl 
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Bl> « meun t>roportioiial between AB and BF| tbe excess of the ra- 
4litt8 above OF. 

Join AD; and because A DB is a right angle, being an angle in a 
•#micircle; and because CGB h aUo a ri^^ht angle, I he triangles 
ABD, CBG are equiangular, and» AB : AD :: BC : CO (4. 6.)t oc 
alternately^ AB : BC :: AD:CG; aiid therefore, because AB is 
double of BC, AD is double of CG, and the square of AD therefore 
equal to four times the square of CG. 

But, because ADB is a right an|led triangle, and DP a fierpendicu^ 
far on AB, AD is a mean proportional between *^AB and AF (8. C), 
andAD'»AB.AF (If. 6.), or since ABiiia»«4.AH, AD<=»4AH.AF^ 
Therefore also, because 4CG«» ADS 4CG«=»*4AH.AF, and CG'^s 
AH.AF; wherefore CG is a mean proportional between AH -and AF, 
that is« between half the radius and the line made up of the radius, 
and the perpendicular on the chord ol twice the arch BD. 

Again, it h evident; that BD is a mean proportional tietween AB 
and BF (8. 6.), that is« t)etween the dian^ter and the CKcess of the 
radius above the perpendicular^ on the chord of twice the arch DB« 
Therefore, &c. Q. E.D. . ^ 

PROP. IX. THE^PR.* 

The eircamference of a ^circle exceeds three times the 
diameter^ by a line less than ten of the parts^ of which the 
diameter contains seventy btit greater than ten of the parts 
whereof the diameter contains seventy-one. 

Let ABD be a circle, of whbh the centre is C, and the diameter 
AB; the eircumfereiiee is greater than three limfs AB, by a line 

lew than ~ or ^ of AC, but greater than ^ of AC. 

In the circle ABD apply the straight line BD equal to the radius 




1 1 j ' - f 

• In thi. proporittoa, tlw ehftnctcr^-plm«l after a nuiuber, ufnifiea that Mteethingr i» A 
be added to it ; W tlK» «ha»eUf-, oa tM oUier^aiid, wgiuttc* W»at MineUiui^' u to Ui tak«!a 
■.waffifooiit. 
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BC: Draw DP perpendiealar toBC, and let it meet the eireiimf)?fv 
enee aeain in E $ draw also CG perpendieuiar to BD : produee BC 
to Ay biseet AG in Ht and Join CD. 

It is evident) that the arehes BD, BE are eaah of them one-sinth 
of theeireiinif^n^ (Cor. 10. 4^), and that therefore the arch DBB 
ii one third of the eirenonferenee. Wherefore, the line (S.'l. Sup.) 
CO is a mean proportional between AH, half the radius, and the line 
AF, Now beeause the^sides BD, DC, of the triang*1e BOC are equal, 
the angles DCF, DBF i^re ali^o equal; avd the angles DFC, DFB 
beinfi^ equal, and the "^ide DF eommon to the triangles DBF, DCF* 
. the base BF is equal to the hase CF, and BC is bisected in F. 

Therefore, if AC or BiD<»1000, AH«^d00vCF»500, AF«.4eoo, 
and CD being a mean proportional between AH and AF, C6'bs(17* 
0.) AH. AFa;:5OOX10OO»70QOOO; wherefore C6aB866.02M-f , be- 
eause (86Q,02I>4)« is less than 75oooo. Hence also, AC +CGsl866, 

Now, as CO is the perpendienlar drawn from the centre C, on the 
chord of one sixth oi the circumference, if Ps^the perpendieuiar 
from C on the chord of one- twelfth of tlie circumference, P will be a 
mean proportional between AH (8. 1. Sup,) and AC+CG, andP^s 
AH ( AC+CG)«500 X (1866.0354 +) aB933012.'?+. Therefore, 
Ps:960.9258+, because (965.9^68)'' is less than 933013.7. Hiuiee 
also, AC+P=sl960.9358+. 

Again, if Qsathe perpendicular drawn from C on the chord of one 
twenty-fourth of the circumference, Q will b^ a mean proportional 
between AH and AC +P, and Q^^ AH ( AC +P)s=ffO0 (1965.9358+) 
»983963.94r; and Iherofore Q=s991.44il^9+, because (991.4449]> 
islessthan 983963.9. Therefore also AC+QaBi991.4449+. 

In like manner, if 8 bathe perpendicular from C on the ehord of 
one forty-eighth of the circumferonce, 8*=sAH (AC-fQ)=5oq 
(1991.4449+) »990733.4«+$ and S»>997.85S9+, beeause^(997 
S5S9)'> isless than 99{f733.d^. Hence also, AC +S«s 1997.8589+. 

Lastly, if T be the perpemlicular from C on the ehord of one niiie*' 
tysixth of the circumference, T«,= AH' (AC +S)=a 500 (1997.8589 
-f )»998939.45+, and T»999.46458+. Thus J. the perpen^ 
dicular oi| the chord of one ninety-sixthof the circumference, ig 
greater than 999.46458 of those pjirts of which the radius contains 

1000. 

But bythe last j^roposition, the chord of one nineiy-sixlh part <^f 
the circumference is a mean proportional between the diameter and 
the excess of the radius above S, the perpendicular from the centre 
pn tl|e chord of one forty^eighth of the circumference. Therefore, 
the sqqare of the iphord of one ninety-sixth of the circumfereneess 
AB (AC— 8) = 3000 X (2.1411— ,)==*^3-J*--^; and tliere&re the 
ehord it8e1f«s65.4386 — , because (65.4386)^ is greater than 43833* 
Now, the chord of one ninety-sixth of the circumference, or the side 
of an equilateral pQlygpn <^f nin^t^-six sides inscribed in the eir^le. 
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be{ •1^6^.4886 — 9 the perimeter of that polygon will bettB(60.438C — ) 
«6=s6282.1036 — . ' 

Let the perimeter o^ the circomscribed polygon of the same nntn- 
foer of sides, be M, (hen (2, Cor; 2. 1. 8ap.) T : AC :; 628^1056—: 
Mythat is, (since Tn999.4p64d8+9 as already shown), 

999,46498-1- : 1000 11 6282.1006 — : M; ff then N ha 
raeh,«that 999^458 : 1000 II 6282.1oa6 — : N; ex sequo per- 
turb. 999.40408 + : 999.46458 r ; N : M ; and, since the first is 
greater than the seeond, the third is greater than tlie fourth, or N is 
greater than M. « 

Now, if a fourth proportional he found to 999,46458, 1000 and 
6282.1056, Yiz. 6285.461—, then, 

heeause, 999.46458 : 1000 :: 6282.1056 : 6^854<61 — , 
' and as before, 999.46458 : 1000 :: 6282.1056 — :N; 
Hierefore* 6282.1056 i 6282.1056-^ 11 6285.461— N, and as the first 
of these proportionals isr greater than the second, the third, viz. 6285, 




461— «s greater than N, the fourth. But N was proved to he greater 
than M; much more, therefore, is 6285.461 greater than M, the peri- 
meter of a polygon of ninety-six sides circumscribed about the eirele; 
that is, the perimeter of that polygon is less than 6285.461; now, 
the cireumference of the circle is less than the perimeter of the 
polygon; much' more, therefore, is it less than 6285.461; where- 
fore tJie circumference of a circle is less than 6285.461 of those parts 
of which the radius contains .1000.' The circumference, therefore, 
has to the diameter a less ratio (8. 5.) than 6285.461 has to 2000, or 
than 3142.7305 has to 1000: but the ratio of 22 to 7 is greater than 
the ratio of 3142.7305 to lOOO, therefore the circumference has a 
less ratio to the diameter than 22 has to 7, or the eircumferenoe is 
less than 22 of the parts of which the diameter contains 7. 



^»9 i 



±H 8UPPLEMHNT TO THE BLBMENT8 

It remains tademODstratey tbat the^rt bj whieh the cireamfbrenee 

exceeds the diameter is greater than--' of the diameter. 

It was before shown, that CO^»750Q00$ wherefore C6ss86(k* 
0254^5 — ^ becousc (866.03045)^ is greater than TdOOOO; therefbra 

AC+CG=1866.03345 — . 

Now, P bein^, as before, the perpendicular from the centre on 
the ehord of one twelfth of the cir^umferenee, P'»\H (AC+CG) 
«sdOOX (1865^2545) — a 98301:2.73 — rand Ptt965.9298i> — , be- 
cause (96d.d2d8d^ is greater than 933012.73. Henee also, AC+P 
*Bl90d.92585 — s, 

Next, as Q»the perpend ieular drawn from the centre on the ehord 
<lf one twenty -fourth of the circumferenee, Q» as AH (AC+P)«s 
000 X (1965.92585—) =« 98296*2.93 — ; and Q a?«9 9 1.4440.^ — , be* 

eanse (991.44490)* is greater than 982962.93. Hence also, AC-f <) 

jbL 99 1.44495 — . 

In like manner, as S is the perpendicular fcom C on the chord of 
oneforty-eiejhthof the cireumf rence,S»==AH ( \C+Q)=500 (1991. 
4>>49.5 — ) = 995722.470—, and S « (997.838931—) because (997. 
»a895)» is a^reater than 995722.470. 

But the square of the chord of the ninety-sixth part of the circum- 
ference « AQ ('AC— 8) = 2000 (2.14105+) a. 4282.1 +, and ttta 
chord itself =» 65.4377 + because (65.4377)* is less than ^282.18 
^^owthe chord of one ninety ^sixth part of the circnmference being 
=65.4377+, the perimeter of a polygon of ninety-six sides inscrib* 
ed in the circle»=(G3.4377+) 96=6282.019+. But the circumf^r* 
enee of the circle is ^ater than the perimeter of the inscribed 
polyofon; therefore the circumference is greater than 62^2.019, of 
those parts of which the radius contains 1000; or than 3141.009 of 
the parts of which the radius contuns 500, or the diameter contains 

4000. Now, 3141.009 has to lOOO a greater ratio than S+j^^jto 1 ; 

therefore the circumferenee of the circle has a greater ratio to the 

10 . ^ • 

diameter than 8+^has to 1; that is, the excess of the circumferenct 

above tfiree times the diameter is greater than ten of those parts of 
which the diameter contains 71; and it has already been shown to be 
less than ten of those of which Uie diameter contains 70* Therefore. 
&c. Q. E.U. 

Cor. 1. Hence the diameter of a circle being g^yen, the circumfer* 
ence may be found nearly, liy making; as 7 to 22, so thi given diame- 
ter t* a fourth propdrtional^whieh will be greater than the eircumfer- 

10 
enee. And if as 1 to 3 +£^9 or as 71 to ^33, sd the given diameter 

to a fourth proportional, this will be nearly equal to the 
ence^ hat will bo less than it^ 
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1 
decimal plaee^ tibat is than Tq^qooo ®^ ^^ ni4iiis« Also, aji the num-' 

bers in the second column, are less than the perimeters of the in*- 
. scribed polygon^, they are each <of them less than the cireumferencei 

of the circle; and for the same reason, each of those in the third 
.column is greater than the eircumference. But when the arch of 

^ 7 of the cireamferenee ii bisected ten times^ the number of sides in 

the polygon is 6144, and die numbers ki the Table differ from on# 

part of the radius, and theirefore the peri'- 



another only by 



1000000 



meters of the polygons differ by less than that quantity! and eonse* 
qnently the circumference of the circle, which is ereater than the 
least, and less than the ^eatest of these numbers, is aet^rmined with* 
in less than the millioneth part of the radius. 

Henee also, if R be the I'aditts of any eircfe^ the circumference is 
greater than Rx6.^3185, or than 2Rxd*14rid92, but less thjan ^R 
X3.i410Od$ and these numbers differ from one another only by a 
millioneth part of the radius. So also R>-f 8,141502 ig less, and 
R' Xd»i4ld93 greater than the area o( the circle; and these nuto- 
liers differ from one another only by a millioneth part.of the squaN 
•f the radius* 

In this war, also, the circuitaf^rence and the area of the circle may 
he found still nearer to the troth; but neither by this, nor by any 
other method yet known to geometers, can they be exactly determin- 
od, though the errors of both may be reduced to a less quantity thai 
any thatean be assigned* 
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OP THE INTERSECTION OF FLANElS. 

f 

DEFINITIONS. 

I. 

A STRAIGHT line 18 perpendicular er at ri^lit angles to a planei 
when it makes right angles with every straight line whieh it * 
meets in that plane. 

n. 

A plane is perpendicular to a plane, when the straight lines drawik 
in one of the planes perpendieular to the eommon section of tho 
two planes^are perpendieular to the other plane. 

in. 

The inclination of a straight line to a plane is the aente angle eon* 
tained by that straight line, and another drawn from the point in 

. whieh the first line meets the plane, to the point in whieh, a peT* 
pendiculai^ to the plane, drawn from any point of the first unO} 
meets the same plane. • 

IV. 

The angle made by two planes whieh eut one another, is the aagi* 
contained by two straight lines drawn from any, the same iiointiti 
the line of their eommon seetion, at right angles to that line, tho 
one, in the one plane, and the other, io the other. Of the tw6 
adjacent angles made by two lines drawn in thi» manner, that which 
is aente is also called the inclination of the planes to one anothor* 

Z 
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V. 

Two planes are said to have the same, or a like itielination to one an- 
other, wliieh two other planes have, when the angles of inelina* 
tion above defined are equal to one another. 

VI. 

A straisht line is said to he parallel to a plane, when it does not meet 
the plane, though produced ever so far^ 

. VII. 

ft 

Planes are said to he parallel to one anothefi whieh do not mee^ 
ihongh produced ever so far. 

* VIII. 

A solid angle is an angle made by the meeting of more than two plaii 
angiesy whieh are not in the same plane in one point* 

PROP. I. THEOR. 

One part of a straight line cannot be in a plane and an- 
other part about it. 

If it he possible,1et A 6, part of the straight line ABC he in the plano^ 
and the part BC above it: and sinee 
theVraight line ABis in the plane, it 
can be produced in that plane (2. Post. 
1.): let it be produced to D: Then 
ABC and ABD are two straight lines, 
and they have the common set^ment 
AB, which is impossible (Cor. def. %, 
i.). Therefore ABC i^ not a strai^t line. Wherefbre one part, 
&c Q.£.D. ^ ^ 

PROP. II. THEOR. 

Any three straight lines which meet one another^ not in 

the same poipt, are in one plane. 

Let the three straight lines AB, CD, CB meet one another in tla 
points B, C and £; AB, CD, CB are in one 
plane. ^V %^ 

Let any plane pass through the straight 
line EB, and let the plane 1^ turned about 
EB, produced, if necessary,* until it pass 
through the point C: 'I hen, because the 

{>oints £, C are in this plane, the straif^ht 
ine EC is in it (def. 0. 1.): for the same 
reason, the straight line BC is in the same ; 
and, by the hypothesis, EB is in it; there* 
fore the three straight lines EC, CB, BE are 
in one plane : but the whole of die lines D€^ ,^^ 
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AB. uti BC pradaeed, are in the same pliuie with the ports of (hen 
f:', KB, 8€ (1. 2. 8up.}. Therefore AS, CD, CB, an all in one 
plane. Wherefore, &e. Q. R. D. 

Cor. It is miiiiifbst, that an j two straic^l lines which eut one an- 
•ther are in on^ plane: Alto, that aay threa points whatever are in 
'«ne plane. 

PROP. III. THEOR. 

If two plines cut one another* their commoa section 'a % 
• straight line, 

Ijet two plants AQ, BC cut one t 

•ther, and let B and D be two points in the 
line of their common seetian. From B to 
D draw the straight |iue BL); and because 
tU« points B and D are in the plane AB, * 
the straight line BD is in that plane (def. 
9. 1.}: for the same reason it is in Ihe 
plane CB; tho siraii^ht line BDisthere- 
ibre common to the planes AB and BC, or 
it is the eommoQ section of these planes. Therefore, &e. Q. E. D> 




PROP. IT, THEOR. 

If a straight line stand at right angles to each of two 
straight tines in the point of their intersection, it will also 
be at right angles ifl the plane in which these lines are. 

Let the straight line AB stand at ri^t angles to each of tfce straight 
lines BF, CD in A, the point of their intersection: AB is alM at ri^t 
an^es to the plane passing through Eb', CD. 

Through A draw anv line A& in the b 

l^ane in which are EFand CU; let Q 
te any point in that line ; draw OQ pa- 
ralielto A.D;nod make HF^HA,jein 
PO; and when produced let it meet 
C A in D; join BD, BG, BF. Beeanse 
OH is parallel to AD, and FH=iHA; 
therefore FO^mQD, so thai, the tine DF 
is biseeted in G. And because BAn>i% 
K ri^ht angle,BD*oAB<'+ AO* (47. 1.); 
and for the same reason, BF>^AB'+ 
AF«, therefore BD« + BF' t- 3AB>+ 
AD'+AP<; and heeaose DFisbiieet- 
-ed in G (A. I.), AD»+AF»«aAG»+ 

aOF', therefore BD'+BF'-sAB' + aAG'+aGF*. Bnt BD»+ 
KF>>(A. a.) «a» + 2GF«, thttefora aBG- + XOP' =. 3A8» + 
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MCM+sGF*; and Uking 3GF' from both, 2BG'»2AB«+3A6% 
•r BO>«iAB'+AG'; wherefore BAG (48l 1.) is a right angle. Now 
AGisEDj straight line drawn in the plane of the Unes AD, AF; and 
when a straight line is at right angles to any straight line whieh it 
neets with in a plane, it is at right angles to the plane itself (def« 1. 
J. Sop.). AB is therefore at right angles to the plane of the lines 
AF|Al). Tberffere* &e. Q.E.D, 

PROP, V. THEOR, 

If three straight lines meet all in one point, and a straight 
Kne stand at right angles to each of (hem^in that ])Oint : 
these three straight lines are in one and the same plane. 

Let the strairtt line AB stand at right angles toeaeh of the straight 
lines B,C, BQ, B£, in B, the point where thej meet; BC, BO, BE 
are in one and the same plane. 

If not, let BD. and B£, if possible, be in one plane, and BC be 
aboTe itf and lei a plane pass through AB, BC, the eommon section 
. of whieb with the plane, in which BD a^nd BE are, shall be a straight 
(8. 2. 8op^ Kne; let this be BF: therefore the three straight lines 
AB, BC, BF are all inone plane, viz. that which passes throngh AB, 
BC ; and because AB stands at right angles to each of the straight lip es 
BD, BE, it is also at right angles (4. 2. Sup.) to the plane passingt 
through them; and therefore makes right 
angles with every strais^ht line meeting it in 
that plane; but BF which is in Uiat plane 
Bieets it ; therefbre the angle AB F is a risht 
angle ; but the angle ABU, by Uie hjpothe- 
•is is also a right angle; therefore the an- 
^ ABF is equal to the angle ABC i^nd thej 
are both in the same plane, which is impos- 
sible : therefore the straight line BO is not 
above the plane in which are BD and BE: 
Wherefore the three straight lines BC, BD, 
BE are in one and the same plane. There- 
fore, if tl^ree str^ght lines, &c. Q. E. D. 

PROP. VI- THEOR. 

Two straight lines which are at right angles to the sam^ 

plane, are pairaUel to one another. 

Let the straight lines AB, CD be at right anries to the same plant 
l[l!)S$A]MBparallfltoCD. ^ ^ . i- ' 
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Ltt them meet the plane in the points B, D. Draw DE at right 
ans*Ie8 to OB, in the plane BDE, and let E be . 
any pQint in it: Join AE, AD, EB. Because 
ABB is a right angjle, AB» + BB«= (47. l.) 
AE% and beeaosa BDEis a ric^lit angle, BE^=s 
BD» + DE»; therefore AB»+BD»+ I)B»« 
AE"; now, AB«+BD«=>AO% beeause ABD is 
a ri^ht an^e, therefore AD'+DE*=AE% and 
ADE is therefore a (4-8. 1.) ripjht angle. There- ^ 
^re ED is perpendieular to the three lines BD, 
t}Ay DC, whence these lines are in one plane 
(0. 2. ShpO* But AB is in the plane in whieh 
are BD, DA, beeause any three straight lines, 
which meet one another, are in one plane (2. . 
le. Sup.) : Therefore AB, BD, DC are in on^ plane ; and each of 
the angles ABD, B DC is a right angle; therefur^ AB is paralkl 
[ss, i.) to CD. Wherefore, if two straiglit lines, &c. Q. £. D. 

PIV)P. VIT. THEOR. 

If two straight lines be parallel, and one of tliem at right 
angles to a plane ; the other is. also at right angles t^o the 
jBame plane. 

Let AB, CD be two parallel straight lines, and let o6e of them AB 
be at right angles to a plane ; the a ' c g 

other CD is at right angles to the 
same plane. 

For, if CD be not perpendicu- 
lar to the plane to which AB is per- 
f^endieular, let DG be perpandiea- 
ar to it. Then (6. 9. Sup.) DG is 
Jiarallel to AB: DG and DC there- 
bre are both parallel td AB, and 
are draw through the siMne point 
D, which is impossible (11. Ax. 1.^. 
Therefore, &e. Q. E; SL 

PROP. VIII. THEOR. 

Two straight lines which are eaoh of them parallel to 
the same straight line, though not both in the same plane 
with it^ are parallel to one another. 

■ 

XiOt AB, CD be each of them parallel to EF, and not in the same 
plane with it; AB shall be parallel to CD. 

In EF take any point G, from which draw, in the plane passing 
through EF, AB, the straight line GH at right aiigles to EF ; and in 
the plane passing through EF, CD^ draw OK at right angles to the 
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iftine BF, And because EP i$ peiT>endieularbotli to GH and GK,it 

is perpendicular -(4, 2. Sup.) to ,fche plane! HGK passing thronffh 

them : and EF is parallel to AB ; therefore AB is at riiht ttns^etf 

CZ- 3- Sup.) to the plane HGK. P ^ 

For the same reason, CD is 

likewise at right angles to the 

plane HGK. Therefore AB, 

CD are each of them at right 

ans^les to the plane HGK. Bui 

if two straight lines are at right 

angles to the san>e plane, they 

are parallel (6. 2. Sop.) to one 

anotner. Therefore AB is pa- 

ralleji to CD. Wherefore two straight lines, &e. Q. E. D. 

PROP. IX. THEOR. 

If two straight lines meeting one Another be parallel to^ 
two others that meet one another^ though not in the same 
plane with the first two ; the first two and the other two 
shall contain equal angles. 

Let the two straight lines Afi, BC which meet one another he pa- 
rallel to the two straight lines DE, EF that meet one another, and 






are not in the same plane with AB, BC. 
angle ABC is equal to the angle OEF. 

Take BA9 BC, ED, EF all equal to on^ 
another; and join AD, CF, BE, AC, DF: ^ 
Because BA is equal and parallel to ED, there- 
fore AD is (33. 1.) both equal and parallel to 
BE. For tne same reason, CF is equal and 
parallel to BE. Therefore AD and CF are . 
each of them equal and parallel to BE. But . 
straight lines that are parallel to the same 
ttraigftt line, though not in the same plane 
with it, are parallel (8. 2. Sup.) to one an- 
other. Therefore AD is parallel to CF; A|d 
it is equal to i t, and AC, D F join them towmis ^ 
the same parts; and therefore (33. 1.) AC is equal and parallel to 
pp. And because AB, BC are equal to DE, EF, and the. base AG 
to the base DF; the angle ABC is equal (0. 1.) to the angle DEF« 
Therefore, if two straight lines, &e.' Q. E. D. 

PROP. X. PROB. 

To draw a straight line perpendicular to a plane^ from % 

given point above it. 

Let A be the given jioint above the plane BH it is remiired to draw 
from the point A a straight line perpendieiilar to the plaaeBH* 
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fi?V?*An""*'' "T""/ 't««g|!t«»'- BC, ati'^fram the poiirt A draw 

i«r to the plane BH, the thing required is already' dooe: but if it 
be not, .from th>* point D draw A* 

(II' lOi in (he plane BH, the 
straight line DE at right anKles to 
BCj and from the point A draw ® 
AP perpendicular to DEj and 
through Pdraw (11. 1.) OH pa- 
rallel to BC : and because BC is 
at right angles to ED, and DA, 
BC is at rifeht angles (4. 2. Sup.) 
to the plane pn^iiiog through ED, 
DA. And OH is parallel to BC ; but if two straight lines be parallel, 

?T*J*o"' x*"'* ** "^''* ■"^'" •" * P'""*'' *^ other S^all be at right 
(7. 3. Sup.) angles to.Ihe same plane; wherefore GH is at right an- 
gles to the plane through ED,DA, and is perpendicular (def. I . «.8np.) 
to erery straight line meeting it in that plane. Bu» AP, whieb iaiii 
the plane through ED, DA, meets it t Therefore GH is perpendico- 
tar to AF, and consequently AP is perpendicular to GH ; and AP is 
also P-TenrficolBr to DE : Therefore AP is perpendicular to each of 
the straight lines GH. DE. But if a straight line stands at riitht an- 
gles to each of two straight lines in the point of their intersection, it 
18 also at right angles to tbe plane pas^ine through them ( 4. 2. SanX 
Ami the plane passing through ED, GH u the plane BH; therefora 
AP IS perpendicular to the plane BH ; so that, from the given point 
A, above the pfane BH, the straight linekp is drawn perpeniUcular 
to that plane. Which was to be done. 

Cor. If it be required from a point C in a plane to erect a per. 
peTidicolar io that plane, take a point A above the plane, and draw ' 

«hr.''^rv""'. .? k''*' ?'""* ' ••"""' ^^ •"'«•" C a line be drawn pa- 
ITi f A**u. -F' '.".'" ''* *•'* P*T"'n''i«"'lar required; for being pa^l- 
lei to AP It will be perpendicular to the same plane to which AP Ig 
perpendicular {7. 3. Sup.). •• *« » 

PROP. XI. THEOR. 

From the saine point in a plane, there cannot be tw« 
Straight ines at right angles to the plane, upon the same 
side of It : And ther^can be but one perpendicular to « 
plane from a point above it. 

.„!I°'\'^ '* ''.* f^'i**'*' '•** the two straight lines AC. AB be at rlrtt 
angles to a given plane from the same point' A in the pla" , a^ JSn 
rte same side of it; and let a plane p„s through BA, AC ?Kp coT 
men sect on of this plane with the given plane is a straight (}t^S\ 
Ime passing through A; Let DAB be their commonsectiinsThm- 
fore the straight line. AB, AC, DAE are in one plane: Add beca„w 
CA » at right angle, to the given plane, it makL right Mg|«wiS 
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(every draif^lit line meeting it Jn that piknc. 
But 1) AE/ which is in that plane, rteets 
CAjtbereforeCAE is a right angle. For 
Hie same reason BAE is a right angle. 
Wherefore the angle CAE is equil t« the 
ans^le BAE; and they are in one plane, 
^hleh is impossible. Also, from a point 
above a "plane, there can be but one per- 
pendicular to that plane; for if there 
eooid be two, they would be parallel (6. 2. Sup.) to one another, whiel 
is absui^. Therefore^ from the same point, &c. Q. E. D. 

PROP. XII. THEOR. 

Planes to which the same straight line is perpendicular^ 

are parallel to one another. 

Let the straight line AB be perpendicular to eaeh of the planed 
CD, EF; these planes are parallel to one another. 

If not, they must meet one another when produced, and their torn- 
mon section must be a straight }ine OH, in 
which take any point K, and join AK, BK: 
Then, because AB is perpendicular to the 
plane EF, it is perpendicular (def. i,2, 6up.) 
to the straight line BK which is in thatplaney c^ 
and therefore ABK is a pght angle. For the 
same reason, BAK is a right angle; where- 
fore the two angles ABR, BAK. of the trian- 
sle ABR are equal to two right angles, which 
ts impossible (17. 1.): Therefore the planes 
' CD, EF, though produced, dp not meet one 
another; that is, they are parallel (def. 7.2«^ 
Sup.}. Therefore planes, &e. Q. E. D. 




PROP. XIII. THEOR. 

If two straight lines meeting one another^ be paralled t# 
two straight lines which also meet one another, but are in 
the same plane with the first two : the plane which passes 
through the first two is parallel to the plane passing through 
the others. 

Let AB, BC, t^o straight lines meeting one another, be parallel 
to DE, EF that meet one another, but are not in the same plane witk 
AB, BC : The planes through AB, BC, and DEyEFshail notmeetr 
though produced. 

From the point B draw BO perpendicular (10. 2. Sup.) to the plant 
which passes through DE, EF, and let it meet thatpJane in 6; and 
through G draw GH parallel to ED (31.1.), and GK parallel t^SFt 
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And becaase 60 is perpendkalar to the plane through DE, EF, it 
must make right an^es with * 

every straight line meeting s 

it in that plane (1. def. 2. 
Sup.). But the straight lines 
OH, OK in that plane meet 
it: Therefore eaeh of the 
angles BGH,BGK is a right 
angle : And because BA is 
parallel (8. 2. Sup.) to 6H 
^for eaeh of them is pariU 
lei toiDE), the angles GBA, 
BOH are together equal 

{29. i.) to two rii(ht angles: And BOH is a right angle; therefore 
also GB A is a right aoule, and GB perpendicular to BA : For the same 
reason, GB is perpendioalar to fiC : Since, therefore, the straight 
lineGB stands at ri^ht angles to the two straight lines BA9 BC9 that 
cut one another in B; GB is perpendicular (4. 2, Sop.) to the plane 
through BA,BC: And it is perpendiealar to the plane through DE, 
£F; therefore BG is perpendicular to each of tue planes through 
AB, BG, and DE, EF : But planes to which the same straight line is 
perpendicular, are parallel (12. 2* Sup.) to one another: Therefore 
the plane through AB, BC, is parallel to the dlane through DE, EF« 
Wherefbre, if two straight lines, &c. Q, E. D. 

C OR. It follows from this demonstration, that if a straight line meet 
two parallel pi anes> and be perpendicular to one of thedot, it must be 
perpisndievlar to the other also. 

PROP. XIV. THEOR. 

If two parallel planes be cut by another plane; their com** 

mon sections with it are parallels. 

JLet the parallel planes AB,' CD be eut by the plane EFHG, and 
let their common sections with 



it be EF, GH; EF is parallel 
toGH. 

For the straight lines EF 
and GH are in the same plane, 
viz. EFHG which cuts the 

S lanes AB and CD ; and they 
o not meet though produced $ 
. for the planes in which they 
are, do not meet; therefore 
KF and GH are parallel 
(def. 30.1.). Q.E.D. 
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PROP. XV. THEOR. 

If two parallel planes be cut by a third plane^ tbey hare 

the same inclination to that plane. 

Let AB andCD be two parallel planef, aod EH a third planecat* 
tiDe them: The planer A9 And CD are equally i^rlint'd tp EH. 

Let the itraig:ht lines EF and OH he the common teetlon o( the 
plniie EH with the two planes AB and CD; and from R, any point ia 
EF,draw in the plane EH (he stralaht line KM atrightanfclen'toEF, 
and let it meet OH in L ; draw alfo KN at rieht anclM toBF io the 
plane AB : and throosh the straifrht llnea KM, KN. let a plane be 
■lade to pass« eotling the plane €D in the line LO. Afid lieeaase EF 
and OH are the common eections of the plane ER with th«* two vi^ 
raltel plfloes AB and CD« EFis parallel to OH (U. 3 Sup.)* ^"t 
EF it at rlitht ao^les to th^ plane that paf^sea throufEh KN and KM 
(4. 2. Sup.), because it is at right angles to the Ibes KM and KK i 




therefore OH is also at right angles to the same plane (7. 2. Sup.), 
and It is thert^fore at right angles to the line^ LM, LO which it meets 
in that plane. Therefore, since LM and LO are at riebt angles fo 
LO, the common section of the two |danei» CD and £H« the angle 
OLM is the inclination of the plane CD to the plHne EH U. def. i. 
Sup.). For the same reason the angle MKN Is the Inclination of the 
plane AB to the. plane EH. But because KN and LO are paralleli 
beinp the common sections of ihe parallel planes AB aqd CD with a 
third plane, the interior angle NKM is equal tp the exterior angle 
OLM (39. 1 ); that ls« the inclinatino of the |*]»ne AB to the plane 
EH. Is equat to the inclination of the plana CD to the same plana 
EH. Therefore, &c. Q.E.D. 
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If two straight lines be cut by parallel planes, they most 

1>e ciit in .the same ratio. 

Let tbe gtrai^t lin^s AB, CD be eiit by the parallel planes GHi 
KL, l^N, in the {mints A, £,B, C,F, D: As A£ is to £B, so isCP 
toFD. 

Join AG, BD, AD^and let AD meet the plane KL in the point X; 
and join EX, XF: Because the two 
parallel planes KL, jVIN are eut by the 
plane EBDX, the eonimon sections 
£X, BD, are parallel (14^^. SUp.). 
For the same reason,, because the 
two paittllel planes GH, KL are eut 
by the plane A^FC, the eonimon sec* 
tions AC, XF are parallel : And be- 
cause EX is parallel to BD, a side 
^th« triang^le ABD, as A£ to £B, 
so is (2. 6*) AX to Xp« Aii:ain, be- 
•anse XF is parallel AC, a side of (he 
triangle ADC, as AX to XD, so is CF 
to FD : and it was proved that AX 
is to XD, as AE to £B : Therefore 
(11. 5.), as AB to EB, so is CF to 
Fl). W&erefore, if two straight 
'liQes,&c. Q. C. D. . 

PROP. XVn. THEOR. 

If a straight line be at right angles to a plane^ every 
plane which passes through that line is.at right angles to 
the first mentioned plane. 

Lcit the straight line AB be at right angles to a plane CK } every 
plane which passes through A B is at right angles to the^plaue Ck. 

Let any plane DE pass through AB, and let CE bef the common sec* 
tion of the planes DE, CK; take any point F in CE, from which draw 
FG in the plane DEat right angles to tl^ : And because AB is perpen- 
dicular to the plane CK, therefore n G A B 
it is aUo perpendicular to eveiy 
straight line meeting it in that plane 
(1. def. 2. Sup.); and conse- 
quently it is perpendicular to CE: 
Wherefore ABF is a rig^t angle; 
but GFB is likewise a right angle; 
therefore AB is parallel (128. 1.) 
to FG. And AB is at right angles 
to the plaae CK: therefore FG i» 
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also at riglit aogles to the same plane (7. 3« Snp.)! But one plane it 
at ri^Rtaiif^leg to another plane wlientbe straight lines drawn in one 
of the planes, at right an^iles to their common seetlon, are also ai 
ris^ht angles to the othe? plane (def. 2.Z.) ; and any straight line FG in 
the plane DE, which is at right angles toCE, the common section of 
the planes, has been proved to be perpendienlar to the other plane 
CK; therefon^the plane DEJs At right angles to the plane Ck. In 
like manner, it may be proved that all the planes which pass through 
AB are at right aii^es to the plane CK. Therefore, if a straight 
line,&e. Q.E.D. 

PROP. XVIII. THEOE. 

. ■ ' 

If two planes cutting one another be each of them per- 
pendicular to A third plane, their common section is per- 
pendicular to the sa^e plane. 
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Let the two planes AB, B€ be each of them per^endieular to a 
third plane^ and BD be the common section c^f theiirst two; BD is 
perpendicular to the plane ADC. 

rrom D in the plane ADC, draw DE perpendicular to AD, and DF 
to DC. Because i)E is perpendicular to AD, the common section rf 
. the planes AB and ADC; and because the 
plane AB is at right angles to ADC,DE is at < 
right angles to the plane AB (def. 2, 2. Sup.), 
and therefore also to the straight line Bliin 
that plane (def. 1. 2b Sup.). For the same 
reason, OF is at right angles to DB« Since . 
BD is therefore at right angles to both the 
lines DE and DF^ it is at right angles to the 
plane in which DE and DF are, that is, to the 
plan^ ADC (4. 2. Sup.). Wherefore, Sec* 
,Q.E.D. 





PROP. XIX; THEOR. 

Two straight lines not in the same plane being given in posi- 
tion^ to draw a straight litie perpendicular to them both. 

Let AB and CD be the given lines, which are not in the same 

5 lane $ it is required to draw a straight line which shall be pe^pen- 
ieolar both to AB and CD. 

In AB take any point E, and through E draw EF parallel tto CD, 
and let EG be drawn perpendicular to the plan^e which passes through 
£B, BF (10. 2, Sup.). Through AB and EG let a plane pass, viz* 
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GK and let tlbs jilane meet CD in H ; from H draw HK perpendiei^ 
lar to AB; aa^ HK is the line retjuired.. Tlirougli H^ draw liG 
parallel to AB. * 

Then^ since HK and G£, whieh ape in the same pl^ane, are both at 
right angles to the straight line AB, they are parallel to one another. 
And beeavse the- lines m>. HD are parallel to the lines E B, EF, each 
to eaeh, the plane GHU is parallel to the plane (13. 2. Sup.) BEF ; 
and therefore EG, which is perpendicular to the plane BEF, is per- 

ehdieiilar also to the plane (Cor. 13. 2, Sup.) GHD. Therefore 
EL, which is parallel to GE^ is also perpendieufaf to the plane 
OHD {7. 2. Bop.), and it is therefore perpendicular to HD (def. 1. 
2. Supi.) which IS in that plane, and it is also perpendicular to AB; 
therefore RK is drawn p^endieular to the two given lines, AB and 
CD. Which was to be done. 

» 

. PROP. XX. THEOR. 

• • ♦ 

If a solid an^le be contained by three pbne angles, any two 
of the^e angles are greater than the third. 

Let the solid apgle a|t A be contained by the three plane angles 
BAC^ GAD, D AB. Any two of them are greater than the third. 

If the angles BAG, CAD, DAQ be all equal, it is evident that any 
two of them jtre greater than the-third. But if they are not, let B AC, 
foe that angle which is not less than either of the other two, aud is 
greater than one of th^m, DAB; and M the d 

point A in the straight line AB, malcein the 
plane which passes through BA, AC, the 
angle BAE equal (23. 1.) to the angle D AB ; 
and make Afc^ equal to AD, and through 
E draw BEC cutting AB, AC in the points 
B, C, and join DB, DC. And because DA ^ 
is equal to AE^ and AB i$ eommon to the ^ 
two triangles ABD, ABE, and also the an- 
gle DAB equal to the angle EAB; therefore the base DB is equal 
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J4^ i.) to the bftie BE. And beeanse fiD, DC are greater (20. 1.) than 
)B, and one of them BD has been proved equal to BE^ a pari of CBy 
therefore the other DC isereater tnan the remaining; part EC. Anil 
beeanse DA is equal to A^ and AC eommon, bfit the base DC greater 
than the base BC $ therefore the angle D AC is greater {28. 1.) than 
the angle EAC; and by the eonstntetiony the angle DAB is equal to 
the angle BAE; wherefore the angles DAB, D AC are together great- 
er than B A E, E AC, that is, than the angle B AC. But BAC is not 
less than either of the angles DAB, D AC ; therefore BAC, with 
either of them, is greater Uian the other. Wherefore, if % solid an- 
gle^&c. Q.E. D1 

» 

PROP. XXI. THEOR. 

« 

rPhe plane angles which contain any solid angle ^re to- 
gether less than four right angles. 

» 

Let A be a volid angle contained by any number of plane assies 
BAC CAD, DAE, EAF^ FAB; these together are less than four 
right (Lngles. 

Let the planes which contain the solid angle at A he cut by another 
^ane,and let the section of them by that plane be the rectilineal figuie 
BC DEF. And beoanse the solid angle at B iB eontaibed by three plans 
angles CBA, ABF, FBC^ of which any 
two are greater (20. 2. Sup.) thantho 
third, the angles CBA, ABF are great- 
er than the angle FBC*; For the same 
reason, the two plane angles at each of 
the pointy C, D, E, F, viz. the aaglei 
which are at the bases of the triangles 
liaving the common vertex A, are great- 
er than the third angle at the same point 
which is one of the angles of the ngure 
BCDEF: therefore all the angles at the 
bases of the triangles are together great- 
er than all the angles of the figure: and 
because all tlie angles of the triangles are together equal to twice as 
many right angles as there |tre triangles (83. 1.)? that is, as there are 
sides in the figure BCDEF $ and becaose all the angles of the figure, 
together with four right angles, are likewise equal to twice as many 
riiiht angles as there are sides in the figure (cor. 1. 33. 1.) ; therefore 
Itll the itngles of the triangles are eqnafto all the angles of the rectili- 
neal figure, tether with four right angles. Butallthe angles at the 
bases of the triangles are greater than all the angles of the rectilineid, 
has been proved. Wherefore, the remaining anglef» of the trian- 
gles, viz. those at the vertex, which contain the solid ancle at A, are 
less than four right angles. Therefore eyery solid angle, &e. JQ. £« D . 
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Letthe ion of all the ui^ea at the baaetof (hei 

■um of all the angle* of the rectilineal lip^re BCD 
•f Ihe plane an^es at A~X, and let R— a right a 
Then, beeanae B+X— twice (33. 1.) as inanT rifcl 
aiv Irianglei, or as there are Bides of the rectilinea 
and &» 2+4R t> alio equal to twiee m many right ■ 
■idei of the same finirei therefore S+XaiX-f-^R, 
the three plane ^neles which contain a soKd anKle, ■ 
ertban the third, 8~72; and therefore X^^h; tl 
the plane angles which Gootaio the lolid angle at A 
right aaglei. Q. E. 0. 

SCHOLItrsf. 

It is evident, that when a.aj 6i the aiglei of t^e 
exterior, like the angle at D, in 
the annexed fi^re, the reasoning 
ili the abore propoiition does not 
hold, beeaDse the golid an^es at 
the base are not all eofitaiaed bj 
plane aoKlei. of which two belong 
to th« Irian-iular planes, having 
their eoromon reijei in A, and the ' 
third it aB interior anele of the - 
reelilineal 6pirc, or base. There- 
fore, it cannot be eoneluded that 
' 8 is necessarily, vnater than X. This [ 
■Bhjcct to a limitation, which is lafther nphiBcd 
this book. 
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BOOKZU. 

OF THE Comparison of solids. 

DEFINiTIONS. 

L 

SouD is that whieh has length, breadth^ and thickness. 

» ■ • 

n. 



Similar solid fignres are such as* are contained by the sane number 
' of similar planes similarly situated, and having like indinations 
to one ano&er. ' 

ni; 

A pyramid is a solid figure contained by planes that are eonstiiuted 
betwixt one plane and a point above it m which they meet. 

IV. 

A prism is a solid figure contained by plane figures, of whieh tm's 
that are opposite are eaual, similar, and parallel to one another; 
and the others are pi^rallelograms. 

"V. 

A parallelepiped is a solid figure contained by six quadrilateral 
^ures, whereof every opposite two are parallel. 

Vl. 

V 

A cube is a solid figure eontaiiied by six equal squarss*. 
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.' vn. 

A ftpBere i9 a solid figure df^iMsribed by th^ revolution ot a temiwelo 
about a dianOietery whieh remaino tknmoved. 

vm. 

irke axis of a sphere is the fixed straighlt line abdut which the semi- 
cirele rerolVes. 

IX. 

• ' 

i'fae eentro of a sphere is the oame with that of the fomio^Io. 

The diameter of a sphere is any straight line whieh passes thfoti^ 
Uie centre, and is terminated both ways by the superficies tf the 
sphere. 

XI. 

A eone is a solid figure djeseribed by the revbhitipn 6f a right JmiIS^M 
triangle about one of the sides eobtai^ing the right au^ Which 
' liide remuns fixed. 

xn. 

The alis of a eone is the filed straight Une abiMit which the triingle 
retolves. 

xni. 

»«• • 1 I 

• ito It ; • i • ! F ' 

The base of a cone U the circle described by that side^, contiiiiilif^ 
t&e right anglcy which revolves. 

A cvUnder is a solid figure described b;^ the retoklion of a right a]t« 
glcd parallelogram d»out one of its sides, whieh remabs fiie£ 

XV. • 

The axis of a cylinder is the fixed straight line about which the pi- 
rallelogram revolves*. 



XVI. 



». t' 



The bases of a cylinder are the cirelet df <9ribed by thib tWas^f^lV' 
ing opposite sides of the parallelog^aat. 

xvn. 

Similar cones and cylinders are those whieh Have iheir axii^aiidifci 
diameters of their bases proportionals. 

Bb 
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StJPPLEMBNt to THE ELEMENTS 

PROP. I. theor; 



tir two solids be contained by the same number of equiJ 
and similar planes similarly situated^ ai^d if the inclination 
of any two contiguous planes in the one solid be the same . 
with the inclination of the two equal, tod similarly situated 
planes in the oth^r> the solids themselves are equal> and 
Similah 

Let AG and KQ be two solids contained by tbe same number of 
ec^ual and similar planes, similarly situated so that the plane AC id 
similar and equal to the plane KM, the plane AF to the plane RP; 
BG to LQ, GD to QN^ DE to NO, and FH to PR. Let also the in- 
jelination of the plane AF to the plane AC be the same with that of 
the plane KP to the plane KM, and so of the rest^ the solid KQ is 
equal and similar to tne solid AG. 

Lei the solid KQ be applied to the solid AG, so that the bases KRT 





atiJ AC, which Jsire equal and similar, inay coincide (8/Aiu 1.)^ tU 
point N coinciding with the point D, K with A, L with B, and so q|p. 
And because the plane KM coincides with the plane AC, and, by hy- 
pothesis, the inclinalion of KR to KM is the hme with the indinatioli 
of AH, to AC, the plane KR will be upon the plane Afl^ aiid will coin- 
cide with it, because they are similar and equal (8. Ax. 1.), and be- 
Isause their equal sides KN and AD coincide^ . And in the same map- 
ner it is shown that the other planes of the solid KQ coincide with tb« 
other planes of the solid AG, each with each: iVh ere fore the solids 
KQ and AG do wholly coincide, and are equal aud similar to one 
another. Th^refore^ &e. Q. £. D. 

t»ROP. II. THEOR; 

If a solid be contained by six planes, two and two of 
whiiih are parallel, the opposite plades are similar and 
equal parallelograms. * • 

Let the solid CDGH be contwned by the parallel planes AC, GF ; 
BG. CE; FB, AE : its opposite planes are similar and equal paral- 
)elo£^rams. 

Because the two parallel planes feG, CE, are cut by the plane AC 
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ihiekr^mnmon seetions. 48, CD are parallel (14. ^ Sup.). A^d^ 
because the two parallel planes BF, AB are eut hy the plane AC, 
their eommon ^eettcuns AD, B€ ace parallel (14. 3^ ^up.) : and ABis 
parallel to CD ; therefore AC is a parallelogram. In like manner, it 
may be proved that each of the figures 
C£, Fa,GB, BFy AE isaparallelcuKram; 
join AH, DP; and because \B is parallel 
to DC, and BH to CF; the two straight 
lines AB, BH, whidh meet one another, 
are parallel to DC and CF, whieh meet 
one anotben; wherefore, though the first 
two are not in the same. plane with the 
ether twAjt they contain equal angles (9, 2. 
Sup.) ; the angle ABH is therefore eoual to the angle DCF. And 
because AB, BU, are equal to HC, CF> and the angle ABH equal to 
the angle DCF; therefore the base AH is equal (4. 1.) to the base 
DF,and the triangle ABH to the triangle DCF: Porthesame reason, 
the triangle AGH is equal to the triangle DEF; and therefore the 
pftrallelogram BG is equal and similar to the parallelogram CE. In 
the same manner, it may be proved, that th6 parallelogram AC is 
<iqual and similar to the pariulelogra.n GF, and the parallelogralii 
Afi to BF. Therefore, if a solid, &c. Q. £. D. 

PROP. III. THEOR- 

If a solid parallelopipe^ be cut by a plaae parallel to 
two of its oppositip planes, it will be divided into two solids^ 
which will be to one anoth^er as their bases. 

Let the solid parallelepiped ABCD he cutbT the plane BV, which 
is parallel to the opposite planes AR, HD, and divides the whole into 
the solids ABFV, EGCD; as thebp^e ABFY to thebi^eBHCF,so 
is the solid ABFV to the solid EGCD. 

Produce AH both ways, and takeanynttmberofs^truight KnesHIVf, 
MN, each equal to EH, and any number AK, KL eaeh equal toEA, 
^nd eomplete the parallelograms LO, KY,I](Q, MS,and thesolidsLP, 




KR, QU, MT $ then^because the straight Hnes LK, KA, AE are all 
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eqaalf and a]§o the itraif^t lines KO, AY, EF whkkniftke mpuA fB-' 
gjw with LK,]^A, A£, the parallelograms LO^KY, AF areeifoal and 
limilar (86^'i. fc def* 1. <^.):.and llEewise the paraUelogramg Kl^ 
KB, AG ; M abo (2: 8. Bup.) the parallelo|^anM LZ, JKP, AR, be- 



Jieiograms uVi tii,/M>i » <Mso ^^.4(.»iip.; nu, jmlu,!^ 1 ; caereiore 
ihrpQ planes of the solid LP, are equal sind similar to three planea 
^ the solid K^iH, as also to three planes of the solid AV : but the thre<i 
jplanes of^osite to these three are equal and similar to them (^a» Sup.). 
^ t^ sevbhd sdlrds ; therefinre the solids LP, KR, AY are eontainecl 
hj equid and similar planes. And beeause the planes LZ, KP, AR' 
ire parallel, and are eot by the plane XY, tbe incliniition q|LZ to XP. 
i^equdto that of KP tb I^B; or of AR to BY (15. 2. 8up;): and the, 
•ame is true of the o^ther contiguous planes, therefore the solids LP, 
K.R^ and AY, i^ e^ual tu on^ another (l. 3. Sup.)* For the same' 
reasQi^, the thre^ sojids £ JD, H U, MT are equal to one another i there- 
fore what mnltlplesoeTer the base LF is of the basQ A)^, the sa^e 
multiple is the sdlid LY of the solid AY; for the same reason, whatf 
^ver multiple, the hase NF ii ot the base HF, the same multiple is 
the solid NV of the solid ED ; And if the base LF be equal to the 
hase NF, the solid LY i^ equal (1. 3. Sup.) to the solid NV $ and if 
the base LF be grater th^n the base NF, the solid LV is^reater than 
the solid NY ; and if less«)ess. ^inee, then there are tour magnitudes, 
Tiz. the two basbs AF, FH, and the two solids AY, ED, and of the'' 
hase. AF aiijlsoUd AY, the base LF and solid LY are ain j equimuhlpleg 
whatever; and of the base FH and solid £D,'the bake FN and solid) 
^Y are any equimuttiples wha^ver; and it has been proved, that if 
Uie base LF is greater than Uie hase FN, the ^lid LY is greater dian 
the solid NY^ and if equal, equal ; and if less, less : Therefore (def. 
0. 0.), as the'blise AF is ta the base FB, so is the solkl AY to the^ 
solid £D. "Whereforeyifasolid.&e. Q. £. D. 

Cor. Beeause the parallelogram Kf is to the parallelogram FH as 
YF to FC (1. «.). thei^fore the solid AY is to the tolid ED as YF to 

PROP. IV. THEOR, 

lEf a sdidparallelopiped be cut by a plane passing through 
^he (Uagonals of two of the opposite planes, it will be cut 
\nto two ^qual prisms. 

». . . I • 

V 

Let AB be a solid para]le|N>pined, and D£, CF the diagonals of thje 
«np^jite parallelogram^ AH, GB, viz. those which lU'e drawii' betwixt 
me eqliw angles in eaeK ; and because CD^ F£ are eaeh of them pa^ 
ralleL t4 OA, though not in the same plane with it, CD, F£ are pa« 
raUel (8. 2. Sup.); wherefore the diagonals CF, D£ arein the plane 
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vt^ fifiiicli tlte Mralkrlg are, and are tbem* 
felires paraHels (14. 2. 8iip.): the plane 
CD£ P ^utft the solid AB into two equal parts. 

Because the trian^te GGF is equal (34.^ 
i.) to die triau^e. CBF, and tiie triangle 
D Afi to DHfi \ and since the parallelogram 
CA 18 equal (2. 3. Sop.) and similar to the 
opposite one BE ; ti,nd the paralleiogram GE / >^ ■ | — j h 
to Cfl': therefore the planes which eontain 
the prisms C AE, CIBEy are equal and similar, 
e.ach to each; and thej are, also equally in- a £ 

eiined to one another, heeause the planes 
Ac, Eft are parallel, as also AF and BD, and they are cut by the 
yhme C& (iff^ %> Sup.). Therefore the prism CA£ is equal to tlie 
prism QBE (1. 8.Sup.),aQd the solid AB is cut into two equal prisms 
t^j the plane CDEF. Q. £. D. 

N. B. The insisting straight lines of aparallelopiped, mentioned 
in the following propositions, are the sides of the parallelograms be- 
twiit the base and the plaice parallel to it. 

PROP. V. THEOR. 

' I ■ 

Solid parallelepipeds upon the same bfise, and of the 
same altitude^ the insisting straight lines of which are ter- 
n^inated in the same straight lines in the plane opposite 
to the base; are equal to One another. * 

Let the solid parallelopioeds AH, AK be upon the same base AB, 
and of the same altitude, ana let their insisting straight lines AF, AG, 
LM, LN, be terminated in the same straight line FN, and let the in- 
sisting lines CD, CE, BU, BK be terminated in the same straight 
line UK; the solid AH is equal to the solid AK. 

Because CH, GK are parallelograms, CB is equal (34. ij to each 
of the opposite sides OH, EK: wherefore DH is equal to £K: add, 
or take away the common part HE ; then 13E is equal to HK : Where- 
fore also the triangle ODE is equal (38.1.) to the triangle BUK: and ' 
tlie paiallelogram DG is equal (36. 1.) to the parallelogram HN. Foiv^ 
th^e same reason, the triangle AFG is equal to the triangle LiVi N, and 
the parallelogram CF is equal (2. 3. Sup.) to the parallelogram BM, 
and €G toBN; for they are opposite. Therefore the planes which ^ 
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I 

•ontain the prism DAO are similar and equal to those whiek eoDtaiii 
thepnsra HLN9 each to eaeh; and the eontig^ious planes are alsQ 
eonally inclined to one another (10. 2. Sup.), beeausethat the paral* 
iel planes AO and LH, as also A£ and LK, are cut by the same plane 
DN: therefore the prisms DAG, HLN are equal (l,a. Snp.), If 
therefore the prism LN^H be taken from the solid, of which tneibase 
. is the parallefog^ram AB, and FDKN the plane opposite toi the base ; 
and if from this same solid there be taken the prism A6l),the remain* 
inQ^soUd,viz. theparallelopiped AHis equal to the remaining paral"^ 
letopiped AK. Therefore solid paralielopipeds, &e. Q. £• D. 

PROP. VI. THEOR, 

« 

Solid parallelopipeds upfon the same base, and of the same 
altitude, the insisting straight lines of which are not tert^ 
minated in the same straight lines in the plane opposite to 
the b^e^ are equal to one anAher. 

Let the parallelopipeds, CM, CN, be upon the same base AB, and 
of the same altitude, but their insisting straight lines AF, AO, LAf^ 
LN, CD, CE, BH, BK, not terminated in the same strait lines} 
the solids CM, CN are equal to one another* 
. Prodnce FD, MH, and NG, K£,.lmd let them meet one another ip 
the Doints 0, P, Q^R 5 and join AO, LP, BQ, C R. Because the plaoei 
(defi 0. 3. ^p.) LBHM and ACDF are parallel, and because the 

N K 




plane LBHM is ^hat in which are the parallels LB, MHPQ (def. 5. 3. 
\ Sujp^, and in which also is the figure BLPQ; and because thepla^ne 

ACDF is that in which are the parallels AC, FDOR, and in which also 
is the fiffures C AOR; therefore the figures BLPQ, C ADR, are in pa- 
rallel planes. In like manner, beeanse the planes ALNG and CBKE 
*arc parallel, and the plane ALNG is that in which are the parallels AL^ 
OPG^, and iii which also is the figure ALPO; and the plane CBKB 
is that in which are the parallels C B, RQfiK, and in which alsa is tba 
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fii^r^ CBQR; therefore the fii^res ALFO, CBQR are in parallel 
piaiies. But the planes ACBL, ORQP are also parallel ; thprefore 
the solid CP is a parallelepiped. Now thesolidparallelppipedl Mis 
eqnai (9. 2. Sop.) to the solid parallelopiped CP; heeaose they are 
ttpou the same base, and their insisting straight line;s AF; AO, CD, 
iDR; LM, LP, BH, BQ are terminated in the Si|me straight lines PH, 
MQ : and the solid CP is eoual {B. 2. Spp.) to the solid CN ; for th^ 
are upon the sameba^ ACB[i9 and their insisting straight lines AG, 
AO, LP,LN; CR, CE, BQ,BK are terminated in the same straight 
lines ON, RK: Therefore the splid CM is equal to the solid CN. 
Wherefore solid parallelepipeds, &e<. Q. E. D. 

PROP. Vil. THEOR. 

Sblid pArallelppipedis which are upon equal bases^ and dif 
the same altitude are equal to one another. 

Let the sol id parallelopipeds, AE, OF, be upoii ^qnal bases AB, CD^ 
at)d be of the same altitude ; the solid AE is equal to the solid OF. 

Csfte 1 . Let the insisting straight lines he at right angles to the bases 
AB, Ci), and let the bases be placed in the same plane, and So ad that 
the sides CL> LB, be \f^ a str&ight line ; therefore the straight liile Llit, 
. which is at right angles to thi^ plane in i?hich the bases are, in the 
point L, is common (11. 2. Sup.) to the two solids AE, CF; let the 
other insisting lines oF the solids be A&, HK, BE •, BF, OP, €N: and 
first, let the angle ALB be eqnal to the angle OLD $ then AL, LD are 
in a straight line (14. 1.)* Producie OD,HB, and let them meet in^ 
and complete the solid parallelopiped LR^ the base of which is the pa- 
rallelogram LQ,and of which LMis one. of its insisting straight lines: 
therefore, because the parallelogram Afi is equal to CD, as the base 
AB is to the base LQ. so i» (7. 5.) the base CDto the same LQ: and 
because the solid parallelopiped AR is cut by the plane LMEB, which 
!fe parallel to the opposite planes \K^ DR; as tbt base AB is to thd 
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biae LQ9 so ill (S. 3. Sop.) the Solid AE to the solid LR : for the Hfjnm 
reason because the solid parallelopiped CRis cut by the plane LMFD, 
which is parallel to the opp^osite planes CP, BR^ as the baae CD to 
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the bate LQ ; to is the eoNd CF to the solid LR : but as-the baiw A^ 
to tbe base LQ, to the base CD to the base LQ» as lias been prored : 
therefore as tile solid A£ 4o tbe solid L^, so is tbe solid GF to the ' 
solid LRf and thererore the solid AE is equal {9. 5.) to tbe solid CF. 

But let tbe solid paraHelopipeds^ S£, CF be «pon equal bases SB» 
CD, and be of the same altitude, and let their insisting straight lines be 
at right angles to the bases'; and place the bases SB, CD in the same 
plane, so that t!L, LB be in ji straight line ; and let the angles SLB^ 
tDLD be unequal ; the solid SE is also in this case equal to (he solfii 
CF. Produce DL, TS until they meet in A, and from B draw BB 
parallel to DA; and let HB, OD produced meet in Q, and complete 
the Solids AE, LR : Iherefore the solid AE, of which the base is the 
paralleftogram LE, and AK the plane opposite fe it, is equal (5. 3. Sup.) 
to the solid SE, of which the base.is LE, and SX the plan)? opposite) 
for they are u|)on the same base h^ and of the ,same altitude, and 
<heir insisting straight lines, viz. LA, LS, BH, B'f ^MG^ MU, £K, 
EX, are in the same straight lines AT, GX : and because tbe paralle- 
logram AB is equal (.35« 1.) to SB, for they are upon the siame base 
XiByand between the same parallels LB, AT; ^nd because the base 
SB is equal to the base CD ; therefore tbe base AB is ei)ual to the 
base CD; but the angle ALB is equal to the angle CLD : therefore, 
by the first case, the solid AE is equal to the solid CF ; but the solid 
AE Is equal to the solid SE, as was demonstrated ; therefore the solid 
BE is eqdal to the solid CF. . 

Case 2. If the insisting straight lines AG, HK^BE, LM ; CN,BSi 





s 



i>F, OP, be not at right angles to the bases AB, CD; in this bare 
likewise the solid AE is equal to tbe solid CF. Because solid parai- 
lelopipedson the same base, and of tbe same altitude, are fiqual 
(6. 3. Sup.)i ^f ^^^ ^li<l parallelepipeds be constituted oo tbe,bases 
AB and CD of the same altitude with tbe solids AE and CF, fmd with 
(heir insisting lines perpendicular to their bases, they will be equal 
• to the solids AE and CF ; and, by the first case of this proposttion, 
they will be e«}ual to<ine another; wherefore, the s<ilids AE and CF 
ajhs also equal. Whiferefore) solid parallislopipeda, &c. Q« E. D. 
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PROP. VIII. THEOR. 

iSoIid parallelopipeds which have the same altitude, are to 

one another as their bases* 

« ■ 

Let AB, CD be solid parallelopipeds of the same altitude: they 
are to one another as their bases ; that is, as the base A£ to th^tiase 
CF, so is the solid AB to the solid CD. 

To the straight lin^ FG apply the parallelogram FH equal (Cor. 
4«; 1.) to AEj so that the angle FGH be equal to the trngle LCGj 





and complete the solid parallel opiped GK upon the base FH^ one of 
whose insisting lines is FD, whereby the solids CD. OK must be oi 
the same altitude. Therefore the solid AB is equal (7. 3. Sup.) to 
the solid GK, because they are upon equal bases A^^FH, and are ot 
the same altitude: and because the solid pardllelopiped CR is cut by 
the plane DG which is parallel to its opposite planes, ilie base HF is 
(3. 3. Sup.) to the base FC, ai the solid tiD to the solid DC: But 
the base UF is equal to the base AB, and the solid GK to the solid 
AB : therefore^ as the base AE to the base CF, so is the solid AB ttf 
the solid CD. Wherefore solid parallelopipeds^ &c. Q. E. Di 

Cor. i; From this it is manil^est, that prisms up6n triangularbases) 
and of the same altitude, are to oi^e another as their bases. Let th^ 
prisms BNM, DPG, the bases of which are the triangles AEM, CFG^ 
nave the same altitude; complete the parallelograms AE,Cf^, and the 
isolid parallelopipeds AB9Cn9 in the first of which let AN, and in the 
bther let CP be one of itie insisting lin^s. And becaiise the solid pa* 
rallelonipeds AB, CD have the same altitude,they are to one another 
as the iiase AE is to the base CF; wherefore tlife prisms, which are 
their halves (4<. 3. Sup.) are to one linother, as the base AE to th^ 
base C¥i that is, tks the triangle AEM to the triangle CFG. 

CoR. 2. Also a prism and a parallelopipeds which have the dame kU 
tititde^ are to one another as their bases ; that is, the pristti BNM it 
fbihe parallel(|piped CD as the trkntrle AEM to the parallelogrant 
LG. For by the last Cor; theprism BN iVl is to the prism DPG as the 
triangle AME to ihe triangle CGF, and therefore theprisijh BNM is to 
( wice the prism 1>PG as the triangle AME to twice the triangle COF 

Cc 
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(4. 0.) $ that iS) the prism BNM i« to the pantllelopiped CD as tlit 
triangle AME to the parallelogram LG* 

PROP. IX. THEOR. 

Solid parallelopipeds are to one another in the ratio 
that ,is compounded of the ratios of the areas of their bases^ 
and of their altitudes. 

Ijet AF and 60 be two solid parallelopipedB, of whieh the haaes 
are the parallelograms AC and GK, and the altitudes, the perpendiea- 
lars let fall on the planes of these bases from any point in the opposite 
planes EF and MO ; the solid A F is to the solid GO in a ratio eom- 
pounded of the ratios of the base AC to the base OK, and of the per* 
pendieularon AC^to the perpendicular on OK. 

Case 1. When the insisting lines are perpendieular to the bases 
AC and GK, or when the solids are upright 

In GM, one of the insisting lines of the solid GO, take GQ equal t* 
A£, one of the insisting lines of the solid AF* and through Q let a 
plane pass parallel to the plane GK, meeting the other insisting lines 





•f the solid GO in the points R, 8 and T. It is evident that GS is a 
8(4id parallelepiped (def. 5. 3. Sup.), and that it has the same altitude 
with AF, viz. GQ or A£. Now ihe solid AF is to the solid GO in a 
ratio eooipounded of the ratios of the solid AF to the solid GS (def. 10. 
9X and of the solid GH to the solid GO; but the ratio of the solid 
AF to the solid GS, is the same with that of the base AC to the base 
GK (8. 3.Sup.)3 because their attitudes AE and GQ are equal; and 
the ratio of the solid. G8 to t)ie solid GO, is the same with that of GQ 
to GM (3. 2. Sup.); therefore, the ratio which is compounded of the 
ratioa of tlie solid AF to the soHd G8, and of the solid GS to the solid 
OO, is the same with the ratio which is compounded of the ratios of 
the base AC to the base GK , and of the altitude AE to the altitude GM 
^F. &.). But the ratio of the solid AF to the solid GO, is that Mhieh 
is eompounded of the ratios of AF to GS, and of GS to GO j^ therefore. 
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the ratio of the solid \F to the solid GO is eompoanded of the ratios of 
the base AC to the base GK, and of the altitude \£ to (he altitude GiM. 

Case 2. When the insisting lines are not perpendieular to the bases. 

Let the parallelograms AC and GK be the bases as before, and let 
AB and Gflf be the attitudes of twoparallelopipeds Y and Z on these 
bases. Then^if the uprieht paraileiopipeds\FandGObeeonstitiit« 
ed on the bases AC and GK, with I he altitudes AE and GM, they will 
he equal to the parallelopipeds Y and Z (7. 3. Sup.). N'ow, the solids 
AF and GO, bv the first case, are in the ratio ooinpounded of the ratios 
of the bases AC and GK, and of the altitudes AE and GRI ; therefore 
also the solids Y and Z have to one another a ratio that is eompounded 
^f the same ratios^ Therefore, &e. Q. E. D. 

Cob. i. H«nee,two straight lines may be found haring the same ra- 
tio with the two parallelepipeds AP and GO. To AB, one of the sides 
of the parallelogratn AC, apply the paralielo^am BY equal to GK» 
having^ an an^ie eqhal to the an^e BAD (44.1.)} and as ACtoGM, 
•o let AY be to AX (12. 6.), then AD is to AX as the solid AP to the 
solid GO. For the ratio of AD to AX is eenpomided of the ratios 

idef. to. 5.) of AD to AY, and of AY to AX ; bat the ratio of AD to 
i\ is the same with that of the parallelogram ACto the parallelogram 
BY (l. 6.) or GK; and the ratio of AY to AX is the same with that 
of AE to GM} therefore the ratio of AD to AX is^empoonded of the 
l*ating of AC to GK, and of AE to Gi\[ (E. 0.). But the ratioof the solid 
AF to the solid GO is compounded of the same rati^p; therefore^ as 
AD to AX, so is the solid AF to the solid GO. 

Cor. d. If AF and GO are two parallelopipeds^ ivid if to AB, to the 
perpendieular from A iU)on DC, and to the attitude of the parallele- 
piped AF, the numbers £, VI, N be proportional : and if to AB, to Gn^ 
to the perpendieqlar from G on LK., and to the altitude of the paral- 
jelopiped GO, the numbers L, /» m, n be proportional ; the solid AF 
is to the solid GO as LxMxN to Ixmxn. 

For it maybe proved, as in the 7th of the ist of the Sop. that Lx 
MxN is to Ixmxn in the ratio eomppuiided of the ratio of LxM 
to / xm, and of the ratio of N to n. Now the ra,tio of L X iVI to / xm 
hk that of the area of the pairallelogram AC to that of the parallelo- 
gram GK; and the ratio of N to n is the ratio of the altitudes of the 
r»arallelopipeds, by hypothesis, therefore, the ratio of LxMxN to 
XvtXn is compounded of the ratio of the areas of the bases, and of 
the ratio of the altitudes of the paralleloiHpeds AFand GO; and the 
ratio of the parallelopipeds themselves is shown, in this proposition, 
to be eompounded of tne same ratios f therefore it is the same with 
that of the product LxMxN to the product Ixmxn* 

CoR. a. Henee ,aR prisma are to one another iti the ratio eom« 
pounded of the ratios of their bases, and of their altitudes. For every 
prism is enual to a parallelopiped of the Ba,iiie akitade with it, and 
«f an eqoai base (^ Cor. 8. 8. Sup.)« 
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SUPPLEMENT TO THE ELEMBNTS 



PROP. X. THEOR. 

' Solid paralleloptpeds, which have their bases and alti-. 
tudes reciprocally proportional, are equal ; and parallelo- 
pipeds which are equals have their bases and altitudes re- 
ciprocally proportional. 

Let AG and KQ be twa solid para1)e]op]pedg| of which the base% 
are AC and I^M, and the altitudes AE and KLO, and let AC be to KM 
as KO to AE | the solids AG and KQ are equ|a1. 

As the base AC to the base KM, so let the*straight line KG be to 
the straight line 8. Then, since AC is to KM as KG to S, and als^ 





by hypothesis, AC to KM as KG to AE, KG has the same ratio |o S 
that it has to ^E (11. 5.) | wiierefore AE is equal to S (9. 5.). Bii(t 
the solid AG is to the solid KQ,in the ratio compounded of the ratios 
of AE to KQ, and of AC to KM (9. 3. Sup.), that is, in the ratio com- 
pounded of the ratios of AE to KG, and of KG to 8. And the ratta 
of AE to 8 is also compounded of the same ratios (def. 10. 5.) ; there- 
fore, the sQlid AG has to the solid KQ the same ratio that AE has to. 
8. But AE was proved to be equal to 8, therefore AG is equal to KQ. 
Again, if the solids AG and KQ beequal, the base AC is to the base 
KM as the altitude KG to the altitude AE. Take S, so that AC maj 
be to KM as KG to 8, andt it will be shown, as was done above, that . 
the solid AG is to the solid KQ as AE toS ; now, the solid AG is, bj 
hypothesis, equal toth^ solid KQ; therefore, AE is equal to 8; bat, 
by construction, AC is to KM, as KG is to 8 : therefore, AC is to KM 
fks KG to AE. Therefore, Q. E. IK 

Cor. la the same manner, it maybe demonstrated, that equal 
prisms have their bases and altitudes reciprocally proportional, and. 
.^Qversely. 

PROP, XI. THEOR. 

Similar solid parallelopipeds are to one another in the 
triplicate ratio of their honiologous sides. 

Let AG, KQ be two similar parallelopipeds, of which AB andKL 
are two homologous sides; the ratio of the solic] AG to the iolid KQ 
it* triplicate of the ratio of A^ to KL. 
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Because the solids are similar, the parallelograms AF, KB are simi* 
lal" {det 2. 3. Sup.), as aliso the parallelograms MU^ KR} therefore, 





the ratios of AB- to KL, of AE to KO, and of AD to KIV are all equal 
(def. 1. 6.). But the ratio of the solid AG to the solid KQ is com- 
pounded of the ratios of AC to KM, and of AE to KO. Now, the 
ratio of AC to KM, because they are equiangular paralielo^aras,is 
eompounded (23. 6.) of the ratios of AB to KL, and of AD to KN. 
Wherefore, the ratio of AG to KQ is compounded of the three ratios 
of A B to KL, AD to KN, and AE to KO ; and these three ratios hare 
already been proved to be equal ; therefore, the ratio that is com- 
pounded of them, viz. the ratio of the solid AG ta the solid KQ, is 
triplicate of any of them (def. ±2. 5.) ; it is therefore triplicate of tjie 
ratio of AB to k.L. Tlierefore, similar solid parallefopipeds, &e. 
Q. E.D. 

Con. 1. If as AB to KL, so Kt to m,and as KL to m, so is m to fi, 
then AB is to n as the solid AG to the solid KQ. For the ratio of AB 
to nis triplicate of the ratio of AB to KL (def. 42. 5.), and is there- 
fore equal to that of the solid AG to the -solid KQ. 

Cor. 2. As cubes are similar solids, therefore the cube on AB is to 
the cube on KL in the triplicate ratio of AB to KL, that is in the same 
ratio with the solid AG, to the solid KQ. Similar soI'mI parallelopipeda 
are therefore to one another as the cubes on their homologous sides. 

Cor. 3. In the same manner it is proved, that similar prisms are 
to one another in the triplicate ratio, or in the ratio of the cubes of 
their homologous sides. 

> PROP. XII. THEOR. 

If two triangulat pyramids, which have equal bases ajtid 
altitudes^ be cut by planes that are parallel to the bases» 
and at equal distances from them^ the sections are equal 
to one another. 



Let ABCD and EFGH be two pyramids, having equal bases BDC 
Had FGH, and equal altitudes, viz* the perpendiculars AQ^ and £9> 
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drawn from A and E upon Hie planes BDC and F6H : and let tbera 
be rut by planes parallel to BDC and FGH, and at equal attitudes 
QR and ST above jihose planes, and let the sections be tbe triangles 
SJLMfNOP; RLM and NOP are equal to one another. 

Because the plane ABD cuts the parallel planes BDC* KLM,tbe 
cooMiion sections BD and KM are parallel (14. 2. 8up). For the 
•aroe reason, DC and ML are imralld. Since theri^tiore KiVI and ML 
are parallel to BD an:! DC, each to each, though not in the same plana 
with them, the anaieKML is equal to the angle BDC^ (9. 2. Sup.), fti 
like manner the other angles of these triangles are proved to be 
eqiiat; tberefbre, the triangles are equiangular, and consequently 
similar j and the same is true of the triangles NOP, FGH. 

Now, since the straight lines ARQ, AKB meet the parallel planes 
BDC and KML, they are cut by them proportionally (16. 2. Sup.),or 
QR : RA :: BK : KA; and AQ : AR :: AB : AK (18. 5.), lor the 
tame reason, ES : £T : : EF : EN, therefore AB : AK : : EF : SK, 
because AQ is equal to ES, and AR to ET. Again, because tbe 
triangles ABC« AKL are similar, 

AB : AK : ; BC : KL ^ and for the same reason 
EF : EN : : FG : NO 5 therefore, 
* BC : KL : : FG : NO. And, when four straight linea are pra^ 
portionals, the similar figures described on them are also proportion* 
als (22. 6 ); therefore the triangle BCD is to the triangle KLM as 
the triangle FGH to tbe triangle NOP; hut the triangles BDC, FGH 
are equal; therefore, the triangle KLM is also equal to the triangle 
NOP (1 . 5.). Therefore, &c. Q. E. D. 

CoR. 1. Because it has been shown that the triangle KLM is simitiir 
to the base BCD; therefore, any section of a triangular pyramid pa* 
rall^l to the base, is a triangle similar to the base. And in the saitim 
manner it Is shown, that the sections parallel to tbe base of a poly- 
gonal pyramid are similar to the base* 

CoR. iz. Hence ftlso^ io polygonal pyramids of equal bases a&d altf^ 



OFGEOMETRT« BOOK III. 



fm 



tuifos, the sectiooi p»r«Uel to tbe iMmsi aod at equal ^taneesfrom 
ibeoiy are equal to-one another. 

PROP. XIII. THEOR. 

A series of prisms of the same altitude may be circum- 
scribed about any pyramid^ such that the sum of the prisms 
shall exceed th^ pyramid by a solid less than any given solid. 

Let ABCD be a pyramid and Z* a given solid; a series of prisms 
having all the same altitude, may becircum9cribed atK>ut the pyramid 
ABCD, so that their sum shall exceed ABCD, by a solid less than Z. 

Let Z be equal to a prism standing on the same base with the py- 
ramid, viz. the triangle BCD, and 
haying for its altitude the perpendt* 
Gular drawD rrom a certain point £ in , 
the line AC upon the plane BCD. It 
18 evident that CE multiplied by a 
certain number m will be greaterthan 
AC; divide CA into as many equal 
parts as there are units in m, and let 
these be CF, FG, GH, HA, each of 
which will be less than CB. Through 
eaeb of, the points ¥% 6t H fet plaoes 
be made to pass parallel to the pjane 
BCD, making with the sides of the 
pyramid the section^ FPQ, GR3, 
HTU, which will be all similar to one 
another, and to the base BCD ( I . cor. 
12. 3. Sup.). From the point B 
draw in the plane of the triangle ABC, 
the straight line BK parallel to CF 
meeting FP produced in K. In tike 
manner, from D draw Dl^- parallel to 
CF, meeting FQinL: JoinKLffind it is pl^in, that the solid KBCDLf^ 
is a prism (def* 4, 3. .Sup.). By the same construction, let the prisms 
PM, ROy TV be descrihed. Also, let the straight line IP, which is In 
the plane of the triangle ABC be produced till it meet B€ in h ; and 
let the line MQ^ be produced till it meet DC in g : Join hg$ then 
hC gQFP is a prism, and is equal to the prism PM (l. Cor. 8. 3. 8up«). 
In the same manner is described the prism MS equal to the prism RO^ 
and the prism qU equal to the prism TV. The sum, thefefore, of all 
the inscribed prisms hQ, mS, and qU is equal to the sum of the prisma 
PM, RO aod TV, that is, to the sum of all the circumscribed prisma 
except the prism 6L; wherefore, BL is the excess of the prism cir- 
cumscrit>ed about the pyramid ABCD above the prisms inscribed with* 




The solid Z it not ivpresrated in the Qgure of thh, or the followiiif FropoiUi<»* 
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in it. But the prnm BL is less than tbe prism whieli has the tnangte 

' BCD for its bRse, »nd for iu altitude the perpendicular frou £ upon 

tbe plane BCD; and the prisrn which ha? BCD for its base, and the 

perpendicular froni £ for its altitude is. bj hypothesis equal to the 

given solid Z; therefore, the excess of the circumscribed, aboYe the 

inscrihed prisms^ is less than the given solid Z* But the excess ef tbe 

.circumscribed prisms above the inscribed is greater thao the^rezcese 

above Jbe pyramid ABCD, bf^sause ABCl) is c^reater than the siimof 

the insrribed prisms.^ Much more, therefore, is the excess of theciN 

xumscribed prisms above tbe pyramid* I«S8 than tbe solid Z. A series 

of prisms of the same altitude has therefore been circuofscribed aboiit 

the pyramid ABCD ei^ceeding it 1^ a solid less than tbe giren solid 

Z. Q. E. D. 

PROP. XlV. THEOR. 

Pyramids that have equal bases and altitudeis are equal to 

one another. 

« 

Let ABCD, EFGH, be two py^flmide that hai:e equal bases BCD« 
FGH, and also equal attitudes, vis. the perpendiculars drawnfrom the 
vertices A and £ upon the planes^BCDi FGH:^ The pyramid ABCD 
is equal to the pyramid EFGH. 

If they are not equal let the pyraniid £FGH exceed tbe pyramid 
ABCD by the solid Zi Then, a series of prisms of tlieaame altitude 





may be described about the pyramid ABCD that shall eie^ted if, by a 
solid less than Z (13. 3. Sup.); let these be the prisms that have for 
their bases the trianajles BCD, NQL, OKI, PSM. Divide EH into 
the same number of equal parts into which AD is divided, riz. Hl% 
TU, UY, YE, and through the points T, U and Yj let the sections 
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'T!8W, UfifX, V*Y be made parallel to the baseFGH. The section 
NQL is equal to the section W ZT U^. 3. Su]>.) ; as also ORI to XhU, 
and PSM to Y'^\ ; and therefore^ also the prisms that stand upon the 
equal sections are equal (i. Cor. d* 8. Sup.), that is, the prism which 
stands on the base BCSD, and which is between the j^anes BCD and 
NQL is equal to llie pri»m ^ich stands on the base fGH, and which 
is between the planes FGH and WZT ; ^nd so of the rest^ because 
they have the same altitude : wherefore, the sum of all the prisms 
described about the pyramid ABCD is equal to the sum of all those 
described about the pyramid EFOH. Bnt th^ excess of the prisms 
described about the pyramid ABCD above the pyramid ABCD is less 
than Z (.13« 3. Sup.); and therefore, the excess of thejprism describ- 
ed about the pyramid EFOH above the pyramid ABCD is also less 
than Z. But the excess of the pyramid EFOH above the [rvrantid 
; ABCD is equal to Z, by hypotjhesis therefore, the mrramid eFGH 
exceeds, the pyramid ABC D, more than {ho prisms described about 
EFOH exceed the same pyramid ABCD. The pyramid Ef^Gll is 
therefore greater than the sum of the prisms described About it, which 
is impossible. The pyramids ABCD, EFGH, therefore, are not nn* 
equal, that is, tiiey are equal to one another. Therefore, pyramids, 
ke. Q.B.D. 

PB#i>, XV. THEOB. 

livery pnsm Mpiiig a triangular base may be divided 
ihto three pyrandms that have triangular bases^ and that 
are equal to another. 

Let there^be a pk*isn| of Which the base U th6 triangle ABC4 and 
e trian^e opposite the base : The prism ^C DEr may 
to throe equal pyramids having triangular bases. 
^iC,CD ; and because ABED is a parallelogram^ of which 
meter, the triangle ADE is equal (34.1.) to the triangle 
: therefore the pyramid of which the 
is the triangle ADE, and vertex the 
C, 4« equal (14. 8. Sup.) to the pyra- 
of which the base is the triangle ABE, 
vertex the point C. But the pyramid ^ 
hieh the base is the triangle ABE, and 
^ ix the ^oint C, that is, the pyramid ABCE 
is equal to the pyramid DEFt; (14. 3. Sup.), 
for they have equal bases, viz. the triangles 
ABC, DBF, and the same altitude, viz. the 
altitude of the prism ABCDEF. Therefore 
the three pyramids ADEC^ ABEC, DFEC9 
are equal to one another. But the pyra- 
mids ADEC, ABEC, DFEC make np the 
whole prism ABCDEF; therefore^ the prism 
ABCDEP is divided into three equal pyra- 
mids. Wherefore, &:e. Q« E. D. ^ . 
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^ BtTFPLEMSNT TO TH£ BLEMENTS 

Com. 1. From ihii it it maaireRt, that evnr pjnunM it Ac tbiiA 
Bart of a prism which has the same base, nno the ■ame altitude with 
it; far if the base of the {xisai he aoT other fifEnre than a tnaii§;le,it 
maybe divided into prisms having triangular bases. 

Coa. Z. Pyramids of equal allitudei are to one anotlier at Ihdr 
bates; becaase the prisms Spoo (he same bases, and of l^eaUne ftlii- 
tai»t «e (i. Cor. SS. Sop.) to oae anotber as their bmtes. 



PROP. XTI. THEOE. 

If from any points in the circumference of the base ot t 
cylinder, « straight line be drawn perpendicular to the 
plane of the base, it will be wholly in the cylindrie 
superficies. 

Let ABCD be a eylind 
the circle opposite to tbe 
in the eirenmferenee AE 
plane of the eirele A£B; 
the cylinder. 

Let F be the point in i 
plane DFC opposite te 
andFH; and fet AGH 
U*. def. 8. SapO h; the 
the cylinder ABCD is di 
. Now, beeante GU is at 
the straight line which I 
scribes tbe eirele AEB, i 
all the straight lines in tl 
ele which meet it in G, 
at right an^cfl to the j 
AEB. BatEFisatrigh 
plane; therefore, EF an 
h. 2. SnpOf And in the 
gince the plane through ( 
naralid planes AEB, DI 

JiaralleltoFH(i4.2. 8a 
(Ic^ram, and it has the : ^ 

rectangle, and is equal -to tfe reetangle All, becaose EG is esnal 1« 
AG. Therefore, when in the revolntion of the rectangle AH, the 
4raight line AG coincides with EG, the two recUn^sAHandEH 
will coincide, and the straight tine AD will coincide with the straight 
line BF. But AD is always in tbe snperficie* of the cylinder, for it 
describes that superficies ; therefore, EF is aisa io tha sup(;rfifliea of 
die cylinder. Therefore, &c. <^ E. D. 
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A cylinder and a parallelopiped having equrf l>asQS apd 
^ altitu(]^es^ are equal to one another* 




jfrABOffV,a eylinder^ and EP a parallelopjped harin^ equal 
h9f^9i viz. the circle AGB and the parallelogram EH, and having also 
•guM altitMdes ^ the cylinder ABC D is eqma to the paralleiopiped EF^* 



4-" 





If not) let them he unequal; and first let the ^linder he less than 
the paralleiopiped EF; and from the ni^-allelopiped EF let there be 
eat oflTa part EQ by a plane PQ parallel to NF, equal to the cylinder 
ABQI). In the eirele AGE inscribe the polygon AGKBLM that shall 
iinej^ from the eirele by a space less than the parallelogram PH (Cor. 
fd. 4. 1. Sup.), and cut oif frinn the parallelogram EH, a part OR equal 
/ to tKe polrgon AGKBLM. The point R will fall between PandN. 
On die polygon AGKBL VI let anupriglitprism AJG^BOD be constituted 
of iOke same altitude with the cylinder, which w)il therefore be less 
thaiv the cylinder, because it is within it (10. 3. Sup.) ; and if through 
the {mint R a nlane RS parallel to NF be made to pass, it will eut off 
the paralleiopiped ES equid {2. Cor. 8. 3. Sup.) to the prism AGBC, 
because itsfbi^se is equal to that of the prism, and its altitude is the 
ftame. But the prism AGBC is less than the cylinder A BCD, and the 
4!^linder ABCD is equal to the parallelepiped EQ, by hypothesis; 
tnepefore, E8 is less tlian EQ,ana it is also greater, which is impossi- 
ble. The cylinder ABCD, therefore, is not less than the parallelo* 
-piped EF ; and in the same manner, it may be shown not to be greater 
ihanEF. Therefore thfty are equal. ^. B*D, 
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SUPPLEMENT TO THE ELEMENTS 

PROP. Xyin. THEOR. 



• 

If a cone and a cylinder have the same base and the same 
altitude^ the cone is the third part of the cylinder. 

^Let tjie eone ABCD, and the cylinder BFK6 have dff^rae base, 
▼Be. the eircle BCD, and the game altitaiie, viz. the gerpendiciilar 
from the point A upon the plane BCD, the cone ABCjD is the third 
part of the cylinder BFJtG. 

If not, let the cone ABCD be the third part of another cylinder 
LMNO, having the same altitude with the cylinder BFKG, bftt let 
the bases BCD and IJJA be unequal) and first, let BCD be greater 
Ihan Llflf, 






Then, because the eircle BCD is greater than the circle LIM, a. 

Jygon may be inscribed in BCD, that shall differ from it. less than 
_jIM does (4. i. Sup.), and which, therefore, will be greater than 
LIM. Letthisbe the polygon B£CFD; and upon BECFD, let there ^ 

b^constituted the pyramid ABECFD, and the prism Bt^FKHG. \ 

Because the polygon BEGFD is greater than the circle LIM, tlte 
prism BCFKHG,is greater than the cylinder LMNO, for they have 
the same altitude, but the prism has the greater base. But the pyra« 
mid ABECFD is the third part of the prism (15, 3, Sup.) BCFKHG, 
therefore it is greater than the third part of the cylinder LMNO. 
Now, the cone ABECFD is, by hypothesis, the third part of tiie cy- 
linder LMNO, therefore, the p^^ramid ABECFD is greater than the 
eone ABCD, and it is also les^, because it is inscribed in the eone, 
which is impossible. Therefore, the cone ABCD is not less tliaii the 
third pfirt of the cylinder BFKG: And in the same manner, by eirenm* 
scribing a polygon about the eircle BCD, it inay be shows that the 
cone ABCD in not greater than the third part of the oylinder BFKQ: 
therefore, it is tij^ual to the third part of that cylinder. Q. *E. D. 
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If a hemisphere and a cMe helve eqiial bases and alti- 
tttdeSy a series of cylinders may he inscribed in the hemis* 
phere^ and another series mi»y be described about the cone» 
having all the same altitudes with one another^ and such 
that their sum shall' diifer from the sum of the hemisphere^ 
and the cone^ by a solid less than any given solid. 

Let ADB be a semieirek^ of whieh the centre is C, and let CD be 
at rigkt aisles to AB; let DB and DA be squares described on DC, 
draw CE^ and let the figure thus constructed retolve about DC : then^ 
the sector BCD, which is the half of the semicircle ADB, will de- 
scribe a hemisphere having C for its centre (7. def. 3. Sup.), and the 
triangle CDE will describe a cone, havings its vertex at C, and having 
for its base the circle (11. def. 3. Sup.) described by DE, equal to 
that described by BC, which is the base of the hemisphere. Let W 
be any given solid. A series of cylinders may be inscribed in the 
hemisphere ADB, and another described about the cone £CI,sothat 
their sum shall diflfer from the sum of tlie hemisphere and the co^e, 
by a solid less than the solid W. 

Upon the basa of the hemi»phei>e let a eylinder be eonatifaled 
equal to W, and let its altitude be CX. Divide CD into such a nunr* 
her of equal parts, that each of them shall be less than CX ; l«l 
these be CH,HG, GF, andFD. Throu^ the points F, G, H, draw 
FN, GO, HP parallel m GB, meeting the cireie in the p^inu K, Lf 
aiid M; and the straight line CE in the points Q, R and S. From 
the points K, L, M draw Kf, Lg, Mh peFpendicuIar to GO, HP and 
CB; and from Q, R and S, draw Qq, Rr, Ss perpendicular to the 
same lines* It is evident that the figure being thus eonstrueted, if tho 
whole revolve about CD, the rectangles FI, Gg, Hh will describe 
cylinders (14. def. 8. ^p«) that will be circumsciibed by the hemis^ 
phere BD A ; and that the rectangles DN,Fq, Gr, Hs, will also describe 
cylinders that will circumsciibt the cone ICE. Now, iWmav be de- 
monstrated, as was done of the priUns inscribed in a pyramid (18. 3. 
Sup.), tjiat the sum of all the cylinders described within the hemis- 
phere, ifi^xc^ded by the hemisphere hf a solid less than the cylinder 
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generated bj the reelangle HB, that it, by a solid lew than W, for tbe 
cjlioder generated bj HD is lets than W. In the same manner, it 
nay be demonstrated, that the sum of the cylinders circumscribing 
the cone ICE is greater (hnn the cone by a solid less than the cylinder 
generated by the reetaogle DN, that Is, by a solid less than W. There- 
forei since the sum of the oylinders inscribed in the hemisphere, 
together with a solid less than W, is equal to the hemisphere ; aod» 
since the sum of the cylinders described about tbe cone is equal to 
the cone together with a solid less than W; adding equals to equals 
the sum of all these cylinders, together with a solid less than W, is 
equal to tbe sum of the hemisphere and the cone tof^ether with a 
aoiid less than W* Therefore, the diflbrence between the whole of 
llie cylinders and the sum'of tbe hemisphere and the cone, is equal 
to the difference of tw.o solids, which are each of them less than W ; 
Iwt this di (Terence must alsd be less than W, therefore the difference 
between the two series of cylinders and the sum of the hemisphere 
and cone is less than tbe glFeo solid W* Q. E. D. 

PROP. XX, 

The same things being supposed «s in the last proposi-^ 
tion^ the sum of all the cylinders inscribed in the hemis^ 
p^ere^ and described aj^oiit the cone^ is equal to a cylinder^ 
having the same base and aUitude with the hemisphere. 

• 

' Let the fijfnre DCB be eonstrected as before, and supposed to re- 
Tolve aftout CD; the cylinders inscribed in the hemisphere, that is, 
the cylinders described by the revolution of the rectangles Hh, 6g, Ffi 
together with those described about the cone, that is, the cylinders 
de^^ribed by the revolution of the rectangles Hs, Gr, Fq, and DN are 
equal to the cylinder described by the revolution of the rectangle DB. 
Let L be 4he point in which GO melts thecircle ADB, then, because 
CGL is a right an^rie if CL be joined, the circles described with the 
distances CG and GL are equal to the circle described with tbe dis* 
tance CL (2. Cor. 6. I. Sup.^or GO^ now, CG is equal ttt GR, ber 
cause CD is equal to DE, and therefore also, the circles described with 
the distances GR and GL are together equal to the circle described 
with the distance GO, that is, the circles described by the revolution 
of GR and GL about the point 6, are together equal to^the circle 
-described by the revolution of QO about the same point G;* therefore 
also, the cylinders that stand upon the two first of these circles having 
tbe common altitudes GHf are equal to the cylinder wkich stands on 
the remaining circle, and which has the same altitude GH. The cy- 
linders described by tbe revolution of the rectangles Gg, and Gr are 
therefore equal to the eyHnder described by the rectangle GP, And 
as the same may be shown of all the rest, therefore the cylinders de- 
scribed by the rectangles Hh, Gg, Ff» and by^ tbe iecta9|;lesHf9 Gr, 
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#qi DN) ar<» together «qual to the eytinder deecribed by DB, that it, 
to the eyKoder haTing the same base aod altitade with the hemii^* 
phere. Q. B. D« 

PROP. XXI. 

'£rerj sphere is tWo-tMrds of the circumscribing cylinder. 

Sietthe figure be codstracted as id the two last propositions, and ii 
the hemisphere described by BDC be not equal to two-thirds of the 
cylinder described by BD, let it be greater by the solid W. Then, 
as the cone described by CDB is one-third of the cylinder (1 8. 3. Sup.) 
described by BD, the cone and the ^pmbphere together will exee^ 




the cylinder by W. But that cylinder is equal to the som of all tb4 
cylinders described by the recUingles Hh, Gg, ff, Hs, Or, Fq^ DN 
(20. 3. 8up0 9 therefore the hemisphere and t^ cone added together 
exceed the sum of all these cylinders by the given solid W ; which 
b absurd^ for it has been, shown (19. 3. Sup.)t that the hemisphere 
and ihB cone together differ from the sum of tlie cylinders by a solid 
less than W« The hemisphere is therefore equal to two*thitds of the 
cylinder^'described by the rectangle BD ; and therefore the whole 
sphere is equal to two-thjrds of tlie cylinder described by twice the 
rectangle BD, that is, to two-thirds of the circumsGribiog cylinder* 
Q. B. D. 
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rTHirooNOMETRT it the appMeation of Ari(lim<»tie to Geometry : cry 
I more precisely, it is the application of Dumber to ezpreaa the 
felatioosoT the sides and angles of triangles to one another. U there- 
fore necessarily supposes the etenientary operations of arithmetic to 
be understood, and it hOrrows from that scienae seTertl of the signs 
or cfaaraclen "which peonliarly belong to it; Thus^ the product of 
two numbers A and B, is either denoted by A.B or AxB; and the 
products of two or more into one, or into more than one, as of A+B 
into Ccir of A+B into C+D, a r^ eicpre ssed thus: (A-fB). C, (A+B) 
(C+D), or sometimes thus, A+B x C» and A+B X C+B- 
The (iQotient of one number A« divided by another B, is written 

^ A 

thus,-g- 

The sign y/ is used to signify the square root: Thus ^VL\% the 
square root of M, or it i s a numbe r which, if multiplied into itself* will 
protioce M. So also, v^ M» + N« is tiie square root of M* +. N^» ftc« 
The elements of Plane Trigonometry, as laid down tiere, are divided 
into three sections; tiie first explains the principles; Ihe second de- 
livers the rules of calculation) the third contains the construction of 
trigonomlcal tables, together with the investigation of seme tbeo' 
rems, useful for extending trigonometry to the solntioo of the more 
difficult probloffli. 



SECTION I- 



L£xMMA I. 

An angle at the centre of a circle is to four right angles a» 
the arch on which it stands is to the whole circumference. 

Let ABC be an an^i^le at the centre of the circle ACF, standing on 
the circumference AC: the angU' ABC is to four right angles aa the 
arch AC to the whole circumference AC F. 
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Prodaee AB till it meet the eirele in B, and draw 
Ikrto AE. 

Then, becaase ABC, ABD are 
two ansles at the centre of the eirele 
AOP, the an»le ABC h to the an^e 
ABD as the areh AC to the arch AD, 
(3S. 6.); and therefore also, the 
angle ABC is to four times the an- b 
gle ABD as the areh AC to four times 

the areh AD (4. 5.)- 
But ABD is a right anele^ and 

therefore taut times the uren AD is 

•qual to the idiole direnmff^renjce 

ACF; therefbre, the angle ABC is 

tofSirar right angles as the areh AC to the whole eireumferenee ACF* 

Cor. Eonal angles at the eentres of different eireles stand on areh* 
«s whieh have the same ratio to their eircumferenees. For, if the 
angle ABC, at the eentre of the circles, ACE, GHK,.8tand on the 
arehes AC, OH, AC is to the whole circumference of the eirele ACE9 
as tiie angle ABC to four right angles $ and the arch HG is to the 
whole eircamferenee of the eirele GHK in the same ratio. Thera- 
fore^ &e. ' 




DEFINITIONS. 
I. 

If two straight lines interseet one another in the eentre of a eirctet 
the arch of the circumference intercepted between them is called 
the Afeo^re of the angle which they contain. Thus the areh AC 
is the measare of the angle ABC. 

If theieircnmferenee of a eirele be divided into ^0 equal parts, each 
of these parts is called a Degree ; and if a degree be divided into 
60 equal parts, each of these is called a minute ; and if a Minute 
be dividea into 60 fequal parts, each of them is called a Seeondy and 
so on. And as many degrees, minutes, seconds, &e. as are in any 
areh, so many degrees, minutes, seconds, &e. are said to ba.in the 
angle measured by that arch. 

Cor. 1. Any areh is to the whole eireumferenee of whieh it is a 
part, as the nnmber of degrees, and parts of a degree eontainedin it 
18 to the number 300. And any anne is to four right angles as tho 
number of degrees and parts of a degree in the areh| wnish is the' 
measure of that angle, is to 360. 

Ee 
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Cor. 9* Henee also, the arehes which measure the same angles 
whatever he the radii with which they are descrihed, eontain the tame 
number of decreet, and parts of a degree. For the number of degrees 
and parts of a dec^e contained in eaeh of these arches has the same 
ratio to the number 86O9 that the angle which they measure has ts 
Ihur right angles (Con Lem. 1.). 

Thedes^reesyminntes, seconds, &c. contained in any arch or angle,^ 
are usualiy written as in this example, 40^. 36'. 24". 4^"'} that is 
49 degrees, 36 minutes, M seconds, and 42 thirds. 

m. 

.Two angles, which are toR^ether eoual to two right angles, or two 
arches which are together e<]pial to a semieircle, are called the 
Supplements nf one another* 

IV. 

A straight line CD drawn through C, one of the extremities, of the 

arch AC, perpendicular to the di- 
ameter passing through the other 

ej^remity A, is called the Sit^ of 

the arch AC, or of the an^le ABC, 

of which AC is the measure. 
CoR. 1. The sine of a quadrant, pr 

of a ri^t angle, is equal to the ra< 

dins. 
CoR. 2. The sine of an arch is half 

the chord of twice that arch : this 

is evident by^ producing the sine 

of any arch till it cut the circum* 

ferenee* 

V. 

The segment BA of the diameter passing through A, oneextremi^ 
of the arch AC, between the sine CD and the point A, is called the 
Versed sins of the arch AC, or of the angle ABC. 

VI. 

A straight line AE tonehins* the circle at A, one extremity of the 
arch AC, and meeting the diameter BC, which passes tliroue^h C 
Uie other extremity, is called the Tangent of the arch AC, or of tho 
angle ABC. 

CoR. The tangent of half a right angle is equal to the radius. 

vn. 

. The straight line BE, between the centre and the extremity of tho 
tangent AE is called the Secant of the arch AC, or of the angle ABC. 

Cor. to Def. 4, 6, 7, the sine, tangent and secant of any angle ABC^ 
are likewise the sine, tangent, and secant of its supplemento CB£** 
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It is manifesty from Def. 4. that CD is the Bine of the an^le CBP, 
t^et GB be produced till it meet the eirele again in I ; and it is ako 
manifest, that AB is the tangeqt, and BE the 8eeaut,of the ansle 
ABI, or CBF, ^om Def. 6. r. * 

Coa. to Def.4, a, 6, 7. The ^ne, rersed siney tangent, and seeant of an 
areh, whieh is the measure of anj - 

gfiven angle ABC, is to the sine, 
' rerse^ sine, tangent and seeant, of * 

anj other arch whieh is the mea- \ 

sure of the same angie^ as the .A. 

radius of the first arch is to the 
radius of the second. 

Let AC» MN be measures of the an- 
gle ABC, according to Def. l.j , o. m » 
CB the sine, DA the versed sine. AE tlie tangent, and 9E the se- 

. eant of the arch AC, according to Def. 4, 5, 6,7; NOthe^s]ne,0]VI 
theyersed sine, MP the tangent, and BPthe seeant of the arch MN, 
according to the same definitions. BineeCD,N^A£,MP are pa- 
rallel, CD : NO ; : raii. CB : r^.NB, an^Aih JJflP: : rad. AB : rad. 
BiVI,alsoBE:BP : : AB:BM; Klcewfse4)Q^ai^BC : BD : : BN : 
BO, that is, BA : BD :: BM : BO, byconversion and alternation, 
»AD : MO:: AB:MB. Hence the corollary is manifest. "And there- 
fore, if tables be eonstrneted, exhibiting in nninbers the sines^ tan. 
gents, secants, and versed -sines of certain angles to a g^ven radiua 
they will exhibit the ratios of the sines, tangents, &e. of tbe sama 
an^ples to any radius whatsoever. 

In sueh tables, whieh are called Trigonometrical Tables, the radius is 
either supposed 1, or some number in the series 10, ick), iOOO, &t. 
The use and construction of these tables are about to beexplained. 

vin. 1 

^The difference^.between any ande and a right ai|gle,or betwien any 

arch and a quadrant, is called 

the Completnent of that angle^or 

of that arch. Thus, if BH be 

perpendicular to AB, the angle 

CBH is the complement of the 

angle ABC, and the arch HC 

the complement of AC; also 

the complement of ^ the obtuse 

angle FBC is the angle HBC, 

its excess above a right angle ; 

and the complement of the afth 
. FCisHC. 
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IX. 

The siney tangent) or secant of the complement of any ans^le is eaJIM 
the CostMy CotangetUi or Cosecant of that angle. Thus, let CL or 
DB, which is equal to CL, be the sine of the an^le CBH ; HK the 
tangent, and B K the secant of the same angle ; CL or BD iff the ee« 
•ine^HK the cotangent, and BK the cosecant of the angle ABO. 

Cor. 1. The radius is a mean proportional between the tangent and 
the cotangent of anj angle A.BC $ that is, tan. ABC xcot. ABG» 

For, ainee HK^BA are parallel, the angles HKB, ABC are equal, and 
KHB, BAE are right angles ;jlherefo^ the tiianglesBAE, KHB 
are similar and therefore AE is to AB, as BH or BA to HK. 

t!loiu d. The radius is a mean proportional betweeti the cosine and 
•eeant of any angle ABC ; br 
cos. ABC X flee. ABC »R^ 

Since CD, AE are parallel, BD is to BC or BA? as BA to BE. 

PROP. I. 

In a right angled plane triangle^ as the hypotenuse to 
either of the sides, so the radius to the sine of the angle 
opposite to that side ; and as either of the sides is to the 
other side, so. is .the radius to the tangent of the angle op- 
posite to that side. 

Let ABC be a right angled plane triangle, of whiehBC isthehj- 
potenuse. From the centre C, with any radius CD, describe the 
arch DE; draw DF at right angles to CE, and from E draw EG 
touching the circle in E, um meeting CB in O; DF is the sine, and 
EG the tajfgent of the axch DE, or of the angk , C. 

The two triangles DFC, BAC are equiangular, because the angles 
DFCp BAC are right angles, «nd 
the angle at C is common. There- 
ion^m : BA : : pD : DF; but 
CD is the radius, and DF the 
sine of the wa^e C, (Def. 4.) ; 
therefore CB : B9i : : R : sin. 
C. 

Also, because EG touches the 
circle in E, CEG is a right angle, 
and therefore equal to the an^le 
BAC ; and since the angle at C is common to the triawles ^3^9 CGE, 
these triangles are equiangular, wherefore CA : AB : :%!B : EG ; 
but CE is the radius, and EG the tangent of the angle O ; therefore, 
CA ; AB : : R : tan. C. 

* Cor. 1. As the radius to the secant at the angle C, so the side 
adjacent to that angle to the hjpotenuse. For CG is the secant ctf 
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the angle G (def. 7.), and the triangles.CGE, CBA heing equiaBguIar, 
CA : CB : : CE : CG, that ig, C A : CB : : R : sec. C. 

Cor. 2. If the analo^es in this proposition, and in the ahoveco* 
roUarj be arithmetically expressed, making the radiusasi, they give 

—.«: tan* t/^ -TTi ^^' ^^^ ^TTi 

BC ^ AC AU Also, since sin. C «C08. B, 

AB 

beeaiise B is the eomplement of G9 cos. Ba ^^, and for the same 

ri 'AC ^ . 
reason, cos. !;« w^* , 

> • - » , '-• 

Cor. 8. In every triangle, if a perpendicular tic drawn, from any 
of the angles on the opposite side, thtf seg-ir ^ 

ments of that side are to one another as 
the tangents of the parts into which the 
opposite angle is divided by the perpen- 
diieular. For, if in the triaiisle ABC, AD 
be drawn peipendicular to the base BC, 
each of the triangles CAD, ABD beings 
right angled, AD : DC : : R : tan. CAD, 
and AD : DB : : R : tan'. DAB ; therefore, 
ex 8equo, DC : DB : : tan. CAD : tan. BAD. 

SCHOLIUM: * 

The proposition, just demonstrated, is most easily remembered, by 
stating it thus : If in a right angled triangle the hypotenuse be made 
the radius, the sides become the sines of the opposite angles ; and if 
one of the sides be made the radius, the other side becomes tlie taQ* 
geat of the opposite angle, and the hypotennse th€ secant of it. 

-f PROP. II. • 

The sides of a plane triangle at-e to one another as the 

sines of the opposite angles. 

From A any angle in the triangle ABC, 
let AD be drawn perpendicular to BC. 
And because the triangle ABp is right 
angled at D, AB : AD : : R : sin. B; and 
for the same reason, AC : AD : : R : 
sin. C, and inversely, AD : AC : : ^n* 
C : R; therefore, ex sequo inversely, 
AB : AC : : sin. C : sin. B. In the fame 
manner, it may be demonstrated, that 
AB : BC : : sin. C : sin. A. Therdbre ^ 
k%. Q.E.D. 
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PROP. in. 

The sam of the sines of any two arches of a circle, is to 
the difference of their sines, as the tangent of half the sum 
of the arches to the tangent of half their difference. 



Let AB, AC be two ari^lies of a eirele A6CD ; let E be the centre, 
ami AEG tlie diameter which passes through A : sin. AC-f-sin. AB: 
tin. AC— «in. AB 11 tan. i (AC+AB) : tan. i (AC— AB). 

Draw BF parallel to AG, meeting the circle again in F. Draw BH 
and CL perpendieolar to AE, and they will be the sines of the arehes 
AB and AC : produce CL till it meet the eirele again in D $ join DF, 
FC,DE,EB,£C,])B. 

Now, since £L from the centre is perpendicular to CD, it bisects 
the liue C D in L andihe arch CAD 
in A : 1)L is therefore equal to 
LC, or to the sine of the arch AC ; 
and BH or LK bein^ the sin^ pf 

AB, DK is the sum of the sines 
of the arches AC and AB,andCK 
iff the difference' of their sines; 
DAB also is the snip of the arch- 
es AC and AB, because AD is e* 
qual to AC, and BC is their dif- 
ference. Now, in the triangle 
DFC, because FK is perpendicu* 
lar to DC, (3. cor. i!) DK : KC 

:: tan.DFR:tan. CFK; buttan.DFK«tan. i arc. BD, because the 
ancle DFit (20. 8.) is the half of DEB, and is therefore measured bj 
lialf the arch DB. Fop the same reason, tan. CFK=tan. i arc.BC; 
and eonsequentlj,'DK : KC II tan. i arc. BD : tan. i arc. BC. But 
DRis the sum of the sines of the arches AB and AG; and &.C is the 
difil'erence of (he sinel; also BD is the sum of the arches AB and 

AC, and BC the difference of those arches. Therefore, &e. Q. E. D. 

Cor. 1.. Because EL is the cosine of AC, and EH of AB, FK is 
the sum of these cosines, and KB their difference; for FKes^ FB+ 
£L»EH+EL, and KB=:»LH»EH— EL. Now, FK : KB ;: tan. 
FDK : tan. 6DR: and tan. FDKscotan. DFK, because DFK is the 
complement of FlJK^; therefore, FK : KB 11 cotan. DFK : tan. BDK, 
tjmt is, FK : KB :: cotan. 1 are. DB : tan. i arc. BC, The sum of 
the cosines of two arehes is therefore to the difference of the same 
cosines as the cotangent of half the sum of the arehes to the tangent 
of half their difference. 




CoR. 2. In the right angled triangle FKD, FK : KD :: R : tan. 
DFK: Now FKc:rcos.AB+eos. AC^ KD»sin. AB+sin., AC^aiut 
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fan. DPKastan. i (AB+AC), therefore eos. AB+eos. AC : fm» 
AB4-sin. AC :: R : tan. J (AB+AC)- 

In the same manner, by help of tile triangle FKC, it may be shown 
that COS. AB+cos. AC : sin. AC— sin. ABi H R : ta^. i (AC— AB). 

QoR. 3. If the two grebes AB and AC be together equal to 90% 
the tangent of jhalf their sum, that is, of 45^, is equal to the radiui. 
And thtf areh BC being the exeess of DC above. DB, or abcnre 90% 
the half of the arch BO will be equal to the exeess of the half of DC 
abore tie half of DB, that is, to the excess of AC above 45** 5 there* 
fore, when the stfm of two arches is 90**, the sum of the sines of those 
arches is to their difference as the radios to the tangent of the diftr* 
ence between either of them and 45^. 

< 

PROP. IV.' 

The sum of any two sides of a triangle is to their dif- 
ference, as the tangent of half the sum. of the anglesop- 
posite to those sides, to the t^^ntof half their difference. 

Let ABC be any plane tiKangle ; 
CA+AB : CA-^AB :: t»n.MB+C): tan. i (B^C). 
For (2.) C A : AB :: sin. B : sin. C j 
and therefore (G. 0.) 

CA+AB : C A— Aft :: sin. B+wn. C : sin. &— sin. C 
But, by the last, si«i. B+sin. C : sin. B— sip.C 11 
tan. i (B+C ) : tan. i (B— C) 5 thM'efore also, (11. 5.) 
^^^ • CA— AB : : tan. i (B+C) : tan. i (B— C). 




Otherwise, withoat the 3d. 

Let ABC be a triangle; the sum of AB and AC any two slde^it 
to the difference of ,AB and AC as the tangent of half the sam of tte 
angled^ ACB and ABC^ to the tangent of half their differeietb 
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About the eentre A wHh the radiaeAB, the greater of "the two 
eides, de^ribe a circf^ meeting: BC produced in D, and AC product 
in £ and F. Join OA^ £B, FB ^ add draw FG parallel to CB, meet- 
iBg£»inG. 




Because the exterior angle EAB is e()oal to the two interior ABC, 
ACB, (32. I.): and the angle EFB^ u th# cif'cuinrerence is equal to 
half the angle EAB at the centre (20. 3.>$ therefore EFB is half the 
aum of the angles opposite to the fides AB and AC. 

ARfaio, the exterior angle ACB is etjual to Ifae two idtedor CAD, 
ADC, and therefore CAp is the differenceof the angles ACB, ADC, 
that isof ACB, ABC, for ABC ise^ual to ADC. Wherefore also DBF, 
which is the half of CAD, or BFO, which is equal t» BBF^ is half 
th? difference of the angles opposite to the sides AB, AC. 

Noqr beeause the angle FBE in a semicircle is a right angle, BE is 
the tangent oHhe angle EFB, and BG the tangent of the angle BFG 
to the radttis FB ; and BE is therefore to BG as the tangent of half 
the sum of the angles ACB, ABC to the tangent of half their dlifer- 
enee. Also CE is the'sum of the sides of (he triangle ABC, and CF 
their difference ; and because BC is parallel to FG, CE : CF*:: BE : 
BG, (S. 6.) that is, th^ sum of ^he two sidea of the triangle ABC is to 
their difference as the tangent of half the sum of the angles oppouie 
to thQse sides to the tangent of half their difference. Q. £. D. 

* PROP. V. THEOR. 

If a perpendicular be drawn from any angle of a triangle 
to the opposite side^ or base ; the sum of the segments of 
the base is to the sum of the other two sides of the triangle 
as the difference of those sides to the difference of the seg- 
ments of the base. 

For (K. 6.), the rectangle under the sum and difference of the seg- 
ments of the base is equal to the rectangle under the sum and differ•^ 
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^lice of the sides, and therefore (16. 6.) the sum of the teements o# 
ithe'base istothe sum of the sides as the difference of the sides to th^ 
difference of the segments of the base* Q. £• D; 

PROP; VL THEOR. 

In arty ttiangle^ twice the rectangk contained hf Any 
two siijes is to the' difference between the sum of th^ 
Squares of those sides^ and the square of the base^ as the 
radius to the cosine of the angle included by the two sidesi 

Let ABC be any triangle, 2AB.BC is 
to the difference between AB»-fBC* and 

*' At> as t'adius to «og. B. 

- From A dt^# AD perpendieiilffir td 

BC, and f 12. and 1^. 2.) the difference 
' between«tiie mm. of the squares of AB 
" and BC, and the square on AC is equal 

t^ 2BC.BD. ' 

But BC.BA J BCiBD it BA : BD H 
' R : COS. B, thei*efore also 2BC;BA ; ^ 

^BC.BD :: R t COS. 6. Now 2BC.BI} is the diftrenee hetween AB^ 

4-BC* ahd AC*, therefore twice 

the rectangle AB.BC is to th/b dif^ 

fererice between AB^-f BC»^ and 

AC^ as radius to the cosine of Bi 

Wherefore, &e» Qi E; D; 

CoR. If the radius^l^fiJdi^BA 

xcos. B, (1.)^ and 2BC.BAxeos. 

Bss2BC;B0^ and therefore when 

B is acute, 3BC.BAxcoiX B-^BC* 
H-BA«— ACS and adding AC* td 

both; AC*+2 cos. Bx BC.BA*! 

BC«+BA«-, and taking 2. cos; BxBCBA tcM t>oth, AC'^a^Bd'i^^ 

COS. BxBC.BA+BA^ Whewfore AC=»-v/ (BC«— 2cds. BxBCa 

BA-^-BA^). 

If B is an obtuse angle> it is sfao ^n in the same way that ACm 
S/(BCa+2 cos; Bx BC.BA +BA«)4 

PROP. Vlt * 

Four tiities the i*ectangle tJontained by &ily two std^S of 
k triangle, is to the rectangle contained by two straight 
lines, of which one is the ba^^ or third side of the triangl<* 
increased by the difference of the two sidesj and thd dthfex* 
the base diminished by the diflfereddc of tl^e sauMJ ISidds^ 
as the square of thd radiusno th« square of the sine dfhalf 
the angle included between the twd sides df the tiidrigli* 

I^t ABC be a triangle of which BC is the base, and AB the ereatei> 

ofthe two sides; 4fAB. AC : (BC+(Arf— AC)) x(BC— (AB-^ACJ)) i 
It* I (sin. 5 BAC)^ , 

Ff 
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Produce the side AC to D, so that ADnAB; j^in flD, and draw 




AB, CF at right an|rle» to it; from the centre C with the radiu* CD 
describe the semicirole QDHy,^i|ttiiig.BD ia K,BCin G, and meet- 
ioc BC produeed in H. 




BH 

enee — . , , ^- ,«..,^ 

eeles, that Dfi is the haff of BD^and DF is the half of OK, wherefore 
DB— bF«the half of BD— DK, {6. ff.) that is EF«i BK. And be- 
eaute KRM drawn parallel to CF, a side of the trianele CFi>, AC: 
AD :: EF : ED, (2. 6.); and rectangles of the same aUittdebeinffas 
their hases ACAD : AD* :: EF.ED : ED*, (i. a.), and tbere^re 
4AC.AB4 AD» : : 4EFJED : ED% or alternately, 4AC«AD: 4£F.£0 

::ad«:»d»- . ^ 

But since 4XF^2BK, 4EF.ED»2BK.ED»d£D.BKaiDB«BK 
»HB.BG ; therefore, 4AC. AD : DB.BK :: AD» : ED«. Now AD : 
ED ;: R : sin. EAC-;xdn. i BAC (1. Trig.) and AD» : ED* ;: R« ; 
(sin. i BAC)" : therefore, (11. 5.) 4AC.AD.: HB.BG :: R» : (sin- i 
BAC)S or «nce AB«AD, 4AC.AB : HB.BG :: R« ; (sin. i BAC)». 
Now 4AC.AB is four times the rectangle contained by the sides of 
the triangle ; HB.BG is that contained by BC +( AB— AC) and BC— 
(AB— AC). Therdbrejtc. Q. E. D . 

CoR. Henee 2 v^ACaD : v/UB.BG :: R : sm. d BAC. 

PROP. vin. 

Four times the rectangle contained by any two sides of 
a triangle, ii to the rectangle contained by two straight 
lineS) of which one is the sum of those sides increased by 
the base of the triangle, and the other the sum of the same 
sides diminished by the base, as the sqiiare of the radius 
to the square of the co^ne of half th^ angle iiicluded be- 
tween the two mdes of the triangle. 

Let ABC be a trianj^le, #f which BC is the base, and AB thefreat- 
er of the other two aides, 4AB.AC : (AB+AC+BC) (AB-^AC— 
BC) : : R» : (cos. i BAC)». 

From the centre C, with the radius CB, describe the circle BLiVT, 
nieeiing AC, produced, in L and M. Produce AL to N, so that AN 
a- AB 5 let ADs AB ; draw AE {perpendicular to BD j join BN, and 
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ut it meet Ae eirde agm iir P$ let CO be (6iYeii4f^Iar ^ BN; mi 
let it meet AE in R. 

It is evident that MN«AB+ AC+BC 5 und that LN«AB+AC 
— BC. Now, because BD, is biseeteil in E. (3. 3.) and DN in A, BK 
is parallel to AE, and is therybre perpendicular to BD, and the tri* 
angles DAE, DNB are equiangular; wherefore, since DNs=:3AD, 
BNr=:x2A£, and BP«2B0»:2RE: ; al«i FN »2AR. 

But. because the triangles ARC and A£D are equianp^nlar') AC : 
AD :: AR : AEf and because rettan^es of the same altitude are as 




their bases, (4- «0? ACAD : AD» 11 AR.AE : AES and uliemately 
ACAD : AR.AE r. AD« : AES and 4ACAD s 4AR.AE 11 AD« ; 
AE*. But 4AR.ABs-=2AR^3AE«NP.NB=-MN.NX.; therefore 
4ACAD : MN.NL : : AD» : AB». But AD : AE : : R : cos. DAE 
(l)«icos. i (BAC) : Wherefore 4AC AD : JIIN.NL : : R» : (cos. J 

BAC)». - . , . , , 

Now 4 ACAD is four times tlie rectangle nnder the tides AC and 
AB, (for AD«AB), and MN.NL is the rectlmgtfe under the Mm of 
the sides increased dV the base, and the sum of the sides dimiaish«4 
by the base. Therefo re, ^c. Q. E. D. • 

CoR, i. Hence $ -v/ACAB :: ^MN.NL :: R : cog, i BAQ- 
Cor. 2. Since by Prop, n 4ACAB : (BC+(AB— AC)) (BC— 
(AB— BC)) :: R* : (sin. i BAC)*; and as has been now-proved 
4AC.AB : (AB+AC+BC) (AB+AC— BC) :: R« : (cos. i BAC)-; 
therefore ex «qno, (AB+AC+BC) (AB+AC— BC) : (BC+(AB 
—AC)) (BC— (AB— AC)) ! : (cos. | BAC)« : (sin. i BAC)*. But 
the cosine of any arch b to the sine, as the radius to the tangent of 
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the same crdi; ihtsnihn, (AB+AC+BC) (AB+AC— BC) : CBC4- 
( AB— AC)) (BC— ( AB-^AC)) :: R» : (tan. i BAC)*; and« 

•(AB+AC+BC) (AB4-AC-~BC) ; 

^(BC+AB— ^C) (BC^^AB— ACp .*: R \ tan. i BACS, . 
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•4- LEMMA n, 

« 

If there be two unequal magnitudes, haltf their* differ-, 
^nce added- to half their sum is equal to the greater ; and 
half their differei|ipe taken from klalf tbeir spm is^equal to^ 
^e less, 

Let AB an^ BC be two unequal fnagnitudes, of tvhich AB is iJia 

greater; suppose AC bisected in D, 

and AB equal te^ BC. It is manifest, a 1 5 B c 

that AC is the suqi, and £B, the differ- 
ence of the magnitudes. And because AC is bifieeted in D, AD is e- 
qual to DC ; bMt AE is also equal to B€K therefore DE is equal to DB. 
and DE or DB is half the difference ef the magnitudes. But AB is 
rqual to BD and DA, that is to half the difference added to half the 
9um; and BC is equi^ to the. excess of DC^ half the sum above DB* 
half the difference. Therefore, &c. Q. £. D. 

Cor. Hence, if the sum and the difference of two magnitudes be; 
given, the ma^itudes themselves may be found; for to half the sum 
fdd half the difference, and it will give the greater; from half (he sum 
f \^btrael half the difference, and it will give the le%s. 
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SECTION n. 

PF THE RULES OP TRIGONOMETRICAL 

CALCULATION. 

The General ProWem which Trigonometry proposes ta 
^^solve is: In any plane triangle, of the three sides and 
the three angles, any three heing given, and one of these 
three .l)eing a side, to find any of the other three. 

The things here said to be gjven are understood to be eimresfled 
by their numerical values; the angles, in degrees, minutes, &e.; an^ 
W? «^^« *l»fe^^ or any other known measure. 
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The reason Qf the restrietion in this problem ta those cases in 
which at least one side is given, is evident from this, that by the an^ 
^les alone being s^iyent the nia^nitudes of the sides are not determined. 
Innumerable triangles, equit^nj^ular to one another, may exist, without 
the sides of any one of them beiQa; equal to those 6f anyother ; thoueU 
the ratios of their sides to one another will be the same in them all, 
{4. 6*). If, therefore, only th« three anizles are ^ven, notlting; can 
he determined of the triangle but the ratios of the sides, which may 
be fqiind by trigonometry, as being the s^me with the ratios Qf thei 
lines of the opposite angles. 

For the eonvewiency of caleulation, it is usual to di,vide the general^ 
problem into two ; according as the triai^gle has, or has nqt, one Qif 
Us angles a right angli. 



% 



PROB. I. 

•# ■ . ' 

In ft right angled triangle^ of the three sides and three « 

angles, any two being given, besides the right angle, dnd - 

one of those two being a side^ it is required to find thf 

other three, • 

It is evident, that wheA one of the acute angles of a right angled (ri- - 
angle *is given, the other i^^iven, being the complement of the former " 
to ti right angle ; it is also evident that the sine of any of the aicute ' 
angles is the cosine of the other. 

Tins problem admits of several eases, and the solutions, or rules &r 
eftlenlation, which all depend o^ the first proposition, may be conve- 
niently exhibited in the form of a4;able; where the first column con- 
tains the thinti;$ given; the second, the th]ngsreQuii!ed$ and the third, 
the rules ^r proportions by which they are found. 



GIVEN. 



€B and B, the 
hypotenuse and 
an angle. 



AC and C, a 
side and one of 
the aeute angles. 



CB and BA 
the hyBoteause 
and a siae* 



AC and AB 



SOUGHT. 



AC. 

AB. 



SOLUTION. 



R : sin. B :: CB : AC. 
R : COS. B :: CB : AB. 



BC. 
AB. 



C. 
AC. 



C. 



the tw6 sides^ { CB. 



Cos» C : R : : AC i BC. 
R : tan. C : : AC : AB 



i«i»i 



CB : BA : : R : sin. C. 
R}C09.C::CB : AC. 



AC : AB : : R : tan. C 
Cos. C ; R : ; AC : CB. 



1 



3 

* 4 



ft 

« 

6 



r 
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Remarks on the Solutions in Hie tabk. * 

In tlie seeotid eate. when AC and C are gireii to find the iijpote- 
nnse BC, a •nluiion may also be obtained by help of the secant, for 
CA : CB : : R : see. C; tf*. therefore, this proportioB be naAe R : 
see. C : : AC : CB/CB will be found. 

Ill the third ease* when the hypotenuse BC end the side AR are 
|i;9ren to find AC, this may be done either as di reeled in the Table, 
o r by the 47t h of the iirst; for sinee AC»«=BC»~BA*, AC« 

xf BC«— BA^ Thi* mine of AC will be easy to ealeulate hy loga- 
rithms* if the qaantify BC« — ^BA» be separated into t\ro moltiplierSy 
whieh mhj be done; beeausci (C or, g. 2.), BC« — BA»as (BC4-BA^ 
(BC/— BA)- Therefore AC= v<{Bt;4-BA) (BC-^BA). 

When AC end AB are gtTen, BC way he fonnd from the 47th, «s 
in the preeedin«^ ihstaiiee, for BC=p ^/ BA^^ AC". But BA«+ AC* 
eannot he separated into two mnltlpliers ; and therefore, when BA 
and AC are large numbers, this rule is ineonvenient for computation 
hy logarithms. It is befet in such' eases to seek first for the tangent of 
C, by the analogy in Hie Table, AC : AB : : R : tan. C 5 but if C it- 
self is not reanired, it is sufficient, having found tan. C by this pro- 
portion, to take from the Trigonometrie Tables the cosine that eor- 
ref ponds to tan. C, and then to eompate\)B from the proportioiieos. 
C:R::AC:CB. ^ ^ 

PROB. II. 

• In an oblique angled triangle, of the three sictes ani 
three angles, any three being given, and one of these three 

being a side, it is required to find the other three. 

«> • 

This^ problem has four eases, ineaehof trhiek the solution depends 
Ml soDie of t)ie foregoing proposition!. 

CASE I. 

Two angles A and B, and one side AB, of a^ trtangle ABC, beiii^ 
giTea, to find the other sides. 
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Because the ang-les A and B are gjavWf C u alto gtiren, Wing the 
fUpplemeot of,A+^; and, (2.) 

^io. C : ftiu* A : : ,AB : BC; al»o^ 
Sia.C:im.B::AB:AC. 




CASBIL 

Two Sides AB and AC, and the angle B^ opposite to one rf them 
heiQg giveii> to find the<other anglea AaiidC^and also the other siide 

BC. . • . 

• " SOLUTION. 

The angle C is found from this proportion^ AC : AB : : sin. B : 
sin. C. Also, AntOO^— rB*<-^$ and men, sin. B : sin. A : : AjD : 
CB,hTCasei. 

In this easot the anf^le C najr haire tiro ralnet; for ito sine heing 
fonnd by the prO]^ortion ahove, the ang^ helongiBfif to that sine may 
either be that wlueh . is found in the tables, or it may be the supple* 
ment of it, (Cor. def.%.)*. This ambig^ity9 however, does not arise 
from any deieet in the solution, but from a eireum^nee essential to 
the problem, yiz. that whenever AC is less^an /M^ there are two 
triangles wnich have the sides AB^ AC^juid the angle atB of the 
same magnitude in eaeh^ bnt wbieh are nevertheless uneqimlf the 
angle opposite to AB in the one, being the supplement of that whieh 
is opposite to it in the other. The truth of this appears bv deseribing 
from the centre A with tlie radius AC, an areh iaterseet^ng BC in C 
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and C; then, if AC and AG' be drawji^^it is evident that the triangleti 
ABC, ABC have the side* AB and the angle at B eommon, and th^ 
did^s AC and AC'^^iiaL bntlSAv^'aot tfre rdpaining side •£ the onu 
equal to the remaining side ofth€ othei^, that is, BC* to BC, nor their 
bther angles equal, viz* BC'A* to BCA, nor BAC to BAC. But in 
these triangles the angles ACB, AC'B ure^ the "supplements of onci 
another. For the triangle CAC ii isosceles, and the angle ACCac 
the AC'C,and therefore, A^D^fi^nyhiehisthe supplement of AC'C,is 
also the supplement of ACC or ACB $ and these ttvo angles, ACB^ 
AC'B are the angles found by the computation above.. 

From these two angles^ the two angles BAC, BAC will be foiind : 
the angle BAC is the supplement of the two angles ACB, ABC, 
(32. i.j, ai|d therefore its sine is the same with the sine of the sum of 
ABC and ACB. But BAC is the difference of the ai^gles ACB^ 




Thus, when AB is greatei! tfi&n AC^aud C consequently greater 
than B, there are two triangles which satisfy the conditions of th0 
qn^si^tt. B*it when Ad i» gf^ater than AB, the intersections C and 
C fiffl en •pp«ftite «idet #f B) so that the two triangles have not th« 
same angle at B eommon to them, and the solution ceases to be amhi* 
guous, the angle required being neeessan|y less than B^ and therefort 
an acute angle. ' • ^ 

- '. .■ -CiiSEIIl.' .' . • . 

Two aides AB afid AC, and the anffk A, between theiil^ bfeing givet 
io find the other Angles B and C, and also the side BC. 

SOLtJTION. 

first, makje AB'f AC: AB—AC :: tan. i'(C+B):tah.|(C^B;>. 
Theo,BT»cei(C+B) and 4 (C— B) are both given. Band C may lie 
found. ForB^i (C+B)+i (C^l),WidC-I(C+B)— | (C— D.) 
'(Lem<2«). • • • 

To find BC. 

Havins^fonnd B,makesir)rB : sin. A : : AC-: BC. 

But BC may also be found without seeking for the angles B and C i 
for BC== v' AB^— 3C08. AxAB.AC+AC«, Prop. 6. 

This method of tinding BC is extremely usefuWn many geometri- 
cal investigations^ but it is not very well adapted for computation by 
logarithms, because the quantity Under the radical sign cannot be 
separated luto simple Ihiiltipliers. 'iiherefore, when Ab and AC are 
expressed by large numbers, the other solution, By findlns (he aa- 
gles, and then compOting BC, rs prefefable. 



A> B,- C. 



CASE IV. 

B AB» BC» ACy being giTeili i* fiiiA thtt «]i|^ 



SOLUTION!. 

• Take P such that BC : BA+AC : BA-AC r P, then P is cither 
Hie gum ar the difference of BQ, DC, the segments of the base, (5X 
H P be greater than BC, P is the sum, and BC the difference of BDi 
BC 5 hut, if P be less than BC, BC is the sum, and P the difference 
•f BD and 1>C. In either case, the sum of BD and DC, and their 
dif^rence bdngg^ren, BD and DC are found. (Lem. 2.) 

Then, (l.) C A : CD : : R : Cos. C; and BA : BD : : R : cos. B; 
^wherefordCaad B are given, and consequently A. 





SOLUTiffl^II. 

Let B he t he diflRwrence of the ddes AB, AC. ^hen (Cox. 7.) 
ft -v/AB-AG: v^C**CH-D)(IW>-4>) : : B : sin. i BAC. 

soLimoNin. 

L et S be th e sum of the sides B A and AC. Then (i. Coy. 8.) 
^ y/A3.A£ : y/ (8+BC.) (S— Bg) :: R : cos. J BAC. 



• ^ 



SOLUTION IV. 



S and D retaining the significations a bove, (3. Cor. 8.) 
v^ (S+BC) (S— BC) : V'CBC+D) (BC— D) : : R : tan. i BAC. 

It may be observed of these fqfir snlotionft, that the first has the 
advantage of being easily remetaibered^ but that the ethers are rather 
more exj^ditions In calculation. The eeeohd sdution is BreferaUe 
te the third) when the angle sought is less than a right angle; on the 
other hand, the third is preferable to the second, when the angle 
•ought is greater than a i^ght angle ; and in extreme casel^ that ie 
when the angle sought is very acute or very obtuse, this distinetieii 

Gg 
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k Terjr material to be eontidered. The reason is* that the sioei of •»* 
gles, which are nearfyssdO^, or the cosioes o(* atigies; which are 
•eartjFsOt vary ferjr little for a considerable vailation io the corres- 
ponding angles* as may be seen from looking into the tables of sinee 
and cosines. The consequence of this i8» that when the sine or co- 
sine of such an anglif is giveut (that is, a sine or cosine nearly equal 
to the radius,) the angle itself caqnot be very accurately found, 11^ 
for instancci the natural sine .9998500 is given, it will be iramediateiy 
pefipeived from the tables* that the* arch correapoodiog is between 
99% and dO% T^ but it cannot be found true to seconds* because the 
aines of 89^ and of 89"^, 1', differ only by 50 (in the two last places,) 
whereas the arches themselves differ by 60 seconds^ Two arches, 
therefore* that differ by I"'* or even by more than 1", have the same 
sine in the tables, if they fall In the last degree of the. quadrants 

The fourth solution, which finds the angle from its tangent* is not 
liable to this objection $ nevertheless, when an arch ap|it*oaches Very 
near to' 90,. the variations of the tangents become e&cessive* and are 
too irregular to allow the proportional parts to be found with exact* 
ness, so that when the angle stiyght is extremely obtuse* and its half 
of consequence very near to 90, the third solution is the best.. 

It may always l>e known, whether the angle sought is greater or 
less than a ri;;ht angle, by the square of the side opposite to tt* K^ein^ 
greater of less tliaa Che squares of the other two sides* 



SECTION HI. 

CONSTRUCTION OP TBIGONOMETMCAL TABLES- 

In all the calcuiatioDS performed by thb preceding rules, fahles of 
aines and tangents are necessarily employed* the construction of 
which remains to be explained. 

These tables usually contain the sines, ^c. to every minute of the 
quadrant from 1' to do'', and the- first thing required (o be done, is to 
compute the sine of I', or of the least arch in the tables. 

1. If ADB he a circle, of which the centre is C, DB any arch of 
4hat circle, an I the arch DBE double of DB ; and if the chords U£> 
])B be drawn, and aUo the perpe&dicularir to them Iroip C, viz. CF* 
CO> it has been demoasUatCfi* (^« i* Siip) ihat CG is a mean propocr 
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tfdnal betWMD AH, balFthd radius, and AF, the lioe made npoftbetfir 
diufl and the perpendicular OF. Now CF is the coeiae ol' the arch BD, 
and CO the cosine of the half of BD ; wtence the cosine of the half of 
moy arch BD, of a circle of whir h, the radkisaal j is a mean proper^ 
llonal between i and 1 +co8. B0« Or for the greater generalltyt 
i^pposmg A»any arch, cos. | A is a mean proportional between i 
and 1 +V09. A, a nd therefore (cos. i.A)'sa| (1 -^cos. A) or cos. i A«b 

V^ i (I +C09. A). 

S. From this cbeoremy (which l« the same that is demonstrated 
(S. I. Sup.9 only that it is here expressed trigondpMtrleall}^), it ia 
evident, that If the cosine of t^ny areb be given, tluB cosine of half 
that arch may be found. Let BD, therefore, be equal to 60% so that 
tlie chord BDasradius, then. the cosine or perpendicular CF waa 
abown (• 1^ Bup.) to besi, and therefore cos. i BD, or coa. SO^^sk 
, ■ _■ • » ' ■ 

'<%/lTH-il'»v^l»— * In t^^ same manner, cos. I5^ai 



V'i(l+«-os. 30°5,and cos. 7% 30'=*^/ i (1+cos. 15^), &c In thh 
way the cosine of 3% 45', of 1% 52\ 30'', and soon, will becom^ 
putf'd, till after twelve bisections of the arell of W*^ the cosine of 
52'!. 44'". 03"". 45r. is fouitd« But from the coslfie of an arch lis sin« 
may be found, for if from the square of the radios, that is, from 1, 
the square of the cosine* be taken away, the remainder is the square 
of the sine, and its square root is the tine itself« Thus the sine of 
52". 44'". 03"". 45r: is found. 

3. But it is manifest, that the tffnesof very small arches are toona 

another nearly as the arches themselves. For it has been shown 

that the number of the sides of an equilateral polyc;on inscribed in a 

.circle may be so greal^ that the pedmeter of tb« potygon and the cir- 
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eviDferenee of the eirel^.iimf dSiPer by a Kqc less than any given line, 
or which i« the saioei may be nearly to one andther In the ratio of 
•qaallty. Therefore tfieir like parts will also be nearly in the ratio 
of equality, 80 that the side of the ffolygon will be to the arch which 
It subtends nearly in the ratio of equaBty; and therefore, half the 
side of the polygon to ha(f the arch subtended by it, that is to say, 
the sine of any very smalt arch will be to the arcli itself, nearly in 
. the ratio of equality, therefore, if two arches are both very small, 
the first will be to the second as the sine of the first to the sine pf 
the second. Hen^e, from the^sine of 5^'\ 44'^'. 03''". 45y. being 
found, the sine of T becomes known; for, as 52"> 44'". 03"". 45y. to 
1, so is the sine of the former arch to the sine of the latten Thus the 
aine of 1' ii.foundsO.0OO39Oft882. 

4. The sine 1' being -thus found, the sines of 3\ of 3', or of any 
number of minutes, found by the following prppositioo. 

THEOREM. 

Let ABi AG, AD be three sueh arches, that BC the difre)*etice ef 
the first and second is equal (o CD the difference of the S€C<ind and 
tiiird; the radius is to the cosine of the common ditTerence.BC a» th^ 
fine of AC, the middle i^rch, to half the siihi of the sines of AB and 
AD, the extreme arches. 

Draw CE to the eentre; let BF,'CG, and DH^perfieodieiilair ta 
AB, be the hIb^ of the arches AB, AC, AD. Johi BD, and let it 
aseet CE in I ; draw IK perpendicttlar to ^£, also BL and IM |ier^ 
pendicular to DH. Then, because the 
mreli BD is liisected 4n C« £C is at right 
angles to BD, and b1tK|iBts-it in I) nl90 
BI is the sine, and EI the cosine of BC 
or CD. And, since BD is bisected in I, 
and IM is parallel to BL, (2. 6.), LDis 
also bisected in M. Now QF is equal to 
BL, therefore, BF+DH»DH+HL» 
DL + 2LH = 2LM + 2LH » 2MH or 
sKIrand therefor^ Ik is half the sum 
of BF and DH. But because the tri- 
angles CGE, iK£ are equiangular, C£a 
EI : : CO : IK, and it has been shown that EI=«co8. BC, and IK»::| 
(BF+DH) ; tbererdre H : cos. BC : : sin. AC 3^ (sin. AB+sin. AD). 
Q.B. D. " 

Cor. Hence, if the point B coinei4le with At 
R : COS. BC : : siq. BC : i sia. BIK that is the f mlius is to the cosine 
of 9Lnj arch, as ^he sine of the arch is to half the sine of twice the 
arch; or if any archasA, k sin. 2A*=xgin. Axcos. A, or sin. 2Ass2 
sin. Axcos. A. ,. , * 

Theiefore also, sin. 2'ps2' sin. I'xcos. 1 '; 80 that from the sine an4 
, cosioe of one minute the sine of ^' is found. 
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Agiufi^ ij k^f ^' l)eing')hree sueli aretes tliat the diflterence between 

• tbe first aiid second is the same as between^ the second and tUrd^ 

R : cos; 1/ : : syi, 2 : 5 (^ifi. l'+s»n.3'%or«in.l'+sip.3'=2cos.l'x 

fin. 2', alid talcing sin. I'froraboth^siil.S'sSeos. I'xain. 2^— sin.l. 

In like manner, sin. 4'=9^' cos. I'xsio. 3'^sin. ^'9 

sin. a'=2' COS. I'xsiii. 4'— sin. 3', 
sin. «'a«32' cos. I'xsin. 5'— sin. 4VScc. 

Thus a table containing the sines for everj minute of the quadrant 
may be computed; and as the multiplier, cos. ±' remains aiwajs the 
same, the efuqulation is easj. 

For computing the sines of arches that differ by more than 1/9 the 
method is. the same. • Let A, A+B, A+^B be three such Sfrehes* 
then, bv this theorem, R : cos. B : : sin. (A+B) : | (sin. A-^-Bin* 
(A+^B)) ; and therefore making the radius 1, . 
sin. A+sin. r A+^)?t2 eos, Bxsin. (A+B), 

or sin. (A-|-2B)a=3 qos. Bxsin. (A+B) — sin. A. 

By means of these theorems, ft table of the sines, and eonibeguentlj 
also of the cosines, of arches o£ any number of degrees a^d minutes^ 

from to 90, may be ODnstnieted. Then, beoanse tan. Acx ■ * * 

cos. A 

tiie table of tangents is computed by diriding the sine of ^ny arch by 

tlif^ cosine of the same arch. When the tangents have been fbund in 

this manner as far. as 45% the tangenU for the other half .of the quad? 

rant may be found more easily by another rule- For the tangent of 

an areh above 4^^ being the co-tangent of an arch as much under 

^°; «nd the radius Ibeing a nfean proportional between the tatis^ent 

and co-tangent of any areh, (1. Cor. def. 9,). it follows, if the dim:r« 

ence between any areh and 41^^ he ealted-D, thafttan. (4d° — D) : 1 ; : 

1 : tan. (41^^ + D), so that tan. (4g^+'i*H / / ?'b -i^s *^ 

tan. ^45 *~'^j 

Xastly, the secants ar^ calculated from (Cor. 2. def. 9.) where it is 
shown that the radius is a mean proportional between tlie eosilte and 

the secant of any arch, sothafif A be any arch, sec. Ass . • 

COS. A 

The versed jsines are found by subtracting the cosines from the 
radius. * • . 

0. The preceding Theorem is one of four* whieh^ when aritbmeti* 
eally expressed, are frequently used in the application of trigonome- 
try to the solution of problems. 

Imo. If in the last Theorem, the arch AC=A, the areh BC=:*Bi 
and the radius EC=:1, then AD=A+B, an<} AB=A— B5 and by 
what has just been demonstrated, 

1 : cos. B : : sin. A^ i 8in.(A+E)-f | sinl (A-B), 

and therefore 
sin. Axcos. B=i sin; (A4B)+J sin. (A-B). ' 
2do. Because BF, IK, DU are parallel, the straight lines BD and 
yH are cut proportionally, and therefore FH, the difference of the 
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iftraij^t lines FE and HE, i« bisected in fi ; and therefore, u wat 
ihowh in the last Theorem, KE is half the sum of'FE and HE, that is, 
of the cosines of the arches AB and AD« But because of the simi- 
lar triangles EQC, ERI, EC : £1 : : G£ : EK ; no^ , «£ i| the cosina 
tf AC, therefore, 

R : COS. BC : : eos. AC : I eos. AD+I cos. AB, 
•r'l : COS. B : : coa. A : 5 cos. (A+B)+5 cos. (A— B); 

and therefore^^ 

eos. Axco8.*Ba«{ COS. (A+B j-f-i cog. (A — B); 
8/io. Again, the triaiie^les IDM, C£G are e(}uiangu]ar,for thean- 
« gles KIM, EID are equut, beine^each of them riG^ht aneles, and there- 
fore,* taking; away the angle El M, the angle 1)1 M is equal to the angle 
EIK, that^is to the angle ECG ; and the angles DMI, CGE are also 
equal, being both riglft angles, and therefore the triangles ID Al, CGE 
baTe the sides about their equal angles proportionals, and conse- 
quently, EC : CO : : Dl : IM ; now, IM is half the difference of the 
•osines FE and P^H, therefore, 

R :.8tn. AC : : siri. BC : | co^. AB^ i cos. AD, 
' or i ;aiii. A: : sitt.B :: i COS. (A^B)— j^ cos. (A-fB); 

and also, 

«in. Axsin. B:?=$ cos. (A — fi)--?i cos.(A+B). 
4to. Lastly, iif the same triangles ECG, DJM, VjC : FG : : ID ; 
DM $ now,DM ia half the difference of the sinea OH and BF, there- 
fore, 

R : eos. AC 1 : sin. BC : | sin. AD— i sin> AB* , 

ori : COS. A : rsin. B i i sin. (A-fB)-7s sin. (A+B}^ 

and therefore, 
COS. Axsin. B»i sin. (A-f B) — i sin. (A— B). 

6. If therefore A and B be aoy two arches wha^ttoever} the radiof 
being aupposed 1 ; 

I. sin. Axcos. Bssi sin. (A+B) + h sin. (A— B). 
ir. eos. AXcoB. B=sJ cos. (A — B)+5 cos. ( A+B). 
III. ^n. Axsin.Basi cos. (A — B)-i cos. (A-fB). . 
.IV. COS. AXsin.B—si sin. (A+B)— i sin. (A-B). 

From these four Theorems are also deduced other four : 

For adding the first and fourth together, 
ufi. A XC06. @+co8. Axsin. Bfl=8in.\A-|-B), 
Aho, by taking Ihe fourth from the first 
«[n. Axcos. B— COS. Axsin. Bssin. (A— B.). 

Again, adding the second and third, 
eos. A xeos. B+sin. Axsin. Bscos. (A— B.); 
And, lastly, subtracting the third from the second, 
cog. Axeo8.fi— sin. Axsin. BsBcos. (A+B). 
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^ 7. A^ain, sinee by the Srst of the above theorems, 
«ia Axf atBaatiiiiK(iLrf a)+iBi«( A^B),if A+B«.S,and A-. B^D, 

theii(Leiii.2.) A=«HH,andB«?ri2| whewfrw wd.^±^ X co^ 

^^«ii«iiKJSH-i iwift: JW ai S ajid O may be a»y arefaei i»kal- 

eir<$r, to prfsserye ther former aotatiqin? ihfj niay hit aallad A and B^ 
• wiuch aUo express aigr arehes whatever : thliSt, 

8in.^±i X cbg,^r8«| gin^ A+i. ji^ B, or 

-A I n . A*"© 

^stu.— X- x,cos. — — =aip. A+sin.B* 

In the same manner, from Tiieor. 2 id derived. 
2 eos. -^tr X COS.— ^^ =«co8^B+cos. A. • From the 3d, 

^«n.^i— X sin, -II-=«eos.B— cos^-^j and from the Uh^ 

■ » ' 2 

A A+B ■ . A— B • 4 * 11 

-2C0S,— ^ X sm. »8in. A*— sin* B. 

2 ' 2 , . 

lit all these Theorems, the arehB is supposed less than A* 

8. Theorems of the same Icind with respect to the tangents of 
arches may be deduced from the preceding.' Because the tangent of 
any arch is equal to the sine of the arch -divided by its cosine, 

tan. { A+B) »-' "' ^f^'^^X ^"^ it has just been shown, that 
^ ' . (50S. (A-l-B) " 

gin. TA+B) sasin.A X cos.B+cos. Axsin.B, and (hat 

eos. (A+B) =■ COS. Ax COS.B— sin. Axsin. Bj therefQre tan. (A+B) 

^sin. Axcos. B+ COS. Axsin. B ,„^^;,;^;„^K.,i,,^_,._^^^^^^ 

COS. A xcos. ti — sm. Ax sin. B < 

denominator of this fraction by cos. A X cos. B, tan. ( A + B) «» 

- tan. A+tan.B ,^ jj,^^ manner, tan. ( A - B) ^tan. A tan. B 
^tan.Axtan.B i+tan.AxUn.B 

» 

0. If the theoremdemonstrated in Prop. 3. be expressed in the 
manner with those abj^ve, it gives 
sin. A + sin. B _ tan. j (A+B) 
sin. A -< sin. B tan.i (A-*B) 

Also by Cor. 1, to the dd, 

«os. A + eos. B^cot. i (A+B) 

cos. A — cos. B tan. 5 (A - B) ^ 
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And by Cor. 2, to the same proppsition^ 
^n. A+rin. B^tan. i (X.-f ft) ^^ ,j^ B u hew nipMM<U. 
COS. A+ cot.fi K '^'^ 

eo8. A4-CO8. B ^ ' 

' . Jo* In all the pnecedlg ttieorenis, B» tWnuiiiis^M rapj^atedsl) 
heeaase in this way the propositions are most qoneisely expressed^ 
and are ako mostreadify applied to trigonometrical calculation. But 
if it be required to eminciate any of them geometrically, the mnW- 
plier R9 which has disappeared, by being made«=l, mustl^Testored, 
and it w*ill always be evident from wspeetion in what terms this multi- 
plier is wanting. Thus, Theor. 1, 2 sin. Ax^os. Bam. (A+B) + 
sin. (A— B), is a true proposition, taken arithmetically; but taken 
geometrically, is absurd; unless we supply the radius as a multiplier 
of the terms on the right hand of the sine of eqnalltT. it thett be- 
comes 2sii^ Axcos. BfsR (rin^ (A+B)+8tn. (A — B)); ortwice^the 
rectangle under the sine of A, and'the cosine of B equiJ to the rect- 
ansle under, the radius, and the sum of the sines of A+B aM A— B. 

In general, thehumbei^of linear multiplieriy (hat is of lines Whose 
HHmerical values are multiplied together, milst be the Siune in eveiy 
term, otherwise we will compare unlike magnitudes with one another. 

The propositions in this section are useful in many of the higher 

branch^ of the Ma^bematiQ8^|if4.a>^tb(^iattAdfitm of wkat is caH* 
ed the Arithmetic of sines. 
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SPHEBICJL 

TRIGONOMETRY. 

• * ■ • 

PIIOP. L 

If a apAere be cut by a plane through Ae centre, the 
section is a circle^ having the same centre with the sphere, 
and equal to the circle by the revolution of which the 
.sphere was described. 

FOR all the straight Ibet drawn ftt>iii the e^ntre to the t Qpei4eies 
of the sphere are equal to the radius of the generating; semieir* 
ele, (Def. 7. 8. Sup.). Therefore the eommon section of the spheri* 
eal superficies, and of a plane passing through its eentre, is a line, 
lying in one plane, and having all its points equally distant from the 
centre of the sphere ; therefore it is tne eircnmferenee of a eirele, 
(Oef. it. 1.), having for its centre tde centre of the sphere, and for 
its radios the radius of the sphere, that is of the semicircle by whieK 
the sphere has been described. It is equal, therefor^, to the ^rele, 
of which that semieircle was a part Q. E* D. 



DEFmiTIONS. 

L 

Any circle, which is a section of a sphere hy a plalie throttgii its 
centre, is called a great circle of the spnere. 

^ Cor. All great circles of a sphere are equal; and aay twoof llioai 
bisect one another. 

They are all equal, having all the same radii, as has Just been 
shown $ apd any two of them mseet one another, for as they have the 
same centre, their common Section is a diameter. of both, and thers* 
fore bisects both. 

Hh 
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n. 

The pole of a great eifefe of a sphere i» a point in die nperfide* 
of the cphere, from which all ttraij^ lines drawn to the eireum- 
feresee of the oirofe are equal. 

m. 

A fpherieal aiwle is an ang^le on the superGeiesof a sphere, contain- 
ed by the arehes of two great eireles which intersect one another f 
and is the sane with the inclination of the planes of these great 
eireles* 

A tpherieal triaB{[;Ie is a figure, upoM (he sttperficies of a sphere^ 
eomprehended by three, arehes of three great cirdes^ each oT 
which ia less than a semieireleor . » 

PROP, H. 

The arch of a great cirdiey between- the pole and the cir- 
eumferenee of another great 'circle^ is a quadrant. 




lict ABC be a great circle, and its pole ; if DC, an arch of' a 
great circle, pass through D, and meet ABC in C, the arch DC is a 
quadrant* 

Let the circle, of which CD is an arch, meet ABC again in A, and 
let AC be the common section of the 9 

planes' of' these great circles, which 
will pass through £, the centre of the 
vphere: Join DA, DC. Because 
ADsbDC, (Def. 2.), and equal straight 
lines, in the same circle cut oif equal 
arches; (28.. 8.) the arch AD » the 
arch DC; but ADC is a semicircle,, 
therefore the arches AD, DC are * 

aach of them quadrants* Q. E. D* 

Cor. 1. If D£ be drawn, the angle ABD is a right angle ; and DE 
being therefare at right angles to every line It meets with in the plane 
0f the eirde ABC,is at riglit angles to that plane, (4; 2. Snp.^. There* 
fore the straight line drawn from the pole of any great cirele to the 
aentre of the sphere is at right angles to the plane'of that circle ; and, 
conversely, a straight line drawn from the centre of the sphere per- 
pendicular to the plane of any great circle, meets the superficies of 
Ike sphere iA the pole of that circle. 

Cor. 2. The circle ABC has two poles, one on each side of Hs 

S lane, which are the extremities of a diameter of the sphere perpen- 
icular to the plane ABC; and no other points but these Iwo can 1^ 
jpoles of the circle ABC. 
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PROP. m. 

If the pole of a great circle be the same with the iriter- 
«ectioo of other two great circles; the arch of the first* 
mentioned circle intercepted between the other two, is 
the measure of the spherical angle which the same two 
circles make with one another. 

Let the great circles B A, C A on the superficies of a sphere, of 
which the centre is D^ intersect one another in A, and 'let BC be an 
arch of another, ^reat circle, of which the pole is A| BC is the mea- . 
-sure of the sphencal angle BAG. 

Join ADy DB, DC ; since A is the pole of ^ 

BC9 AB, AC are quadrants, (2.), and the j^n* 
gles ADB, ADC are righ^ angles; therefore 
(4. def. 2. 8up.)^ the angle CDB is the inclina« 
lion of the planes of the circles AB, AC, and 
is (def. 3.) equal to t^e spherical angle BAG; 
bur the arch BC . measures the #ngle BDC, 
therefore it also measures the spherical ^.ngle 
BAC. *Q. E. D. 

, Cor. If two arches of great circles, AB and AC, whi^h intersect 
i)ne anoiher in A, be each of them Quadrants, A will be the pole of 
the great circle which passes through B and C the extremities of those 
arches. For since the arches AB and AC are quadrants, the anglea 
ADB, ADC are right angles, and AD is the^erore perpendicular tQ 
the plane BDC, that is to the plane of the great circle which passes 
through B and C. The point A is therefore (Cor. 1. 2.) ti^e pole of 
(the great circle which passes through B and C. 

PROP. IV, 

If the planes of two great circles of a sphere beat right 
angles to one another, the circumference of each of the cir« 
cles phases through the poles of the other ; and if the cir- 
cumference of one great circle pass through the poles of 
another, the planes of th^e circles are at right angles. 

Let ACBD9 AEBF be two g^at eire1es,the planes of which are at 
ri$^ht angles to one another, tl^ poles of th sircle AEBF are in tha 
eircumferenc^ ACBD, and the poles of the circle ACBD hi the eir- 
eumference AEBF. 

From O the centre of th^ sphere, draw GC in the plane ACBD 
perpendieoli^r to ABf Then becanse OC in the plane ACBP, a^ 



• When in any reftrence ■• meii^un it l|ftde of » Bopk, •^9^ the Plane Triguumetxy^ tiio. 
Splntiwa TcifMiuBetry ia nouit. 
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right angles to the plane AEBFy 
11 at light angles to the eommon 
section of the;, two planes^ it is 
(Def. S. 2. Sup.) also at ririit an- 

S4es to the plane AE BF, ana there- 
ore (Cor. 1. ^) G is the pde of 
the eirele ABBF; and if CO he 
prodneed to D, D i« the other pole 
ofOieeirdeAEBF. 

In the same manner^ Irr drawing 
GE in the pUne AEBF, perjien-. 
dieular to AB, and producing it to 
F) it has shown that E and F are 
the poles of the eirele ACBD. Therefore, the poles of each of these 
eirefes are in the eireumferenee of the other. 

Again, If C be one of the poks of the circle AEBF, the great 
eirele ACBD which passes through C, is at right angles to the eirele 
AEBF. For, CD being drawn from the pole to the centre of the 
eirele AEBF is at right angles (Cor. i. 3.) to the plane of that eir- 
ele; and therefore, ererr plane passing through C6 (17. ^ Bup.) is 
at right anjeles to the plane AEBF; now, the plane AC BO passes 
through C& Therefore, &c. Q. E. D. 

Cor. 1. If of two great circles, the first passes through the poles 
6f the second, the second also- passes through the poles of the fint. 
For, if the first passes through the poles of the second, the plane of 
the first jnust b^ at right angles to the plane of the second, by the 
second part of this proposition; and therefore, by the first part of it, 
the eireumferenee of each passes through the poles of the other. 

Con. 2. All great circles that have a common diameter have their 

Soles in the circumference of a eirele, the plane of which is perpen^ 
ienlar to that diameter. 

PROP. V. 

In isosceles spherical triangles the angles at the base are 

equal. 

Let ABC he a spherical triangle, having the side AB equal to the 
side AC; the spherical angles ABC and ACB are. equal* 

Let D he the centre of the sphere; 
join DB, DC, DA, and from A on the 
straight Knes DB, DC, draw the per^n- 
diculars AE, AF; and from the points 
E and F draw in the plane BBC the 
straight lines EO, FO perpendicular to 
DB and DC, meeting one anotheV in O: 
Join AO. 

Because DE is at right angles to each 
<»f the strai^t lines AE, EG, it is at 
right angles to the plane AE6, which 
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]passei tkrongli AE> E6 (4; d. Sup:); and theinrfiirey every pltine 
that passes through DE is at rieht angles to the plane* AEG (17. 2. 
SdpJ; wherefore^ the plane DBC is at right angles t6 the pfane 
AEG. For the same reasom the plane DBC is at right angles to the 
plane AF69 and therefore. AO, the eomoibn sections of the planet 
AFG, A£0 is at right angles (18. 2. Sup.) to the plane DEC, and the 
an&:les AGE, AGF are consequently right angles. 

But since the arch AB is equal to the arch AC, the angle ADB is 
equal to the angle ADC. Therefore tlie triangles AD£, ADF^have 
the angles ED A,FD A, equal, as also the angles AED^ AFD, which ara 
right angles; and they liave the side AD eommon, therefore the other 
side9 are equal, viz. AE to AF,(26. l.),and DE to DF. Agaiuibe* 
cause Uie angles AGE, AGF are right angles, the squares on AG and 
GE areequaJ to the square of AE; and the squares of AG andGFta 
the square ofAF. But the squares of AE and AF are equal, there- 
fore the squares of AG and GE are equal to the squares of AG and 
GP, and taking away the common square of AG^ the remaining squares 
•f GE and G F are equal, and GE is therefore equal to GF. 'W here- 
fore, in the triangles AFG, AEG, the side GF is eoual to the side GE, 
a^d AF has been proyed'to4>e equal to AE, and tne base AG is eom- 
moD, thej^oce, the angle AFQ is equal to the angle AEG (8. i.). 
But the angle AFG is the angle which the plane ADC makes with the 
plane DBC (4. def.2. Sup.) because FA and FG, which are drawn in 
these planes, are at right angles to DF, the eoasmon section of the 
planes. The angle AFG (d.def.) is therefore equal to the spherical 
an^e ACB; and, f6r the same reason, the angle AEG is equal to the 
spherical angle ABC. But the angles AFG, AEG are equal. 1'here- 
fore the spherical angles ACB, AEC are also equal. Q. £• D. 

PROP. VI. 

If the angles at the base of a spherical triangle be equal,^ 

the triangle is isosceles. 

liet ABC be aspherieal triangle Kavingthe angles ABC, ACB equals 
t6 one another; the sides AC and AB are als5 equal. 

jLet D be the centre of the sphere; join DB, DC, DA, and from A 
on the straight lines DB,.DC, draw the perpendicurars AE, AF $ an4 
from (he p6ints £ and'F« draw in the 
plane llBC.the strai^t li^es EG, FG 
perpendicular to DB and DC, meeting 
one another in G$ join AG. 

Then, it may be proved, as was done 
ia the last proposition, that. AG is.at- 
right angles to the plane BCD, and that 
tberefore the angles AGF, AGE are 
right angles, and also that the angles 
AFG, AEG are equal to the angles 
^hieh the planes DAC^ DAB make 
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#ith the plane DBC. Bnt because tiie spherical angles ACB, ABC* 
are eqaaf, the angles which the planes I)AC, D AB make with the 
plane DBC are equal, (8. def.), and therefore the angles AFO, AEG 
are aJso eqaal. The triangles AOE, AGF have therefore two angles 
•f the ane equal to two angles of tlie* other, and thej have also the 
tide AG common, wherefore thej are equal, and the'side AF is equal 
to the sidft AE. 

Again? because the triangles ADF, ADE are right angled at F and 
£, the squares of DF and FA are equal to the square of DA^ that 
16, to the squares o\ DE and DA ; now, the square of AF is equal to 
the ftquare of AE, therefore the square of DF is equal to the square of 
DF/, and the side DF to the side DE. TJierefore, ip the trinnglei 
DAF, DAE, because DF is equal to DE and DA common, and also 
AF equal to AE, the angle A DF is equal to th^ angle ADE ; there- 

\ fore also (he arches AC and AB, which are the, measures of the an? 

g1e9 ADF and ADE, are equal to one another; auc! the triangle ABC 

i b isosceles. Q. £• D. ' ' 

PROP. Tn. 

Any two sides of a spherical triangle are greater tfcan the 
^ third. 

[ Let ABC be a apherieal triangle, any |wq Mdes ABy BG are greater 

Iban the third side AC. 
i ' liet O be the centre of the . „ . 

0|)here ; join DA, DB, DC. 

The solid angle at D is contained 

by three plane angles ADB, ADC, 

BDC; any two of which, ADB, 

BDC are greater (20, 2. Sup.)jj 



I 
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than the third ADC; and therefore 
any two of the arches AB-, AC, BC, 
which measure these angles, as 
AB and BC, must also be greater 
than the third AC. Q. E. D, 

PROP, vm.* 

The three sides of a spherical triangle are less than the 

circumference of a great circle. 

Let ABC be a spherical triangle as Inefore, the three sides AB, fiC^ 
i AC are less than the circumference of a great circle. 

' Let D be the centre of the sphere; The solid angle at D is con- 

t tained by three plane angles BDA, BDC,. ADC, which together ar^ 

^ less than four right angles (21. :2. Sup.) therefore the sides AB.. BCy 

! AC whir.h are the measures of these angles, are together less tbao 

lour quadrants described with the radius AD, that iS| thaa the jcirr 
" eufflference of a gr^at circle. Q. £. D. 
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PROP. iX. 

ta « spherical triangle the greater angle is opposite to the 

grater side ; and conversdy. 

, ^ 

Let ABC be a spber^al triangle, the greater angle A is opposed 
to the greater side BQ. 

Let the angle BAD be- made 
^ejqual to the angle 9$ and then 
BD, DA will be equal, (6.), and 
therel'ofe AD, DC .are equal to 
BC; but AD, DC ar« greater 
than AC (7,}, therefore BC is 
greater than AC, that is, the. 
greater angle A is opposite to the 
greater side BC. The converse 
is demonstrated as Prop. 19. 1. 
Elem, Q. e. a. 

PItOP. X. 

Ac^oi^itig aS' the Slim of tv^ oT the sides of a spherical 
triangle is greater than a semicircle, equal to it, or less, 
each of the interior angles at the base is greater than the 
exterior and opposite angle at the base, equal to it, or leas ; 
and also the isum of the two ititeri^r at^les at the base 
greater than two right angles, equal to two right angles, 
or less than two right angles. 

Let ABC be a spherical triangle, of whfcb the sides are AB and 
BC; prodnce any of the two sides as AB, and the base AC, till 
they meet again in D; then, the arch ABD Is a semicircle, and the 
spherical angles at A and D are equal, because eacb of them is the 
iDciination of the circle ABD to the circle ACD. 

1. If AB, BC be equal to a b 
'semicircle, that is, to AD, BC 
will be equal to BD and 
therefore (5.) the ungle D, 
or the angle A witt be equal 
to Iheangle BCD, that is, the 
interior angle at the base 
equal to -the «xterlpr and 
oppo&ite. • , • 

2. If AB, BC together be greater than a semicircle, that is greater 
than ABD, BC will be greater than BD$ and therefore (9.), the an- 
gle D, that is the an^le A, is greater than the angle BCD. 

3. In the same manner it Is shown, if AB, BC together be less than 
k semieirele, that the angle A Is less than tMte angle BCD.. 




I 



M* SPHERICAL TRlOONOHBTRr. 

Now,*8ince the aogles BCB, BCA a^ equal to two right angles, if 
the angle A be greater than BCD, A and ACB together will be great- 
er than two right aiiglea. If A be equal to BCD» A and AOB toge- 
ther, will be equal to two fight angles ; and if A be less (ban BCDf 
A and ACB will be less ihao two right anjgles. Q. S. D. 

PRORXI. ^ 

If the angular points of a spherical triangle be made the 
poles of three great circles^ these three circles by their 
intersections will form a triangle^ which is said to be sdp- 
plemental to the former; and the two. triangles are such, 
that the sides of the one are the supplements of the arches 
which measure the angles of the other. 

Let ABC be a spherical triangle ; and from the points A,B, and C 
as poles, let the great circles F£, ED, DF bedescriiied, intersecting 
one another In F, D and E} the sides of the triangle FED are the 
supplements of (he measures of the angles A, B, C, tIz. FE of the 
aogle BAC» DB of the angle ABC^ and DP of th6 angle ACB : And 
asaiOf AC is the supplement of the angle DFE^ AB of the angle 
FED, and tiC of the angle EDF. 

Let AB lu-oduced meet DE, EF in . f 

O, M ; let AC meet FD, FE in K, L ; 
and let BC meet FD, DE in *N, H^ 

Since A is the pole of FE, and the 
circle AC passes through A, EF will 
pass through the pole of AC (t.Cor. 4.) 
and since AC passes through C, the 
pole «if FD, FD will pass through the 
pole of AC ; therefore the pole of AC k 
is in the point F, in which the arches |> 
DF9 EF intersect each other. In the 
same manner, D is the pole of BC, and. 
£ tbepoleof AB. 

And alnce F, E are the poles of AL, AM, the arches FL and EM 
(2.) are quadrants, and FL, EM together, that Is, FE, and ML toge- 
ther, are equal to a semicircle. But since A Is the pole of ML, ML 
is the measure of the angle BAC, (3.), conseqaej[itl)r FE b the sup- 
plement of the measure of the angle BAC. la the saase manaer, 
ED, DF are the supplements of the measures of Iha anglea ABC, 
BOA. • 

Since Hkewis^CN, BH are quadrants, CN and BH together, that 
Is, NH and BC together, are equal to a semicircle;' and since D Is 
the [kole of NH,NH is the measure of the angle PBE, therefore the 
' measure of the angle. FDE is tlie supplement of*the side BC. In the 
same manner, it is sho#n that the measures of the angles DEF, £FV 
are the soiiplements of the sides AB, AC in the triangle ABC. 
1^, E. D. 
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PROP. xn. 
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The three angles of a spherical triangle are greater than 
two> and less than six^ .right angles. 

The measares si the angled A^ By C, in the triangle ABC, together 
wkb the three sides, of the supplemental trianele DEF, are (11.) 
equal to three semieireles $ hut the three sides of the iriaagie FUE^ 
are (8.) less than two semicircles; therefore the measures of the 
an^s A) B, C are greater than a semicircle; and hence the angles 
A, b, C are greater than two right angles. 

And because the interior angles of any' triangle, together with the 
exterior, are equal to six right angleS| the interior alone are less thaa 
six right angles. Q. E. D. . . 

PROP. xin. 

If to the circumference of a great circle, from .a poifit^ 
in the surface of the sphere, i^hich is not the pole of that 
circle, arches of great circles be drawn ; the greatest of 
.Uiese arches is that which passes through the pole of the 
first mentioned circle, and the supplement of it is the least ; 
and of the other arches, that which is nearer to the greatest 
is'greater than that which is more remote. 

Let ADB be .the cirenm^renee of a great circle, of which the 
pole is H, ftnd let C be any other point; through C and H let the 
semieircle ACB. be drawn meeting the circle ADB in A and B ; and 
let the arches CD, C£, OF also be described. From C draw CQ 
perpendicular to AB, and then, because the circle AHCB which 
passes through H, the pole of the circle ADB, is at right angles to 
ADB, GO is perpendicular to the pla^e ADB. Join GD, GE, GF, 
CA, CD, CE, CF, CB. 

Because AB is the diameter of 
the circle ADB, and G a point in 
it; which IS not the centre, (for 
the centre is in the p*oint .where 
the perpendicular from H meets 
AB), therefore AG, the part of 
the diameter in which the centre^' 
is, is the greatest, (7. S.), and GB 
the least of all the straight lines 
that 'can be drawn from G to the 
circumference; and GD which is 
^ nearer to AB, is greater than GE^ which is mowe l^mote. But the 
triangles CGA, CGD are right angfed at G, and therefore AC«-fc 
AGK+GCS and DC«=DG*4-Ge»; but AG«+GC»VDG«+GC»| 
because AGvDG; therefore AG'VDCS and ACT»G. And be- 
cause the chord AC is greater than the ehord DC, tha a^{b AC in 
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sreater than the,arch DC. In the lame' manner, since GD is greater 
than GE, and GE than GF, it is slioivn that CD is greater than CE, 
and CEthan CF. Where/pre also the arch CD is greater than the 
arch CE, and the arch C$ greater than the areh CF,and OF than CB; 
that is, of all the arches of great circles drawn from* (J to the cireum- 
ferenee of the eirele ADB, AC which passes through the pok H, is 
the greatest, and CB ji9 supplement is the least; and of the others^ 
that whieh is nearer to AC the greatest, is greater than that whieh 
is more remote. Q.B.D. 



PROP. XIV. 

. • • • 

■ 

tn a right angled spherical triangle^ the sides containing 
the right angle are of the saipe affection with the angles 
opposite to thenok, that is, if the sides be greater or less 
than quadrants^ the opposite angles wifl be greater or less 
than right angles^ and conversely. 

Let ABC be a spherieal triangle, right angled at A» aigr. sUle AB 
will be of the same affection with the opposite angle ACB. 

Produee the arehes AC, AB, till they meet again in D, and .bisect 
AD in E. Then ACD, ABD are semicircles, aiid A£ an areh of 90^ 
Also because CAB is by hypothesis a right angle, the plane of the 
eirele ABD is perpendicular 
fo the plane of Uhe circle 
ACD, so that the pole of 
ACD is in ABD, (cor. 1. 44), 
and is therefore the point iBi. 
Let EC be an arch of a great 
eirele passing through !u and 
C. 

Then because E is the 
pole of the eirele ACD, EC 
18 a (2») quadrant, and the 
plane of the circle EC (4.) 
is at right angles to the plane 
of the circle ACD, that is, 
the spherical angle A(5E is a ^ 
right anffle; and therefore, 
when AB is less than AE, 
the angle ACB,* being less 
than ACE, is less than a right 
angle. But when AB is great- 
er than AE, the angle ACB 

is greq.ter than ApE^ or than a right angle. In the same way may 
thei converse be demooistrated* Therefore^ &e. Q»^£« D< 
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PROP. XV. 

If the two sides of a right angled spherical triangle about 
the right angle be' of the same affection^ the hypotenuse 
will be less than a qnadrant ; and if they be of different af- 
fection^ the hypotenuse will be greater than a quadrant. 

Let ABC be a right anc^led gpherical triangle ; aeevrdivg as the two 
aides AB, AC are of the same or of different affection, the hypote- 
nuse BC will be less, or greater than a quadrant. 

The eonstniction of the last proposition remaining, bisect the se* 
micircle ACD in G, then AG will be an arch of 90°y and G will be 
(he pole of the circle ABD^ 

• 1. Let AB9 AC be each less than90% Then,beean8e C is a point 
•n the surface of the sphere, which is not the pole of the circle ABU, 
the arch CGD, which j>asses jthrough Gthe pol^ of ABD is greater 
Ihan €£9.(13.), and C£ greater than CB. But CE2 is a quadrant, as 
was before shown, therefore CB is less than a quiidrant. Thus alsq 
it is proved of the right angled triangle CDB,(nght angled at D),in 
whicti efiiih of the sides CD, DB is greater than a quadrant, that the 
hypotenuse BC is less than a quadrant. 

• 

2. Let AC be less, and AB greater than 90®. Then because CB 
Iklls between CGD and CJ^, it is greater (iS.) than C£, that is than 
a quadrant. Q. £• D.^ 

Cor. 1. Hene6 conversely, if the hypotenuse of a right angled tii-^ 
angle be greater op less than a quadrant, the sides will be of different 
er the same afieetien. > 

Cor. 2. Since (14.) the oblique angles of a right angled spherical 
triangle have the same affection with the opposite sides, therefore, 
accoraing as the hypotenuse is giieater or less than a quadrant, the 
oblique angles will be of 'different, or of the same affection. 

Cor. 3. Because the sides are of the same affection with the oppo«> 
site angles, therefore when an angle e^nd the side adjacent are 01 Hie 
same affeetiony the hypotenuse is less tbui a quadrapt ) and conversely. 

PJIOP, XVI. 

In any sphprica^l triangle; if the perpendicular upon the 
base from the opposite angle fkll within the triangle, the 
angles at the base are of the sarnie affectidn ; and if the per-i 
pendicular fall without the triangle^ the angles at the base 
are of different affection. 

Let ABC be a spherical triangle, and let the arch CD hi^ drawQi 
^m C perpendicnlar to the base A0» 



ttt 



BPBERieAL TRiaONOMJSTRY. 



1. Let CD fall witbin the tiiaii|^e ; Ikt n, since ADC, BBC are 
right ans^led spherical triangles, the angles A,B must each be of the 
aanieaflfecticHi withCD, (14^. 





2. Let CD ikll wHhont the triangle; then {±^.) the angle B is o^ 
the same afteetion with CD ; and the angle CAD is of the sameaffec- 
tioB with CD} therefore the ancle CAD and B are of the same af. 
feetion, and the angle CAB and B are therefore4>f different affectioas. 
Q. £• D* . 

Coa. Henee, if the angles A and B be of the same affeetioB. the 
perpendieular will fall within the •base; for if it did not^ A and B 
would be of different affection. And if the angles A and B be of dif* 
ferent affe^ptibn, the perpendiealar will fall wtthoatthe trianirie • for 
if it did not, the angles A and B woiOd be tf the same afieefaon/con! 
trary to the supposition^ 

PROP. xvn. 

If to the base of a spherical triangle a perpendicular be 
drawn from the opposite angle, which either falls within 
the triangle, or is tffe nearest of the two Ihat fall without ' 
the least of the segments of .the base is adji^cent to the least 
of the sides of the triangle, or to the greatest, according a* 
the sum of the sides is less of greater than a semicircle. 

Let ABEP be a greatcircle of a sphere; B itspole^and GHDany 

^ 4 J*iS?f"f ^r*"^^^'?***'**''*'*^'''^" to tlieeir- 

rie ABBF. Let A and B be tvQpbinU in the circle ABEF, on oppo. 
nte tides ^i the point -D, and let ^^ 

D be nearer to A than to Bj^andlet 
C be any point in the circle GHD 
between H and D. Through the- 
joints A and C, B and C, let the . 
arches AC and BC be drawn^^d • 
let them be produced, till they meet qj 
the eirele AuEF in the points'E and 
F, then the arches ACE, BCF are 
semicircles. Also ACB,ACF,CFE, 
ECB are four ^spherical triangles ' 
contained by arches of the same 
circles, and baring the same per- 
pendiculars CD and CG. 
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1. Now because CE is nearer to tkeiireh CHO than CB is, CB if 
l^ater than CB9 and therefore C£ and C A are g*reater tlian CB and 
CA9 wherefore CB and CA are less than a semicirele^ but beeaust 
ADy is by supposition less than DB, AC is also lesi than CB^ (130» 
and therefore in \his ease^ viz*, when the perpendicular faHs within 
the triangle, and when the sum of the sides is less than a semicirele^ 
the least segment is adjacent to th6 least side. 

2. Again, in the triangle FC A the two sides FC and C A are less 
than a semicircle j for since AC is less than CB, AC and CF are less 
than BC and CF. Also, AC is less than CF, because it is more re« 
mote from CHG than CF is; therefore in this ease also, Tiz. when 
the perpendicular falls without the triangle, and when the sum of tha 
sides is lefss than a semicircle, the least segment of the base AD ia 
adjacent to the least side. 

3. But in the trii£ngk FC£ the t^o si^es FC and CE are greater 
than a. semicircle; for, since FC iis greiater than CA,FC and CE are 
greater than AC and CE. And because AC is less than CB, EC is 

greater than CF, and EC is therefore nearer to the perpendicular 
HG than CF is, wherefore EG is the least Segment' 01 the base, and 
is adjacent^o the greater side. 

4- In tbe trian^e ECB the two sides EC, CB are greater than a 
semicircle; for, since by supposition CB is greater than C A, EC and 
CB are greater than EC and CA.. Also, EC is greater than CR, 
wherefore in this ease, also, tlie least segment of the base EG is ad« 
jacent to the greatest side of the triangle. Therefore, when the 
sum of the sides is greater than a semicircle, the least segment of 
the base is adjacent to the greatest side, whether the perpendicular 
fall within or without the trhingle :. and it ha^ been shown, that when 
the sum of the sides is less than a semicircle, the least segment of the 
base is adjacent to the least of the sides, whether the perpendicular 
fail within or without thfe triangle. Wherefore, &c. Q. £. D. 
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In right angled spherical triangles, the sine of either of 
the sides about the right angle, is to the radius of the 
sphere, as the tangent of th^ remainibg side is to the tan-" 
gent of the angle opposite to that side. 

Let ABC be a triangle, having the right angle at A ; and let ABbe 
either of the sides, the sine of the side AB will be to the radios, as 
the.tangent of the other side AC to thb tangent of the angle ABC,. 
opposite to AC Let D be the centre of the sphere ; join AD, BD, 
CfD, and let AF be drawn perpendicular to BD, which the refbre will 
be the sine of the arch AB, and from the point F, let there be drawtt 
in the plane BDC the straight line FE atright angles to BD,ineet* 
ing DC in E^ and let AE be joined, gfintee therefore the straight 
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Mm DF is at right anglM to both FA 
and FE, it will also be at rii^ht an((laa 
f^the plane AEF(4. 2. Sop.) ; where* 
fore the plane ABD9 which passes 
tbraugh DF is perpendicular to the 
plana AEF (17. 3. Sop.)) M«f *he 
plane AEF perpendicular to ABD : 
But the plane ACD or AED, is also 
perpendicular to the same ABD, be-^^ 
cause the spherical angle BAG is a 
fight angle : Therefore AE, the com- 
mon section oi the planes AED, AEF» 
is at right angles to the plsne ABD, 
(18. 2. Sup.), and EAF, EAD are 
right angles. Therefore AE is the taogent of the arch AC ; and i<i 
the rectilineal triangle AEF, haring a right angle at A, AF is to the 
radius as AE to the tangent of the angle AFE, (l. Fl. Tr.); but AP 
is the sine'of the arch A;B, and AE the tangent of the arch AC ; and 
the angle AFE is the inclination of the planes CBD, ABQ, (4. def. 2« 
Sup.)» or* is equal to the spherical angle ABC : Therefore the sine of 
the ar;0b AB is to the radius as the tangent of the arch AC to tlie 
tangent of the opposite angle ABC, Q. E. DL 

Cor. Since by this pro(>09ittou, sin. AB : R : : tan. AC : tan. ABC; 
and because R : cot. ABC :: tan. ABC : R ( 1. Car. def. 9. Pi. Tr.) 
by equalitjy sin. AB : cot. ABC : : tan. AC : R. 

PROP, XIX. 

. In right angled ^ph^rical triangles the sine of the hy- 
potenuse is to the radius as the sine of either ^ide is to thi^ 
sine of the angle 'opposite to that side. 

Let the triangfe ABC be right angled at A, and let AC be either of 
the sides; the sine of the hypotenuse' BC will be to the radius as the 
sine of the- arch AC is to the sine of the angle ABC. 

Let D be the centre of the sphere, and letCE be drawn perpendi> 
colar toDB, which will therefore be the sine oT the hypotenuse BC| 
and from the |ioint £ let there be 
drawn in the plane ABD the straight 
line EF perpendicular lo DB, an(! 
let CF be joined: then CF will be 
at right angles to the plane ABO) 
because as was shown of EA in the 
preceding propositiooy it is the com- ^ 
mon section of two planes, DCF, 
ECF,. each perpendicular to the 
plane ADB. Wherefore CFD, CFE 
are right angles, and CF is the sine 
or the arch AC ; and in the triangle CFE baring the right angle CF£,t 
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CB 1$ i& tte nuftiis, at GF to the «De of the angle CKP (1. PI* Tr.)* 
But, sinee CB, F£ are at right angles to DEB, which U the comaioa 
aection of the planes CBD, ABD^ the angle CEF U equal to theincU- 
Batien of these planes, (4. def. 2. Sup.)> that Is to the spberiGal angle 
ABC. Therefore the sine of the hypotenuse CB, is to the radius, as 
the sine (A the side AC to the sine of the opposite an^le ABC. Q. £• B. 

■ 

In right angled spherical triangles, the cosine of the 
hypotenuse is to the radius as the cotangent of either of 
the angles is to the tangent of the remaining angle. 

Let ABC he a spherical triangle, having a right angle at A, the eo* 
sine of the hypotenilse BC is to the radius as the cotangent of the an* 
glie ABC tothe tangent of the ahgle ACB« 

Describe the circle DE, of which B is the pole, and let it meet AC 
ill F, and the circle BCin £ $ and since the circle BD passes through 




• 
the pole B, of the cjrcl^ DF, DF mast pass through (he pole of BBf 
(4^). And since AC is perpendicular to 6D, the plane of the circle 
AC 18 perpendicular to the plane of the circle BAU, and therefore 
AC must also (4.) pan through the pole of BAD$ wherefore, the 
pole of the circle BAD is in the point F, where the circles AC, DE| 
intersect. The arches FA, FD are therefore quadrants, and likewise 
tbe arches BD, BE. Therefore, in the triangle CEF, right angled 
at tbe |)oint £, C£ is the complement of BC, the hypotenuse of the 
triaogle ABC ; EF is the complement of tbe arch ED, the measure 
of tbe angle ABC, and FC, the hypotenuse of the triangle CEF, is 
tbe complement of* AC, and the arch AD^ which is the measure of 
tbe angle CFE, is the complement of AB. . *- ' 

But ( 1 8.) in the triangle CEF, sin. CE : R : \ tan. EF : Un. ECP. 
that is, in the triaogle ACB, cos. BC : U : : cot. ABC : Un. AOB^ 
Q. B. D. 
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Colt. Becaufte eoi. BC : R :: 90k. ABC : ima. ACB, «itod (€^. I. 
def. 9. PI. Tr.) cot. ACB : R i: R : tan. ACB^ a Ktj^o^ e»t. ACB : 
eod. BC :: R : eot ABC. 

PROP. XXL 

♦ 

i 

In right angled spherical triangles, the cosine of an an- 
gle is to the radius as the tangent of the side adjacent to 
that angle is to. the tangent of the hypotenuse. 

The same eon«lnietion remaining: In the triangle CUFysia.FE : 
R ;:tan. CE : tan. CFE (IS-); but sin. EF^cos. ABC; tan. CE- 
cot. BC, and tan. CFE=scot.AB, therefore cos. ABC : R :: cot.BC : 
eot. AB^ Now, beijause (Cor. 1. dTef. 9. VI. Tr.] eot BC : R wC R : tan. 
BC, and cot. AB : R i: R : tan« AB, by equality inyersely, eot. BC : 
eot. AB :: tan. AB : tan. BC ; therefore CH- ^0 eo8. ABC : R H tan. 
AB : tan. BC. Itierefore, &c. Q. E. D. 
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Cor. 1. From the demonstration, it i« majiilbst^ that the tangents of 
ly two arches AB, BC are reciprocally proportional to their eotan** 
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PROP, xxn. 

In right angled spherical triangles, the cosine of either 
of the sides is to the radius, as the cosine, of the hypotenuse 
is to the cosine of the other side. 

« « 

The same constijietion remaining: In the triangle CEF,*sin. CF t 
. R :: siDv CE : sin. CFE,* (19.) ; bat sin. CF=«oo8. CA, sin. C£«eos. 
BC, and sin. CF]El=cos# AB^ therefore, cos« CA : R : : eos. BC : 
C08.AB. i2-£-I>* 
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PROP- XXIII. 

tn rigjit angled spherical triangles^ the cosine df either 
bf the sides is to the radius^ as the cosine of the angle op-^ 
posite to that side is to the sine of the other angle. 

The fShme oonatructiOQ remaining: In the triangle CEF, tin. GF 
H : : sill. £F : sin. EOF, (19.); but sin; GF»cob. CA,8in.EFaeicoi4 
ABC and sin. ECF»sin; BCA$ tbejrefofe>*eoi(CA : R r : dos. ABG : 
tin.BCA. Q.E.D. 

PttOP. XXIV. 

In spherical triangles, whether right angled or oblique 
angled^ the sines of the sides are proportional to th^ sinqi 
of the angles opposite to thenii 

First, Let ABC be a right angled triangle, hating a right angle at 
A; therefore, ( 19.) the sine of the hypotenuse BC is to the radiuf^ 
(or thi» sine or the right angle at A)9 c 
as the sine of the side AC to the 
tine of the angle B& . And, in like 
manner, the sine of BQ is to the 
tine of the angle A, at the tine oJT 
AB to the sine of the angle C; 
wherefore (11. 5.) the sine of the 
tide AC is to the sine of the angle 
B, as the sine of AB to the sine of 
the angle C. 

Secondly, Let ABC be an oblique angled triangle, the titie of adjr 
of the sides BC will be to the sine of any of the other two AG, as the 
sine of the angle A opposite to BC, is to the sine of the angle B op^ 
tloaite to A.C. Through the point C, let there be drawn an arch of a 
great oircle, CD perpeofticiiiar to AB| and in the right angled tria^* 






jf}e BCD) sin. BC : R : 2 tin. CD : sin. B, ( IB.)? ^^^ ^^ the triaiigt^ 
ADC, un. AC : B : sin. CD : sin. A ; wherefore, by equality inverteiy^ 
tin. BC : tin. AC : : tin. A : tin. B. In the same manner, it ttiay be 
proved that sin. BC ; sin; AB : : sin. A : tin* Cy fcc. Therefore, 8io< 
Q. £. D( 
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PROP. XXV. 

In oblique angled spherical triangles^ a perpendicular 
arch being drawn from any of the angles upon the opposite 
side^ the cosines of the angles iat the base are proportional 
to the sines of the segments of the verticul angle. 

Let. ABC be a triangle, and the areh Cl^ perpeBdieitlar to the bait 
BA ; the cogine of the aiisle B will be to the eosiiie of the ang^le A, 
as the sine of the angle BCD to the sine of the angle ACO. 

For having drawn CD perDendieular to AB, in the right angled 
triangle BCD, (23.) eos. C u : rt : : eos. B : sin. DCB ; and in the ri^ht 
angled triangle ACD, eos. CD : R II cos. A : sin. A CD; there&re 
(11. 5.) eos. B : siii. DCB : : eos. A : sin. ACD, andalternatel^r^eosi 
B : eoB.. A ;: stn* BCD ; siui ACD. Q« £• D» 

PROP. XXVt. 

The same things remaining, the cosines of the siAti 
BG^ CA, are proportional to the cosines of BD, DA^the 
segments of the base. 

Forin the triangle BCD, (22.), eos. BC : eos. BD :; eos. DC : R^ 
and in the triangle ACD, eos. AC : eos. AD II eos. DC : H; therefore 
11. J.) COS. BC : COS. BD : : eos. AC : eos. AD, and alternately, eos. 
^C : eos. AC :: eos. BD : eos. AD. Q. £* D. 



u 



PROP. xxvn. 

■ 

1 he sam^ cOrtstruction remaining^ th6 sines of BD, DA 
the segments of the bas6 are reciproGally proportional to 
the tangents of B and A, the angles at the base^ 

In the triangle BCD, (18.), sin. BD : R 11 tan. DC : tan.B; andia 
the triangle ACD, sin. AD : R : : tan. DC i tan. A; therefore, hj 
•^piatity inversely, sin. BD i sin. AD :; tan« A 2 taA« B. Q. K. D» 





* 

PROP. XXVIII. 

The same construction remaining) the cosines ef the 
segments of the vertical angle are reciprocally proportional 
to the tangents of the sides^ 

Beeanse (di.), eos. BCD :Rll tan« CD : tan. BC, and also, fos. 
ACD : K jr tan. CD ! taiK,AC,bjeqiiality iiiYerselj^eog. BCD : cos. 
ACn <: tam AC : tan. BC. Q. fi. D. 

PROP. XXIX. 

If from an angle of a spherical^ triangle thjere- be drawn 
a perpendicular to the opposite side, or base, the rectangle 
^ntained by the tangents ef half the Sfatm^ and of half the 
difference of theaegments of th^^base is equal to the rect- 
a^ngle contained by the tangents of half the sum, and of 
half the difference of the two sides of the triangle. 

I^et ABC be a spherical triangle^ and let the arch CD be draii;ii 
from the an^le C at r iHit angles to the base AB, tan., i {nk+v) Xtan..^ 
f;jn'—n)ss^ tan. (0+6) xi tan. (a— 6). 

Let BCaBtt, ACasg : D D^m^ ADaen. Beeaase (^6.) eos. a : eos. 
hll eo8.m : eos. 71, (E. 5.) eo8..a+6,: cop^ct^co8.6 II eos.m-f eos.n : 
eos. m — eos. n. But (l. Cor. a. PI. Tr.), eos. a+eos. h : eos. a^ eos. b 
II eot. i {a+b) : tan^ i (at-^,) and also, eos. 01.4- eos. n : eos.m— eos. 
» II cot. I {m+n) : tan. i {mr^n), Thertffoije^(ii. 5.) eot.i (a+6).: 
tan. i (fl— 6)ir eot. i {m+n) : tan. J (wt^r-n)- And because rectan- 
gles of the same althode are %s their bAses, tan. i {a+b) x eot.'^ 
(a+6) : tan. i (a4-6)xtan. i (a— fc) S tan. i (TO+n)xcot. i {m+n) 
: tan.l (mxn)-ftan. i (m— n). Nowthe first and third terms of tlys 
proportion are equals being each equal to the square of th^ radius^ 
(1. Cor. PI. Tr.), therefore the remaining two are eqiial, (9. 5.) or 
tan. i (m+n) xtan. i (fit^nWtan. i (a-f6)xtan.l {ci-r 6)s^ tliat fs, 
tan. i (BD4'AD))^tan. i (BD-rAD)»ta3i. i (BC-f AC}xtaa. i 
(BC-AC). Q.B-.Dw 

Cor. 1. Because the sides ofaqnalrefAaagles are reeiprofall?pra- 
poHional, tan. i (BD+AD)>:.tan.i (BC+AC) :Ctan.| (BC-AC) 
: tan. i (BD -%AJ>). 

Cor. 2. Sine^, when the perpendicnhi»iCD fklls witbhi the trian* 
gle, BD+AD<-:AB, the base; and: vhen CD falls ^thout lite tri- 
angle BD— AD=AB, therefore in the first case, the prooortion in 
the last corollary beeoniea tan. i (A3>: tan. 5 (BC+AC) J^tan. ^ 
(BP — AC) : tan. i (BD— AD); and in. the second ea#e,it becomes 
by inversion and alteration, tan. i (A9} : tan. s* (BC+AC) *; tan. I 
(BC-AC) :.tan. J CBiJ>+AD). 
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SCHOLIUM, 

Tbe preeeding propotition, whieh 19 rtry nsefiil in spheriea] fri^-. 
noroetrjy may be easily rememberecl from its aiialog^y to the proposi- 
tion in plane tr^noroetrV} that the rectangle under half tne sniPt 
and hanT the di&rence of the sides^ of a plane triangle, is equal to 
the reet«nf[;1e under half the sum, and han the difference of the seg- 
ments of the base. See (K. 6,), also 4th Case, PI. Tr^ We are in- 
debted to Napier for this and the two following theorems, which are 
so well adapted to ealeulation by Logarithms, that they must be enn^ 
aidered as tliree of the most valuable propositions in Trigonometry. 

PROP. XXX, 

• 

If a perpendicular be drawn from an angle. of a spherir 
*cal triangle to tbe opposite sid^ or base^ the sine of the 
sum of the anglea at the base is to the sine of their diiTer- 
ence as the tangent ol half the base to the tangent of half 
the difference of its segments, when the perpendicular 
falls within ; l)ut as. the co-tangent of half the base to the 
co-tangent of half the sum of the segments, when the per^ 
pendicular falls without the triangle : And the sine of the 
sum of the two sides is to the sine of tlieir difference as 
tbe co-tangent of half the angle contained by the sides, to 
the tangent of half the difference of the angles which the 
perpendicular makes with the Sjame sides^ when it falls 
withiriy or to the tangent of half the suxn, of these angles^ 
when it falls without the triangle. 

If A B€ be a spherieal triangle, and A O a perpendicular to the base 
BC,sin.(C+B) : 8in.(C-B|:: tan. JBC : tan. J(BD-DC),wh^n 
AD falls within the triangle; but sin. (C-f B) :«in. (C-B) :: cot. i 
BC : cot. i (BD+DC), when AD ftJls without. And agai,n, 
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•in-(AB+AC):8in.(AB-AC) :: cot. i BAC:tan.i (BAD-CAD), 
when AD falls within s but when AD falls without the trians^le^ 
sin. (AB+AC) : «». (AB -- AC) V. cot. i BAC : tan. ^ (BAD+CAI3). 
Far in the tfiaug^leBAC (^.),tani B : tan.C 11 sin. CD : sin.BD^ 
and therefore (£.6.), Ian. C-f tao.B : tan.C— taiL.B II sin. BD+sia. 




(d.TI. Tr.), therefore, because ratios which are equal to the same 
ratio are equal to oneanpther (11. 5.% sin* (C+B) : sin. (C — B) It 
tan. i (BD+CD) : tan. | (BD-CD). 





(C+B) :8in.(C-B) J: tan. § (BD+CD) : tan. | BC, or because tlie 
tani^nts of any two arches are reciprocally as their co-tanarents, sin. 
(C+B) : sin. (C-B) :: cot. i BC : cot. i (BD+CD). 

The second part of the proposition is next tobedemovstratpd. Be- 
cause (28.)tan.AB; tan. AC II cos. CAD : eos. BAD,tan.AB+tan. 
AC : tan. AB-tan. AC :: cos. CAD+eos.BAD ^eos. CAD-^eos* 
BAD, But (Lemma) tan. AB+tan. AC : tan. AB— tan. AC :: sit?. 
(AB+AC) : sin.i( AB - AC)» and (l. eor. 8. PI. Tr.) cos.CAD+eos. 
BAD : COS. CAD-eo$« BAD :: cot| (BAD+CAD) : tan.^ (BAD 
-CAD). Tlierefore(U.ff.) sin. (AB+AC) j sii).(AB-AC) :: cot. 
i (BAD+CAD) : tan. i (BAD^-CAD). No^w, when AD i^ within 
the trianj?le,BAD+CAD=BAC, and therefore sin. (AB+AC) : sin. 
(AB - AC) :: cot. i BAC : tan. i (BAD - CAD.) 



A. I 
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But if AD be without the trian«;1e, BAD - C ADsBAC, and there-, 
lore sin. (AB+ AC) : wn. (AB- AC) 11 
eot. i (BAD+CAI>) : tan. | BAC; or because 
cot. I (BAD+CAD) : tan. i BAC :: eot. i BAC : 
lan.j (BAD+CAD),»iii.(AB+AC):8in.(AB-.AC) Ileot.iBAC: 
iim. i (BAD+CAD). Wherefore, &e. Qn^^Q* 



- LE>iMA. 

The sum of the tangents of any two arch^, is to the- 
difference of their tangents, as the sine of Ihc sum of the^ 
arches^ to the sine of their difference. 

Let A and B be two arehes^tan. A+tan. B : tan. A'^tan.B II sni. 
(A+B):§in. (A— B). 
For, by ^O.paf^24r8,sin.AxcM.B+eos. Ax«in.BaB«in. (A-fB),. 

and therefore dividins: all by c<^a A eos. B,??-^ . 4- ' ' ^ 

^8in. (A + B)^ ^^^^ .^^ beeau»e?l5l4«taD. A, tan. A+iaa.B. 
eos.Axeos.B cos. A 

^gtn. (A + B). j^ ^^g ^j^^ manner it i» proved that tan. A —tan. B 
cos. A xeos. B 

^sm. (A " B); Therefore tan. A+t«i. B : tan. A-tan. B :: sia. 
eo8.Axeo8. B 

(A+B).: au|. (A-B). Q. E. D. 

PROP. XXXI. 

The sine of half the sum of any two angles of a spheric 
cal triangle is to the sine of half their difference, as the 
tangent of half the side adjacent to these angles is to the 
tangent of half the difference of the sides oppmite to them ; 
and the cosine pf half tlie sum of the same angles is to the 
cosine of half their difference, as the tangent of haW tbe 
side adjacent to them^ to the tangent of half the suni ^f 
the sides opposite. 

Let C+B«JiS, C-B«9D,jhe base BC«sB, and the differenee 
of the aeements of the base, orBD— •CDnSX. Then, because (30.) 
«n.(C+B):sin.(C-B) II tan.iBC:tan.i (BDft.Cn)^8in,2S:»ita.. 
^D :; tan. B : tan. X. Now, sin. ^»sin. (8+8)a»2 sin. Sxcos. S^ 
(Seet. Ill- eor. PI. Tr.). In the same manner, sin. 3D»2 sin. Dx 
eos. Ih Therefore sin* Sk^os. 8 : sin.Dx eos» O tl tan. B :4aii-X. 






S^KEI^ICAL tRiGdNOMEtlit. im 








Agiaiuyin tli« spheKeal triangle A^C it has h^^t proved, tkMsim 

C+8itt. B;8in.C-wD. B :: sin. AB-f simAGt sid. AB-sin. AC,aiid 

" since sin. C+sin. B=t3 sin. i (C+fl)+eos. i (C— B), (Seet. HI. 7. 

Fl.Tr.W3sinvSxcos.D; and sin-C— sin.Batacos.i (C+B)x8iB. 

^ J (C — B) =32 eos. S xsin. D, Therefore 2 sin. 8 X cos. D : 2 eos. S % 

sin D :: sin AB+sia AC : sin AB-sin AC. But (a. PI. Tt.) kin 

r AB+8itt AC : sin AB-^*in AC :: tan i (AB+AC) : tan i (AB^ AC) :: 

tan S : tan A, S beingequal to i (AB+AC) and A to i (AB- AC)4 

Therefore sin Sxcos D : eos Sxsin D :: tan S : tan A- Since then 



i|*ei|Bais 



% equals, tan X^ tan A ^ C^b D)« x cos 8 x eos Tl (%io D)» 
^ ^ tan B tan s (sin 8)- xcos iSxeo« 13 (gin 8)» 

^ 'tanJ(AB— AC) taft.iBC ' ^tanA iaAW 



tad therefore,**^"^-^^" ^^*^" ^,a» d8o!!^-.!g!LA^^fa£Ay! 

tan B (tan B)* tan B tan S (tan B)* 

^.tan X^tin A„(«n »)».„,.„^„„(tan A)*_(8in D)»,_itaii A 



g^ tanX t^«A,,(«in B)« _,....„(tan.A)'_(«n D)*, ^^taji^ 
"^tan B Uu s (sin S)** (tan B)» (sin S)** tiSTB 

"" J^ or sin 8 : sin D :: tan B : tan A, that is, sin (C+B) : «a 

8 



sin 



(C - B) :: tan i BC : tan i (AB- AC) ; which is th^ first part of thi 

proposition. 

A • otw^-.**" A_c69 Sxsin D i^^^^^ijfin t sio Sxcos D 
Aecun* since -= -: — r- --, or myersely ,«* ., 1 

^ ' tan s sin Sxcos D' "^tan A cos Sxsin I>* 

, ; tan X sin D xcos D. xk^^^A, .^ i, ^ »*• i* *• tan X^- 

ftnd smee^ — — --^-^ — rr-i g.; therefore bjmuItiphcatiQn.-^— mK 

tau Ji siu 8xeo8 8 <i r ^ 'tan B 

tan S^ (eo8 BY 
tau a'" (cos 8)* 

But it was already shoMm thatJ^^^^*^" ^^!f"^> whertfore hisif 

tan B (tanB)» ' 

tan B tan A (tan B)*' 

1^^ * (cosD)* (tans)* ^, .^, ,, eos D tans ^ 

therefore) — -v^^); — jr^-) atad consequently-— 2«; — ^orfds 
(cos S)* (tanbj^ ' ^ ^coH 8 taaB 
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B : eo8. D : : tan. B : tan.^s, that is eos. (C+B) : cos. (C— B) : i iau^ 
i BC : tan. i (C+B); which is the second part of the proposition^ 
Therefore, &c. Q. B. D. 

Cor. 1. Bj applying this proposition to the trianele sapplemental 
to ABC (11. 5.)y and by considering;, that the sine of half the sum or 
half the aifierenee of the supplements of two arehes^ i^ the same with 
the sine of half the sum or half the difference of the arches thetaseWes $ 
and that the same is true of the cosines, and of tlie tangents of half 
the sum or half the difiereMce of the supplements of two arches: hot 
that the tangent of half the supplement of an arch is the same with 
the cotangent oi half the arch itself; it will follow, that the sine ai 
half the sum of any two sides of a spherical triangle, is to the sine of 
half their difference as the cotan^nt of half the angle contained be^ 
tween them, to the tangent of halt the difference of the angles opposite 
to them: and also that the oosine of half the sum of these sides, is to 
the cosine of half their difference, as the cotangent of half the AUffh^ 
contained between them, to the tangent of half the sum of the angles 
opposite to them. 

Cor. 2. If therefore A, B, C be the three angles of n spherical tri* 
aligle, o^ 6, c the sides opposite to them. 

I. sin. i (A+B) : sin. i (A-B) :: tan. ^ t : tan. i (a-^b), 
II. 60S. i (A+B) : COS. i (A— B) :: tan. i c : tan. ^ (a+b). 
in. sin. i (a+6) : sin. i f a-6) :: tan. i C : tan. i (A-B)^ 
IV. cos* i {a+b) : cos. i (a— 6) '.*. tan. i C : tan. jt (A+B)« 
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PROBLEM I. 

» • * 

In « right angled spherical ^angle^ of the three sides 
and three angles^ any two being given^ besides the right 
angle, to find the other three. 

This problem has sixteen eases, thp solutions 6f which are con- 
tained in the following table, where ABC is any spherical triangle 
rijght angled at A. 



OIVBIY. 



BG and B. 



AC and C 



SOUGHT* 



AC and B. 



AC and BC. 



>i ■ 



AB and AC. 



B and C. 



AC- 

AB. 

O. 

AB. 

BC. 

B._ 

AB. 

BC. 

C. 



AB. 
B. 
C. 

BCT 
B. 
C.^ 

IkB. 
AC. 
BC. 



SOLUTION. 



R : sin. BC : : sin. B : sin. AC, (19). 
R : COS. B : : tan. BC : tan. AB, (21). 
R : COS. BC : : tan. B : cot« C, {20). 



R ; COS. AC ; ; sin. C ; cos. B, 

tan. B : tan. AC : : R :'sin. AB, 
sin. B : sin. AC : : R : sin. BC, 
COS. AC : COS. B : : R ; sin. C,' 



R : sin. AC : : tan. C ttan. AB, (18). 
COS. C : R : : tan. AC : tan. BC, (21). 




COS. AC : COS. BC : : R : cos. AB, i22), 
sin. BC : sin. AC : : R : sin. B, (19). 
tan. BC ; tan. AC ; ; R : cos. C, (3 1). 

R : cos. AB : : cos. AC : cos.BC, (22). 
sin. AB : R : : tan. AC : tan. B, (18 
sin. AC : R : : tan. AB : tan. C, (18 



^1 



sin. B : cos. C : : R : cos. AB, 
sin. C : cos. B : : R : cos. AC, 
tan. B : cot. C : : R : cos. BC^ 




1 
2 
3 



4 
5 

6 



7 
8 
9 



10 
11 
i9 



18 
14 
14 



15 
If 
16 




LI 
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TABLE for determiiiiiig' the aflbetions of the Sides and Angles timni. 

by the preceding rales. 



> 



AC and B of the same affeetiony (14). 

If BCZ«00'', AB and B of the same affeotionyotherwise dif 

ferent, (^<^i** 1^0 

If BCiLOO*' C and B of the sam6 affeetion, otherwise dif- 

ferenty (m.) 



AB and n are of the same afleetion, (14.) 

If 4C and C are of the same affeetion, BGAtO^ ; otherwise 
BCZ-90% (Cor.15.^ 

^ find AC are of the same affection, (14.; 

_ ■ ■ — ■ I ■ ■ 

Xmbi^oas. 
Ambis^ttons* 
Amhiguons. 



i 

8 



9 

6 



r 

8 

9 



\9rhen BCAOO% kA and AC of the same; otherwise of 
different affeetion, ^ (15.^ 

AC and B of the same aMbetidn, (14.) 

A¥lien BCz.90% AC and C of the same; otherwise of dif- 
ferent affeetion, (^®>*' ^^*) 



10 
11 

I2f 



BCZ.M% when AB and AC are4>f the same afteetion, 

(1. Conia.) 
B and AC of the same affection, 
C and A B of the same affection, 



(14.) 



18 
14 
14 






AB and Cof thesame affection^ (14.) 

AC and B of the same affection, (14.) 

When B and C are of the same afieetion^ ACz.90% other- 
wise, BC "790% (13.) 



10 
±5 

16 



The eases marked ambiguous are those in which the thing sooght 
has ixfo values, and may either be equal to a certain angle, or to the 
supploment of that angle. Of these there are three, in all of which 
the things given are aside, and the ang^e opposite to it; and accord- 
.ina*1y, it is easy to show, that two right anglea sphmcal triangles may 
always be founds that have a side and the angle^opposite to it the same' 
in both, but of which the remaining sides, and the remaining angle of 
the one, are the supplements of the remaining" sides and the remaining 
angle of the other, «ach of each* 

Though the affection of the arch or angle found may in all the other 
eases be determined by f lie rulesiut Ik second of the preeeding tables^ 
it is of use to remark, that all these rules except tw0| may be redacr 
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<d to mktf ^fit* that when the thing found hf the ndm in A^fivet iahU 
U iiilher d tpfogtnt, or, a cosine ; and when^ of the tangemii or co$imu em- 
ployed in the compuiiUion qf U^ one only belongs to an obtuse angle^ the 
angle required is also obtuse, . * 

Thus, ia the iu4i ease, when eos. AB is foiiii^, if C be an obtuse an- 
^^^.beeause of eos« C, AB most be obtuse; and in ease 16, if either 
B or C be obtuse, BC is greater than 00%i>i}t if B and Q ai^ either 
lioth acute^or both obtuse, BC is les^ than 90^. 

It is evident, that th|S mle dq^s not apply wheH that which is found 
is the sine of an a^reh; and this, besides the three ambiguous eases^. 
happens also in other two, via. the 1st and iith« The ambiguity is 
obviated, in these two eases ; by thts^nile, that the sides of a spherical 
bright angled triangle are of the same affection with the opposite ang]eai^ 

Two rules are therefore suffieient to remove the anbiguity in all 
the cases of the light angled triangle, in wMeh itean possibly he r^ 
Wived^ 
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It nnftT W mrfal to exprats die same tohititfits as » tk« annexed 
labie. Let A be at the nj^ht a«ele as in the inre, and let the side 
opf»osite to it be a$ let 6 be the tioe opposite to B, and c the side op- 
positetoC* 



GIVEN. 



a and B. 



SOUGHT. 

■ < ■ IP 



6andC. 



b andB. 



• and b. 



b and c« 



Band C. 



b. 



y 



c. 
a. 
B. 



mmt^,m 



e. 



C. 



c. 
B. 

C. 



a. 
B. 

C. 



b. 
a* 



-»—*■ 



sottmoy. * ( 

s gin a X sin B. 



SID ( s 

tan <; «& tan a x eos B. 
eot C =» eos a x tan B. 



I i«* 



tan c n sin ^ X tan C. 

tan b ' 

eosC 
eosB»eo8^ X sin C. 



tana 



sm c 
sin a 

sine 



tan 6 

tanB' 
sin b 

Sinn 
eosB 
eos b' 



sine i 

sinB 

eosC 



cos a 

eos 6 
sin & 

sin d 
tan 6 

tana 



eos a OB cos 6 x eos c. 
tani 



tanB 
tanC 



sm c 
tan c 



sin b 



eos c 
eos b 
eos a 



cos C 
sin B' 
cos B 

sin C* 
eotC 

tanB' 



1 

21 



4 

5 
6 

8 
9 

10 
11 

12 



13 
14 

14 



15 
10 
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PROBLEM n. 

In any oblique ailgled spherical triangle, of the three 
sides aiul three angles, any* three being given^ it is re- 
quired to find the other three. 

In thii Table, the refbrenees (e. 4^X (e. s.)? &e. are to the eases 
in thepreeeding Table, (16.), (27.), occ.to the propositions inSphe- 
rieid Trigonometiyk 



1 

2 


GIVRir. 

ft 


SOUGHT^ 


SOLUTION. 


• 

• 

Two sides 
AB, AC, 

and the in- 

efaided angle 
A. 


One of the 

other an^es, 

B. 

1 


Let fall the perpendievlar CD 
from the unknown angle, not re« 
quired, on AB. 

R : eos. A : : tan. AC : tan. AD, 
(c. 2.) ; tlierefere BD is known, 
and sin.BD : sin. AD : : tan. A i 
tan. B, (27.) ; B and A are af the 
same or different affeetion, ae* 
eording as AB is greater of; less 
than BD, (16.) 


The third 

ride 
BC. J 

- 


Let fall the perpendieular CD from 
one af the unknown angles on the 
side AB. 

R : eos. A ,: : (an. AC ; tan. AD, 
(e. 2.) ; therefore BD is known, 
and COS. AD : eos., BD : : eos. 
AC : eos. BC, (so!) 5 aeeording 
as the segments AD and DB are 
•f the same -or different affection, 
AC and CB will be of the same 
or different affection. 
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l^'ABMS eontuitted. 



GIVEN. 



SOUGHT. 



SOLUTION. 






I 



8 



Two aftgles, 
AaMACB, 

and 

AC, 
tile side be- 
tweea them* 



4 



A>«X 



■bMM 



The side 
BC. 



Frotn C the extremity of AC next 
the side sought, let fall the. per-, 
pendiettiar Cil on AB« 

R : cos AC : : tan A : cot ACD, 
(e« 3«); therefore BCD is,k|iowUy 
and eos BCD : eo^s ACD : : tan 
AC : tan BC, (^), BC is less 
or greater than 90% aeeording 
as the angles A and BCii are 
ot the same, or 4i&rent afiee- 
tion. 



The third 

angle 

B* 



Let fall the perpendieular. CD 
from (|ne of the given angles on 
the opposite side AB. 

R : ebs AC • : tan A : eot ACD, 
(e. 3.) : therefore the angle BCD 
is given, and sin ACD : sin BCD 
: : eos A : eos B, (^0' ^ 
and A are of the same or 
different affection, aeeording as^ 
CD falls within or without the 
triangle, that is, according as 
ACB is greater or less Uian 
BCD, (16.) 
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fT-T 



GIVEN. SOUGHT. 



n ^1 



SOLUTION. 



5 



Two sides 



Tke aiidle 

B ^ 

opposite to 

the other given 

side 

AC*- 
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AC and BC, 

and an angle,! 

A 
opposite to 
one of them, 

BC. 



\ 



'the angle 

ACB 

contained by 

the given 

sides 

AC and BC 



Sin BC : sin* AC : : sin A : sin B, 

{M.). The aflTeetioB of B is a>n- 
bi^Qous^ unless it ean be det r^ 
mined by this rule, that aeeord- 
ing as AC -|* BC is i^ater or 
less than 180^ A+B is greater 
m" lesi than iso^^ (lo). 



i^u. 



From ACB the angle sought draw 
CD perpendicular to AB; then 
R : cos AU : : Ian A ^ cot AC 0, 
(c. 3.); and tan BC : tiin AC : : 
eos AC I) : co» BCD, (38.) ACD 
±. BCD » ACB, and ACB is 
ambiguous, beeause of the ambi- 
giloils sign .+ or — . 



The third 
side 
AB. 



Let &1I the perpendieular CD from 
the angle C, contained by the 
given sides, upon the side AB. 
R : cos A : i tan AG : tan AD, 
(e. 2.) ; eos AC : eos BC : : ees 
AD : cos BD, (36.) 
AB » AD ± BD, wherefove AB 



is arabiscuous. 



m^ 




r ^ 
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SPiUSRICAL TRIOON(niET|tT. 



TABLE eonlinued. 



8 



10 



GIVEN. 



Two angles 
A,B, 

and a side 

^- AC 

opposite to 

one of them, 

B. 



il 



The three 

sides, 
AB,AC, 

and 

BC. 



SOUGHT. 



The side 
BC 

opposite 
to the 
other 

gifen an- 
gle A. 



The side 
AB 

acya^ent 
to the 
giren 
angles 
A, B, 



The third 
angle 
ACB. 



One of the 

angles 

A. 



SOLUTION. 



Sin B : sin A : : sin AC : sin BC, 
{24f.)j the affection of BC is un- 

. certain, exeept when it can be de- 
termined hj this rule, that accord- 
mg as A+B is greater or less than 
ISO"", AC+BC is also greater or 
less than 180% (10.). 



From the unknown angle C, draw 
CO perpendicular to AB; then 
R ; cos A : : tan AC : tan AO> 
(e« 2.) I tan B : tan A : : sin AO : 
sin BO. BO is ambiguous, and 
therefore AB « AO ± BO may 
have four yalaes, some of which 
will be excluded by this condition, 
that AB must be less than 18a^ 



From the angle required, C, draw 
CO perpendicular to AB. 
R : cos AC : : tan A : cot ACO, 
(c. 3.), oos A : cos B : : sin ACO : 
sin BCO, {25.). The affection 
of BCO is uncertain, and there- 
fore ACB « ACO ± BCD, hiu 
ffwr talues, some of which may 
be excluded by the condition, that 
ACB is less than 180''. 



From C. one of the angles not re- 
quired, draw CO perpeudicalar to 
AB. Find an arch £ such that 
tan i AB : tan i (AC+BC) : : tan 
i (AC-BC) : tan i E; then, if 
AB be greater than £, AB is the 
sum, and £ the difference of AO 
and DB; but* if AB be less than 
E, E is the sum, and AB the differ- 
ence of AO, OB, (29). In either 
ease, AO and OB are known, and 
tan AC : tan AD : : U eos A. 
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TABLE eontmued* 



id 


GIVKNl 


SOtJOHT. 


SOLUTION. "*■ 


9 

The three 
angles 

A) By G* 


One of iHe 

sides 

BC. 

• 


Suppose the supplements of the 
tnree given amies, A, B, Qi to 
be, a, 6, c, aniTtb be the sides 
of a spherical triangle. Find, 
by the last case, the angle of 
this triansle^ opposite to the 
side a, and it Will be the sdp- 
plenient of the side of the given 
triangle opposite to the angle 
A, that is, of BC; f 11.) ; and 
therefore BC ii fonnd. 

* 



.. ][n the foregoing table, the rules are given for lUcertainhig the aii 
feetion of the areh dr ansle found, ^ivhenever it can be done: Ifost of 
these rules are contained in this oiie rule, which is of general appir* 
cation,, viz. thai vfhen the thing found is either a tange$U or a cotifUt ond 
hf the tangents or cosines employed in the coniputdtion of K, Hiker one 
or three belong to obtuse angles^ the angle foftnd is cUso obtuse. This 
rule is particularly to be attended to in cases 5. and 7* where it re- 
moves part of the ambiguity. 

It may be necessary to remark with respect to the ilth cdse, thai 
the segments of the base computed there are those cut off by the near- 
est perpendicular $ and also, tfiat when the sum of the sides is less 
than 180°, the least segment is adjiicent t6 the least side of the trlaiii- 
gle t otherwise to the greatest (17!) 



i/Lm 



i 



iSro 



SPHERICAL TRieONOHBTRT. 



The last table maj alio be eonveiiiently expresiedia the fbUowiiqif 
manner) deno^ng tfate side opposite to the an^^le A, by a, to B by bf 
and to C by c} and also the segments of the base, or of opfositt an- 
gle> by X and y. 



Z 



3 



' 



GIVBIf. 



Two sides 

b and c, and 

the angle 

between 

t&em A« 







6 



SOUGHT. 



••IF" 



Angles 
AandC 

side^. 



Side» 
a and 6 

and 
ang^e A. 



B. 



SOLUTION. 



Find x^ so that 
tan o^aBstan ^xeos A) then 

sin {c-^x) 



•hM 



■**-! 



Find Xj as ftbore, 

then eo. «-?2!i>i5?!i£ZfO. 

eos 0? 



b; 



B. 



C- 



c; 



Find Xy so that 
eot xaseos frxtan A : then 

iiin flag \ ^ ^ . 
eog(c— g) ' 



Find X, as above, 
then eos B-"* ^X^JlL^fZlfO. 



Sin X' 



«:» w *■ *X8iM A 
;sin n^ ' t i -„ 

sin a 



Find XT, 80 that 
^ asrstfeos 6xtan A: then 
fos n^ ^^^ XX taw ft 
tan a 



■^■^ 



Find «, so that 
tan xsatan ftxeos A$ and find 
y, so that 

eosy-?'^^^*'^* 



eos h 



ca*a?± y. 



■«»■ 
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TABLfi eonlinaed. 



given: I SOUGHT. 



^ SOJLUTION. 




BIB aop 



sin 6X8in A 



sin M 



Find X, so that 
tan x^ia.u 6xeos A$ and jf, so 
that 

sin orxtan A 
8^n y*»-r- 



tanB 



c««a?± y. 



Find Xy so that 
cot xaseos 6xtaa A; and al#o y, 

so that ^ 

sin ppxeos B 
nnysB- 



eos A 



€^X ±y. 



i^*« 



■■rii* 



Let a+^+CMf. 



sin I A: 



VSIB (i t— 6) XHBl(4tw£^ 



V^sin^xsin c 



<^ cog 



v^sin6x»inc 



■»— r 



LetA+B+C-S. 



o. 1 v^eo8^Sx<»oftUS-A) 
Sin & JigB ■ I ^ I ■■-> 

'^ ^m BXsin 



, ;/co8(iS-.B)icoslS-C) 
v^sin BXMH C 



»•— ii-#i 
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APPBNDZS 

TO 

SPHEMICJIZ 

TRI(510N0METRY, 

COITTAINI^O 

KAPIER1SI RULES OF THE CIRCULAR PARTS. 



w«^^ 



'^**f*^%^^(yv^i%^^%/%0^^/^M^if^y%^nf 



finHX iiile of the Cireular Parti lorented by Napipb, i» Qf gmt 
JL «•« infipberical.Tfigdnometry^ by redueing all the theqreois 
employed in the solotion of right angled triangles to two. These two, 
•re Dot aew propositions, but are merely ^nandatioos, which, by help* 
pf a particular arraiigement and olassification of theparfs ofa tri^n^le, 
ipclttde all the six propositions^ with their corollaries, which have' 
neon demonstrated above from the 1 8th to the 23d inclasive. They 
nr^ perhaps the happiest example of artificial meinory that is kliown. 



DEFINITIONS. 

• ' . •f . . ' \ 

1. 



If 10* spherical triangle, we set aside the right aiM;ki.and consider 
only the five rei|iiunin§( parts of the triangle, viz. ihc three sides 
nnd the two oblique angles, then the two sides which contain the 
nght angle, and the complements of the other three, namely, of the 

_^ two angles and the hypptenuse, are called the Circular Partt. ' 
A^ ^ A ^ triangle ABC right angled at A, the circular parts are 
ACf AB with the complements of B, BC, and C. These parts are 

* *?*f^ circular J becaose when they are named in the natural order 
of thek iuccesston they go round the triangle. 

n. 

T.^"^^**^ fi^c clfcnlar parts anyone is taken, for the middle part» 
tten of the remaining four, the two which are immediately adjacent 
to It, <» the right and left, are called the adjacent parts; and the 
otner two, each of which is separated fh>m the middle by an adja- 
cent part, are called opposite par^B. 



» iv 



AHl>feNi»IX TO, &«. 



ITS 



« 

, Thai in the riitlit aagled triangle ABC, A, being the right ansle, AC 
AB, 90°- B, 90** -BC, 90°- C, are the circular parts, by Def- !•; 
and if any one as AC be reckoned the middle part, (hen AB and 90°^ 
^Cy which are contigooos to it on different sides, are called adjacent^ 
^rta ; and pO° -B, 0O°-BC are thcppposite parts. In like maaner 




(fAB is taken foir the middle part, AC and 90^— B are the Adjacent 
parts : 90°— BC, and 90° -C arc the opposite. Or if 90° - BC be the 
middle part, 90°— B, 90° — C are adjacent ; AC and AB oppo9i(f>,&r^ 
This arrangement being made, the rule of the circular part is coa^ 
talned in the following 

PKOPOSITION. 

In a right angled spherical triangle, the rectangle under 
the radius and the sine of the 'middle- part^ is equal to th& 
reetangle under the tangents of the adjacent parts ; or U%. 
the rectangle under the cosines of the opposite parts. 

The truth of the two theorems included in this enunciation maybe 
easily proved, by taking each of the five circular parts in succession, 
for the middle part, when the general proposition will be found toeo^ • 
incide with some one of the analo^es in the table already given ftfr 
the resolution ofthe eases of right angled, spherical triano^ies. Thus, 
in the triande ABC, if the eomplement of the h vpotenuse BC be taken 
^the middle part, 90°**B^ and 90^ -^^C, are the adjacent parts, AB 
and AC the opposite* Then the general rale gives these two theorems, 
Rxcos BCs=cot Bxeot C; and Rxeos BCa^eos ABxeos AC. Th^ 
former of these coincides with the cor. to Uie 20th; and the latter 
with the 23d. 

To apply the foreg(^ng general proposition, toreaolve any ease of 
^ right angled spherical triangle, conaider which ofthe three quanti- 
ties named (the tiro things given and the one required) must be made 
the middle term, in order that the other two may be equidistant from 
U, that is, may be both adjacent, or both <^posite; then one or other 
of the two theorems eontained in the above eniuMuition yunXi give the 
value of the thing required. 

Suppose, for example, that AB and BG are|pven, to find C 5 it is 
evident that if A& be made the middle part, BG and C are theoppo- 



JT4 APPENDIX TO 

Ae parts, mi tliervfbre Rxnin AB»siii € xtin BC, br m G^^b 
(•0''-*C), and CM (90''— BC)«*mb BC, aad coBfequeBUy 
. ^ sin AB 

Agm, mippose that BC andX!l are given to find AC $ it h obviovt 
Aat C is in tlie middle between the adjaeent parts AC and (90*^ BC), 

. Aerefore Rxeos C«*tan ACxeot BC,or tan AC«>-^^7a«eosC+ 
tan B6; beeaase, as has been shown f^bove, „., a»tan BC. 

, 001 15 V 

In the sane waj may all the other eases be resolved. One or two 
trials will always kad to the knowledge of the part whieh in any given 
ease is to be assumed as the middle part; and a little praetiee will 
make it easy, even without soeh trials, to judge at onee whieh of them 
is to be so assomed. It may be useful for the learner to range the namef 
of the 4ve cireular parts of the triangle round the eireumferenee of a 
cirele, at equal distaneesfrom one another, by whieh means the mid- 
dle part will be immediately determined. 

besides the rule of the circular parts, Napier derived Irom the last 
•f the three theorems aseribed to him above, (sehol. 20.), the solo* 
lions of all the eases of oblique aneled trian^es. These solutions are 
tCk follows : A, B, C, denoting the u|«e angles of a spherical triangle, 
and Oy bf c,the sides opposite to tbenk 

I. 

Given two sides I, c, and the angle A between them. 

To find the angles B and C. 

tan i (B -C)«cot i Ax ""!^^"*''^ (81.) eor. i. 
^ ' sini (6+c) ^ ' 

tan i (B+C)mcot i Ax ^^ \ itT^'l (3i-) cor. i. 
> ' eos 4 {h+e) ^ ' 

To find the third side a. 

sin B ; sin A I! sin ( : sin o* 

n. 

Given the two sides (, c, and the angle B opposite to one of thev. 

To find C, and the angle opposite to the other side. 

sin ( : mn c i; sin B : sin C. 

To find the eontained aiigle A. 

. eot i A«itaB i (B^C) x'—TT^!- («*•) ««r- *• 

sin i (0— c) 



\ 
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« 

To find the third nde «. 
SiaB::8mA::8m&:iiiBa. 

in. 

GKreft two aii^es A and B, and tbe side between thewi 
To find the'otihier two stdeg a, h. 

Of 

To find tbe third angle C. 
na a : sin e ;: ein A; tin 6« 

IV. 

Qivw two uiglet A and B, and tbende a, opposite to one of tk^b 

To find h^ the side opposite to the othen 
sin A : sin B : : sin a : sin (• 

To find t<y the side between the giTen angloi^ 

1/ .X «in 5 f A+B) , . 
t«l i e-i {«-*) X^jjy^jij-J. (81.) 

To find the third ansle C* 
sin « : sin c' : : sin A : sin C. 

The other two eases, when the three sides are ftimi to find the aiM 
eles, or when the three ansles are given to find the sides, are resolved 
by the 29th, (the first of Napier's Propositions,) in the same waj as 
in the table already given Ibr the cases of the oblique ang|)ed triaagleo 

There is a solution of the ease of the three sides beingo^n^ whieh 
it is often very convenient to use, and whieh is set down here, tholig||t 
-the proposition on which it depends has not been defiionslralod* 



^n Appendix to &e. . * 

Let a, l^ c, be the three given sides, to find the angle A, contained 
tietweeu b and c. 

If Rad. ^ i,anda+&4-caB9» 



. ,A v<«n (i »-^)xdin i (»-c) ... . • 

sin j AsB ■ ^ "', 6r, 

y/sin 6x8in c 

' cos i A-^ZSIZE!EE=^- 

v^sin^xsinc 

In like manner, if the three angles, A, 6, C aire given to find c, tfidi 
aide between A and B* 
Let A-f B+C»S^ 



sin t gag ^ — ^5 or, 

V^iin Bxsin C 

.^. I. ^/eo«U8-B)xcos(^8-^C) 
eos s f ^ ^ 

v'sin Bxsin C 

♦ i, i- 
These theorems, on aeeouiit of the facility with which Logarithms 

are applied to them, are the most convenient of anj for resolving the 

two cases to which they refer. Whcfn A is a very obtiise angle, the 

second theorem, which gives the valiie of the cosine of its hw, is to 

he used; otherwise the first theorem, giving the value of the sine of 

its half is preferable. ' The same is to he observed with respect io 

the side e^ the reasbn of which was explained, PlsLne Trig. SehoL 
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DEFINITIONS. • 

I. 

IN the definitions a fevr ebanges hate been mide, of whieh it is lie^ 
eessary to ^ve some aeeoant. One of these ehaiiges respeett 
the first definition, that of a point, whieh EueHil has said to be, ^ That 
which has no parts, or whieh has no ma4^itade.' Nowy it has beeii 
.Objected to this difinition, that it contains only a negative, and that it is 
not eonvertible, as every ^ood definition, ou(|^ht certainly.to be. That it 
li hot eonvertible is evident, for though every .j^oint is anextepded, or 
without magnitude, yet every thing unexteiided or without magnitude, 
is not a point. To this it is impossible to rely, and therefore it be*^ 
iBc^mes necessary to ehange the definition altogether, whi<ihisaceord- 
ingly done here, a point being defined to be, that which has position but 
not magnitude. Here the afiirmative part includes all that is es- 
sential. to li point, and the nesative part.excludes every thing that is 
liot essentiatto it. I am indebted for this definition to a friend^ 1^ 
^h<Mie judicious aiid learned remarks I have often profited^ 



After the seeoncl definitidn Euclid has introduced t)ie foUowiitgi 
^ the extremities of a line are points." 

Now, this is certainly not li definition, but an inference from thede- 

Snitions of a poiiit and of a line. That which terminates a line can 
ave no breaath, as the line in which it is has none ; and it can have no 
length, as it would not then be a termination, but a part of that which 
it is supposed to terminate. The termination of a line can therefore 
iHLve no magnitude^ and having necessarily position, i( is a.point4. But 
as it is plains that in all this we are drawing a consequence fromtwd 
definitions already laid down, and not giving a new definition, Ihave 
taken the liberty of putting it down as a eoroUary to tli^ second defi- 
nition, and have adoed, that the intersections of oneUne ttfith an^thef 

Nu 
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NOTES- 



are pomts, as this affords a good itlustratioii of the itetore of it poinffr 
an4l is an inference exacUj or (he same kind with the preceding. The 
same thina; nearly has been done with the fourth definition where that 
which Euclid gare as a separate definition, is made a corollary to the 
fourth, because it is in fact an inference deduced from comparing the 
definitions of a superficies and a line. 

As it b impossible to explain the relation of a* superficies^ a line 
and u point to one another, and to the solid in which they all originate^ 
better than Dr. Bimson has done, I , shall here add, wilh very little 
change, the illuslration giren by Ib^t excellent Geometer, 

^' It is necessary to consider a solid, that is, a magnitude which has 
length, iireadth and thickness, in order to understand aright theiiefi- 
nitions of a point, line and superficies; for the^e all arise from a solid, 
and exist in it: The boundary, or boundaries which contain a solid 
are called superficies, or the boundary which is common to two solids 
which are contiguous, or which' divides one solid into two contiguous 
parts, is called a superficies: Thus,if BCGF b^one of I he boundaries 
which contain the solid ABCDEFOH, or whicbjs the common botia- 
dary of this solid, and thesoiid BKLCFNAIG, amlis therefore in Ibe 
one as well as the other solid, it is called a superfictesy and has no 
thickness; For if It have any, this thickness must either be a part of 
tlie thickness of the solid AG, or the solid BM, or a part of the thick- 
ness of each of them. It cannot be a part of the thickness of the solid 
BM ; because, if this solid be remoted from the solid AG, the superfi*- 
cies BC.GF, the boundary of the solid AG, remains still the same as it 
was. Nor can it be a part of the thickness of the solid AG ; because 
if this be removed from (he sofrd BM, the siiperfifcies BCGF, the 
boundary of the solid BM, does nevertheless remain; therefore ibe 
aoperficiev BCGF has natbiclcness, but only length and breadth. 

*< The boundary of a superficies is called a line ; or a line is the com- 
mon boundary of (wo superficies that i^re conttguotis^or it is that which 
diyi<Ies one superficies into two contf^uons parts: Thus, if BC be one 
of the boundaries which contaio the siii^erficies ABCD, or which is the 
common boundary of this superficies, and of the superficies, RB€L, 

which is contiguous to it, this boumtary BC is called a line, and has no 

breadth : For, if it have any, thfs must be part either of the bseadtb 
of the superficies ABCD or of 

the superficies KBC&, or part of 

each of them.^ It is not part of 

the breadth of the superficies 

RBCL; for if this superficies 

be removed from the superficies 

ABCD, the line BC which is the 

boundary />f tlie superficies ABCD 

remains the same as it was. Nor 

can the breadth that BC is sop- 

posed to have, be a part of (he 

breadth of the superficies ABCD ; 

because, if this be removed from 




KOTES, 
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the superficies KBCL, the line BC, whicfi is Ihe bpandjarj of tbeso- 
perficifs KBCL, does bevertheless remain: Therefore the line BC 
liat no breadth. And because the line BC is in si superficies, and that 
a superficies has no thickness, as was shown; therefore n tine has uel« 
tiler breadth nor thickness, but otily leQ^tb. 

*< The boundary of a fine is called a point, or a point is the common 
boup fary or extremity of two lines that are contiguous: Thus, if B 
be Ihe extremity of the line AB, or the common extremity of the two 
lines AB, KB, this eztremitjr is called a point, and has no length : For 
if it have any, this length must ei- 
ther be part of the lenfrth of the 
line AB, or of the Kne KB. It is 
not part of the length of KB; for 
if the line KB be removed fremS| 
AB, the ppint B^ which is the ex- 
tremity of ^he line AB remains 
the same as it was; Nor is it part 
of the length of the line AB: for 
if AB be removed from the liqe 
KB, the point B, which is the ex- 
tremity of the line KB, does ne* 
TerthelesB remain: Therefore the 
point B has no length : And because a point is in a line^ and a line 
has neither breadth nor thickness, therefore a point bas no lengtb, 
breadth, nor thickness^ J^nd in this manner tbe defioitioqa of <i point, 
Unei and superficies are to be understood.^' 




» • 



m. 



Ei^lid bai defined a straight line to be a line which (as we translate 
it) '< lies evenly between Its extreme points." This definition it ob- 
viously faulty, jthe word evenly standitQg as much in need pf an expla* 
natioi> as tbe word strs^ight, which it Is intended t6 define. In the 
original however, it nr^ust be confessed, that this inaccuracjr is at least 
less striking than in our translation ; for the word which we render 
^verUy is cSfo^ equcdltf^ and is accordingly translated exaequo^ i|nd e^ua* 
liter hy Commandiqe and Gregory* The definition, therefore)^ is» that 
a straight line is one which lies equally between Its extreme points s 
and if by this we understand a line that ifes between its extreme fioiote 
so as to be related exactly alike to the space on the one side of it, and 
to the space on the other, we bate a definition that is perhaps a little 
too metaphysical, but which certainly contains in it the essential cha- 
racter of a straight line. Tha^Euclid took the defioitioain this sense 
however, is not certain, because be has not attempted to deduce from 
\t any property whatsoever of a straight line; and iodeedt it should 
seem not easy to (to so, without employing some reasonings of a more 
metaphysical kind than he baa anjr where admitted into ti$a Klementa* 
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To svpplj the defects of his definition^ he h^s therefore mlroducei 
the Axiom, that two ntraight lints cannot enclose a space; on which 
AiiODi it is, and not on his iefinition of a straight line, that his de- 
monstrations are foanded« As this manner of proceedins is cer* 
taiplj not so regular and scientifie as that of lajing down aiiefinitiont 
from \vhich the properties of the thing defined may be loajically dc- 
fluced, I have suhstituted another definition of a straight. line in the 
room of Euelid'fif. This definition of a straight line was suggested hj 
ft remark of Boseoyieh, who, in his Notes on the philosophieai Poem 
of Professor Stay, says, ^ Rectam lineam rectse cpngruere totam toti 
in infinitum prpciuetum si bina punetannius binis alteriuscongruaot, 

fiatet ex ipsa admodum clara reetitudinis idea quam habemus«'' 
Supplepsentum in lib. d. § 6dO.) Now, that which Mr.Boseovieli 
would consider as av inference from our idea of straightness, seems it- 
self to be the essence of that idea, and tQ afford the best criterion fcr 
judging whether ai^y leciven line be straight or not. On this principle 
^ehavegivep the definition above, If there be two lines which cannoi 
coincide in two potnts, ivithotU coincidfng altogether ^ each qf^em is 
called a straight line. 

This definition was otherwis^expressed in the two former editions: 
it was said, that lines ar^ straight lines which cannot coincide in part, 
without coinciding altogether. This was liable to an objection, tiz^ 
th^t it defined straight /tney, but not a straight line ; and though tl ia' 
IB truth is but a mere cavil, it is better to leave no room lor it. TW 
definition in Uie form now given is also more sim])le.. 

From the same definition, the proposition whicn Euclid gives as an 
Axiom, that two straight line^ cannot enclose a space, follows as a 
necessary consequence. For, if two lines enclose a spai)ee,they must 
^terseet one another in two points, and yet, in the intermediate part, 
must not coincide ^ and therefore by the definit^ion they are not straight 
iUnes. It follows hi the same way, that two st'^aight lines cannot have^ 
p. common segment^ Qr cannot e^ncide in part, without cpineidiDg 
^together. 

After laying down the definition of a straight line, as in the first 
Edition, 1-was favoured by Dr. Reid of Glasgow with the perusal of 
a Mft. containing^ many excellent observations on 1h^ first Book of 
fSuelidf, snch as might be expected from a philosopher distinguished 
jfor the accuracy as well as the extent of bis knowledge. He there de- 
fined a straight line i^early as has been done here, viz. " A straight 
line is thfet which cannot meet another straight line in more points 
than one, otherwise they perfectly coincide, and are Que and the 
Mupe." Dr. Reid ali^o contends, that this must have been Euclid's 
fKWii definition; because in the first proposition of the eleventh Book,j 
th$t author argues, "that two straight lines cannot have a common 
HgmevAj for this reason, that a straight line does not meet a straight 
line, in mort points than one, otherwise they coincide." "Whether 
this amounts to a proof of the definition above having been actually 
$!t[fIid'S) I wiU m% ta:ke upon nie to decide : but it is certainly aproof 
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thtt ttue writings of that geometer ought long ^ince to have sug- 
gested this difBnition to his commentators; and it reminds me, that 
I might have learned from these nvfitings what I have acknow^ 
ledged above to be deHved from a remoter source. 

Theire is another characteristic^ and obvious property of straight 
lines, by which I have often thought that they might be very con-! 
veni(Bntly defined, viz. that the position of the whole of a straight 
line is determined by the position of two of its points, in so much 
that, when two points of a straight line continue fixed, the line it- 
self cannot change its, position. It might therefore be said, that a 
straight line is one in wkich, if the position of two points be determined^ 
theposition of the whole Ih^ is determined* But this definition, though 
it amount in fact to the same thing with that already given, is ra- 
thfjr more abstract, and not so easily made the foundation ofrea- 
soning. I therefore thought it best to lay it aside, and to adopt the 
definition given hi the text. 

V. 

The definition of a plane is given fron^ Dr. Simst>n, Euclid's being 
liable to the same objections with his definition of a straight line; for 
he says, that a plane superficies is one which **lies evenly between 
'*its extreme lines.'* The defects of this definition are completely 
removed in that which Dr. Simson has given. Another definition 
different from both might have been adopted, viz. That those su- 
perficies are called plane, which are such, that if three points of 
the one coincide with tl>ree points of thd other, the whole of the 
one must coincide with the whole of the other. This definition, as 
' it resembles that of d straight line, j^lready given, might, pei*haps, 
have been introduced with some advantage; but as the purposes of 
demonstration cannot be better answered than by that in the text, 
it has been thought best to make no farther alteration. 

VI. 

In Euclid, the general definition of a plane angle is placed be- 
fore that of a rectilineal angle^ and is meant to comprehend those 
angles which are formed by the meeting of the other lines than 
straight lines. A plane angle is said to be " the inclination of two 
lines to one another which meet together, but are not in the same 
direction.'* This definition is omitted here, because that the an- 
gles formed by the meeting of curve lines, though they may be- 
come the subject of geometrical investigation, certainly do not be-. 
long to tfee Elements; for the angles that must first be considered 
are those made by the intersection of straight lines with one ano- 
ther. The angles formed by the contact or intersection of a 
straight line and a circle, or of two circles, or two curves of any 
kind with one another, could produce nothing but perplexity to 
beginners, and cannot possibly be understood till the properties of 
rectilineal angles have been fully explained. On this ground, I 
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am of opinion, that in an elexnentary treatise,^ it may Mrly be 
^milted. Whatever is not useful, should in explaining the ele- 
ments of a science, be kept out of sight altogether^ for, if it does 
not assist the progress of the understanding, it will certainly re- 
tard it. 



AXIOMS- 

Amokg the Axioms there have been made only two alterations^ 
The iOth Axiom in EucUd is, that ^^two straight lines cannot en- 
close a space;" which having become a corollary to our definition 
^f ^ straight line, ceases of course to be ranked with self-evident 
prop>ositions. It is therefore removed from among the axioms,^ 
and that which was before the Ilth is accounted t|ie lOthi. 

The 1 2th Axiom of Euclid is, that ** if a straight line meet two 
** straight lines, so as to make the two interior angles on the same 
*^ side of it taken together less than two right angles, these straight 
*' lines being continually produced, shall at length meet upon that 
^^ side on which are the angles which are less than two right angles^" 
Instead of this proposition, which thcyigh true, is by no means self- 
evidenti another that appeared more obvious, and better entitled 
to be accounted an Axion^ has been introduced, viz. ^^ that two 
^' straight lines, which intersect one another, cannot be both paral- 
"lei to the same straight line." On this subject, however a ful- 
ler explanation is necessary, for which see the note on the29th Prop. 



PROP. IV. smd VIII. B. I. 

• 

The fourth and eighth propositions of the first book are the foua^ 
dation of all that follows with respect to the comparison of triangles. 
They are demonstrated by what is called the method of supraposi-^ 

MioB, that is, by laying the one triangle upon the other, and proving 
that they must coincide. To this some objections have been made, 
fi^ if it wereungeometrical to suppose one figure to be removed firom 
its place and applied to another figure. **The laying,"- says Mr. 
Thomas Simson in his Elements, *'ofone figure. upon another, 
•^whatever evidence it may afibrd,is a mechgnkal consideration, and 
**depends on no postulate." It is not clear what Mr. Simson meant 
here by the word mechanical; but he probably intended only to say, 
that the method of supraposition involves the idea of motion whi^h 
belongs rather to mechanics than geometry; for I think it is impossi- 
ble that such a* Geometer as he was could mean to assort, that the 

. evidence derived from this method is like that which arises from the 
use of instruments, and of the same kind with what is furnished by 
experience and observation. The demonstrations of the 4th and 8th, 
as they are given by Euclid, are as certainly a process of pure rea- 
soning, depending solely on th^ idea of equality, as established in the 
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€lh AxWm, as aajr diiiig in geometry. But, iC vtOI tlifi^moird •tiht 

trianj^le frem its plaee be considered as creating a dimculty, and as 
inelegant, because it involves an idea, that of motion, not essential to 
geometry, this defect may b^ entirely remedied, provided that, t© 
lEudid's three postulates, we be allowed to add the following, riz. 
Thai if there be two equal ttraigfU lines, and if any figure whattoever 
he constituted wi the o»e, a figure every way equal to it may be c<histituied 
on the other. Thus if AB and DE be two equal straight lines, afld 
ABC a triangle on the base AB, a triangle DEF every way equal to 
ABC may be supposed to be constituted on DE as a base. Bv *]>« ^ 
is not meant to assert that the method of describing the triangle DBF 
is actually known, but toerely that the triangle DEF may be conceiv- 
ed to exist in all respects equal to the triande ABC. Now, there w 
ao truth whatsoevef that is better entitled than this to be ranked 
among the Postulates or Axioms of geometry; for the straight linea 
AB and DE bfeing every way equal, there can be nothing belongm; 
to the one that may not also belong to the other. 

On the strength of this postulate the fourth Proposition is thus 

demonstrated. » ar» 

If ABC, DBF be two triangles, such that the two sides AB and Al/ 
of tlie one are equal to the two ED, DF of the other, and the angler 
fiAC, contained by the sides AB, AC of the one, equal to the an^le 
fil)P, contained by the sides ED, DP of the other; the triangle* 
ABC and EDP are every way equal. 





On AB let a triangle be constituted every way eqn alto the triangle 
DEF ; then if this triangle coincide with the triangle ABC, it is evi- 
dent that the proposition is tnie,for it is equal to DBF br hypothesis, 
and to ABC, because it coincides with it; wherefore AliC, DEF are 
equal to one another. But if it does not coincide with ABC, let it 
have* the position ABGt; and first suppose G not to fall on AC; then 
the angle BAG is not eqnal to the angle BAC. But the an^e BAG is 
equal to the angle EDP, therefore EDP and ABC are not equal, and 
they are also equal by hypothesis, which is impossible. Therefore 
the point G must fall upon AC; now, if it fall upon AC hot not at C, 
then AG is not equal to AC ; but AG is equal to DP, therefore DP 
and AC are not equal, and they are also equal by supposition, which 
is impossible* Therefore G must coincide with C, and the triangle 
AGB with the triangle ACB. But AGB is every way equal to DEF, 
therefore, ACB und DEP are also every way equals Q. E- D^ . 
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By help of the Amine {MMtulate^ the 0ih naj also be wf easiiy 
dembnstrated. 

^ Let ABC bean isoftceles trianqileyin which AB, AC are theeqnal 
tides; the angles ABC9 ACB opposite to these sides are also eqnal. , 

Draw the straii^ht line EF equal to BC^ and suppose that on EF 
the tnang^le DEF is eonstitoted every way equal to the triande ABC, 
that is, hayini; DE equal to AB, Bt to AC, the angle EliF to the 
angle BAC, the angle ACB to the angle DFE, &c. 





■ » 

Then, because BE is equal to AB, and AB is equdi (o AC, DE if 
bqual to AC ; and for the same reason, OP is equdi to AB; And be- 
cause DF is equal to AB, DB to AC, and the angle FDE to the angle 
BAC, the angle ABC is equal 16 the angle DFE, (4; 1.). But the an- 



jgle ACB is uso, by hrpothesis, equal to the angle DFE; therefors 
the angles ABC^ ACB are equal to one another. Q. £• D« 

Thus also, the 8th proposition may be demonstrated independently 
bftherOi. 

Let ABC, DEF be two triangles, df which the sides AB, AC are 
^ual to the sides DE, DF eaeli to each, and also the base BC tdthe 
biise EF^ the angle BAC is equal to the angle £DF» 
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' Oik fee, i^ieli U eqaal to EK^ and on tlie stile of it opposite to thb 
triangle ABO, let a triangle B&C lie eonstituted ererT way equal to 
the trittii!^e DEP, that is, hamg GB eqnal to DE» 6G to DP, the 
muffle BOG to the anj^le EDF, &e. : join AG. 

Beeanse G6 and AB are eaeh eqnal, by hypothesis, to Dfi^ AB anA 
€IB Kre equal to one another and the tfiani^e ABO is tsoseeles. 
W.^erefore also {5. 1.) the angle BAG is equal to the angle BGA. Itt 
&it same wnj, it is shown that AC is eqnal to GC, and tfie angle GAG . 
to the angle OGA. Therefore adding equals to equals, the two an^es 
BAG, G AQ together are eqUat to the two angles BG A, GO A together^ 
that is, the whfAe angle BAG to the whole ttGG. But the angle BGC 
is, by hypothesis^ equal to the angle EDF, therefbre also the angle 
BAG is equal to the aa$le EDF. Q.E.D. 

Sueh demonstrations, it must, however, be aeknowled^d tre^fiass 
a^nst a rille whieh Euclid has uniformly adhered to threttghout the 
BlementSf eieept where he was foreed by neeessity to depart from it* 
This rule is^that nothing is ever siipposed to be dene, the'niaener of 
doinf whteh has not been already taught, so that the eonstroetion is 
derived either directly from the three postulates laid down in the be- 
ginnings or from problems already reduced to those postulates. Now^ 
thie rule is not essential to geometrieal demonstration, where, for the 

Imrpose of diseovertng the properties of figtires, we are eertainly at 
iberty to suppose any Hgure to b« eonstrueted, or anv line to be drawn, 
the existenee of which does not involve an impossibility. The mify 
Ose, therefore of Euclid's rule is to guard against the introduction of 
i mpossible hypothesis, or the taking for granted that a thing may exist 
which in fact implies a contradiction; from snch suppositions^ false 
eonclusions mio^ht^ no. floubt, be deduced, and the rule is therefore 
useful in AS much as it answers the purpose of excluding them. But 
the foregoing postulatum could never iead to suppose the actual exis- 
tence of any thing tliat is impossible ; for it only assumes the existenee 
dt a figure equal and similar to one already existing, bat in a different 
part of space from it, or having one of its sidea in an assigned position. 
As there is no impossibility in the existence of one of these ngures,.it 
is evident that there can be none in the existenee of the other. 

PROP. YIL 

• ^ * 

Br.Simson has very properfv changed theehiineiation of this pro- 
position, whieh, as it stands m tne original, is considerably embarrass* 
ed and obscure. His enunciation, with very little vanatioB, is re** 
tained here. 

iPROft xxi. 

It is essential to the truth of this proposition, that the straight Hnet 
Jrawn to the point within the triangle he drawn from the two iextre- 
inities of the base | for, if they be drawn from other points ef thehase^ 
their sura may exceed the sum of the sides of the triangle in anv ratio 
that is less than that of two to one. This is demonstrated by Pappea 
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• 

AleiamirittUi iii the 3d Book o^. hit MathemuiitatCciUtihtu^bukik^ 
deoion?! ration is of a kind that does not beloni^ to this plaue. If it be 
required simply to shuMTi that in certain cases the som of the two Unee 
drawn to the point within the trlanfcie may exceed the sttni or the 
•ides- of the, triangle, the demonstration is easy, and is i|;iven nearly «e 
followa by Pappn , and also by Proclus, tn the 4th Book of bi»4}oa^ 
jnentary cmi £uciid. 

• Let ABC be a triangle, having the angle at A RTisht angle: let 
be any point in AB; join CD, then CO will be greater than AC« be- 
eause In the triangle ACD ^he angle CAD is greater than the angle 
ADC. From DC cot off DB eqnni to ^ 
AC $ bisect GE in F, and join BF; BF 
and FD are greater than BC and C A. 

Because CF is equal to FE, CF and 
FB are equal to £F and FB, but OF 
an«l FB are greater than BC, therefore 
EF anil FB ^ire greater than BC. To 
£F and FB add ED, and to BC add AC, 
wbldi is equal to ED by construction, 
and BF ami FD will be greater than BC and C A. Q. £. D. 
' It is evident, that If the angle BAC be obtuse, the same reaaoniiig 
may be applied. 

This profHwition is a sufficient vindication of Euclid for having de- 
monstrated the 2l8f proposition, which some atfeet to consider as self- 
evident | for It proreA, that the circumstance on which the truth of 
that profiosition depends is not obvious, nor that which at first sight 
it is su{>posed to tie^ vis. that of the one triangle t>eing included within 
the other. For this reason I cannot agree with M. Ciairaut, that Eu- 
clid demonstrated this proposition only to avoid the cavIN of the So- 
phists. But I must, at the sfme time, observe, that what the French 
Geometer has said on the subject has certainly been misunderstood, 
and, in one respect, unjustly censured by Qr. Simson. The exact 
'^translation of his words is )is follows: *'If Euclid has taken the trou- 
ble to demonstrate, that a triangle included within another has the 
Bum of its sides less than the sum of the sides of the triangle in which 
it Is inclwled, we are not to be surprised. That geometer had to do 
with those obstinate Sophists, who made a point of refusing their as- 
sent to the most evident truths," &c. (Elemeus de (^eouietrie par 
M. Ciairaut. Prel.) 

Dr. Simson supposes M. Ciairaut to mean, by the proposition 

which he enunciates here, that when one triang;I« is included in an- 

otiier, the sum of the two sides of the included triangle is necessarily 

less than the sum of the two sides of the triangle in whieb it is 

ioeluded, whether they he on the same base or not. Now this is not 

' oniyf^otEuclid^e proposition, as Dr. Simson remarks, but it is not true, 

and is directly contrary to what has just been demonstrated from Pro« 

' chis. But the fact seems to be, that M. Clairaut's meaning Is entirely 

diiTerent, and that r;e int<^nd8 to speak not of two o^ the sides of a tri- 

"9D^le, but of all thelbree; so that his proposition iif <* that when otto 
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trkuftle is iMlvdeA irilMn ano^lter; tlie Mm of iitl tKc tbrte sides of 
the tncluded triHnu:le i» less than t be sum of all the three aides of the 
Attier,'^ ami litis is withont doiilit thie, thoogh i think by no meiins 
•elf-evifteirt. It most be seknowfedged also, that it is not exaetif 
Euclid's profiosition, wbieh, however,' it comprehends under it, and is 
the general theorem/ of wjlich the other is onJy a particular case/ 
Therefore, though M. Clairaut may be blamed for maiiftaining that to 
be an Aiiom which requires ttemonst ration, yet be is not to be ac<p 
cosed ot mistakittg a false proposition lor a true one. 

PROP.XXn. 

Thomas Simson In his Elements has objected ta Euclid*^ demon- 
stration of this pro{i08ltion, because it eoulains no proof, that the two 
circl«>s made 4ise o! in the construction of the Problem must cut one 
another ; and Dr. Simson on the other hand, always unwilling to ac- 
knowledge the smallest blemish in the works ol Euclid, contends, tBat 
Ihe demonstration is perlect. The truth, however, certainly is, that 
the demonstration admits of some improvement j for the limitation 
that is made in the enunciation of any Problem ought ialways to be 
shown \o be necessarily connected with the construction of it, and thia 
Is what Euclid has neglected to do in the present instance. The de- 
fect may easily he supplied, and Dr. Simson himself has done it in 
effect in his note on this proposition, though be denies it to be neces- 
sary. 

Because that of the three straight lines DF,FG, GH, any two are 
greater than the third, by hypothesis, FD is less than FG and GH,that 
Is, than FH, and therefore the circle described from thecenire F, witli 
the distance FD must meet the line F© betweea F and P} andj^fov 
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he Uhe reason, the circle described frooa tjve centre G i^ ibe diataace 
^|I, must meet DG between Band G,, and therefore, the oust of ti^ail 
circles cannot be wholly within the other. Neither ciaa t^,^ 09^ be 
wholly without the other, because Df* and GU are greater tbanJPG; 
the two cifeies moat therefoie inteciect one anot^her^ 



I«OP. XXVII. antf XXTHI. 

Paelid lia» lieen §;itilty of a dight inacf ora^ in the eaii«eiatiaa»of 
these propositions^ b^ omiUini; the eonditton, that tlie two strai$cht 
lin^s on whieh the third line faUsy niakinj^ the alternate angks^&e* 
equal^most be in the sane plane, without Whieh they cannot he pa* 
rfillel, as is evident fronp the definition of paraUeJ lines. The only edi^ 
lor, I believe, who has remarked this omissiop^i^ M. de FoixPuo ds 
Camdalls, in his translation of the Elements published in iddf. 
How it has escaped the notice of subsequent eoromevtntors is not 
easily explained, unless beeause they thought it of little importance 
td eorreet an error by vrhieh nobody was likely i» be jniskd. 

» 

» 

PROP. XXIX. 

» 

The snbjeet of parallel lines is one of the most difficult in the Ele* 




given entire satisfactioD. The difficulty 
verting the 27th and S8tb of Euclid, or in denionstrattng, that para)lel 
straight lines, or such as do not meet one another, when they meet a 
third line, make the alternate an&;les with it equal? or, which comes td 
the same, are equally inclined to it, and make the exterior angle equal 
to the interior and opposite. In ofder to demonstrate this propqsition, 
Euclid assumed it as an Axiom,thatHf astraightlinemeettwostraighjt 
lines, so as to make the interior angles on the same side of it tess 
than two right angles, these straight lines being continually proline* 
ed, will at length meet on the side on which the angles are that are 
less than two right angles.'' This proposition, however, is not self* 
evident, and ought the less to be received without proof, tliaC, as Pro- 
dns has observed, the converse of it is a proposition that confessedly 
requires to be demonstrated. For the eonvf^e of it is, that two 
straight lines which meet one another make the interior angles, with 
any third line^less than two right angles^ or, in other words, that (be 
two interior angles of any triangle are less than two right angles, 
which is the 17th of the First Book of the Elements: and it should 
teem, that a proposition can never rightly be taken for an Axiom, of 
whieh the converse requires^a demonstration. 

The fnetbods by whieh Geometers have attempted to remove {his 
blemish from the elements are of (Jiree kinds, f . oy a new definition 



stratidy without the assumption of any new Axiom. 

4. One of the definitions that has been substituted fi>f Eue1id*s i^^ 
Aat straight Knes are parallel, which preserve always the same dis- 
tnnce from one anelher^ by tl>e word distance being undeifSitoQd^ a ger-r 
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jieadUitltr drawn to one of the Iiii«9;^ni anf point whatevet* in tbo 
other. If these perpendiculars be every where of the same length the 
fllmi^ht lines are called parallel. This is the definition given by 
Wolfina, by Boscovich, and by Thomas Simson, in the first edition of 
his Elements* It is however a iknlty definition, for it conceals an 
Axiom In it^ and fakes tor granted a property of straight lines, that 
ought either to be Ikid down as self evident, or demonstrated, if p6s» 
$ible, as a Theorem. Thus, if from the three points A, B, and C, ^ 
the straight line AC, perpendiculars AD, BE, CF be drawn all equal 

to one another, it is implied in the defini« n k f 

tion, that the points D, E and F, are in the 
same straight line, which, though it be 

true, it was not the business of the defini- 

tion to inform us of. Two perpendiculars, ,^ n 

as AD and CF, are alone sufficient to deter- 
mine the position of the straight line DF, and therefore the defini- 
tion ought to be, ** that two straight lines are parallel, when there are 
^' two points in the one, from which the perpendiculars drawn to the 
^^ other are equal, and on the same side of iu" 

This is the definition of parallels which M. D'AIembert seems to 
prefer to all others; but he acknowledges, and ver^ justly, that it 
atill remains a matter of difficulty to demonstrate, that all the per- 
pendiculars drawn from the one of these lines to the other are equaL 
(EncydnpedU Jirt, ParaUeU,) 

Another definition that has been given of parallels is, that they are 
lines which make equal angles with a third line, toward the same 
parts, or such as make the exterior angle equal'to the interior and 
ppposite. Varignon, Bezout, and several other mathematician9f 
have adopted this definition, which, it must be acknowledged, is a 
perfectly good one, if it be understood by it, that the two lines c^Uled 




parallel, are such as make equal angels with a etrtain third line, but 
not with any line that falls upon them. It remains, therefore,, to 
be demonstrated, That if AB and CD make equal angles with 
GH, they will do so also with any other line whatsoever. Tho 
definition, therefore, must be thus understood, That parallel lines 
are sucb^ as make equal angles, with a etrtain third line, or^ more 
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simply, lines wliteh are perpendicular to a giren line. It mnstifaM 
be proved^ 1. That straight lines which are equally inclined to a 
ttrtain line or prependicular to a teriam line, must be equally inclined 
to all the other lines that fall upon them; and also, 2. That tvro 
straight lines which do. not meet when produced, must make equal 
angles with any third line that meets them. 

The demonstration ofthe first ofthese propositions is not at all fa- 
cilitated by the new definition^ unless it foe previously shewn, that 
all the angles of a triangle are equal to two right angles. 

The second proposition would hardly be necessary if the new defi* 
nition were employed; for when it is required to draw a line that 
thai] not meet a givin line, thi« is done by drawing a line that shall 
hare the same inclination to a third Une that the first, or given line> 
has. It is known that l\nes so 'drawn cannot meet. It would no 
doubt be an advantage to have a definition that is not founded on a 
condition purely negative. 

X As to the Mathematicians who have rejected Euclid's Axiom, 
and introduced- another in its place, it is not necessary that much 
should be said. Clavius is one of the first in this classy the Axiom he 
a^uraes is, ^^ Tnat a line of which the points are all equidistant from a 
** certain straight line in the same plane with it, is itself a straight 
*'iine»" This proposition he does not, however, assume altogether, 
as he gives a kind of metaphysical proof of it, by which he endea- 
vours to connect it with Euclid's definition of a straigh line, with 
which proof at the same time he seems not very well satisfied. His 
reasoning, after this proposition is granted (though it ought not to 
be granted as an Axiom), is logical and conclusive, but is prolix 
and operose, so as to leave a strong suspicion that the road pursued 
is by no means the shortest possible. 

The method pursued by Simson, in his Notespnthe First Book of 
Euclid, is not very different from that of Clavius. He assumes this 
Axiom, '* That a straight line cannot first copie nearer to another 
♦* straight line, and then go farther from it without meeting in." 
(Notes, &c. English Edition.) By coming nearer is understood, con- 
formably to a previous definition, the diminution of the perpendicu- 
lars drawn from the one line to theother. This Axiom ismore readily 
assented to than that of Clavius, from which, however, it is not very 
different 5 but it is notvery happily expressed, as the idea not merely 
of motion, but of time, seems to be involved in the notion of Jini 
coming nearer, and then going farther off. Even if this inaccuracy is 
passed over, the.reasoning of Simson, like that of Clavius, is prolix, 
and evidently a circuitous method of coming at the truth. 

Thomas Simson, in the second edition of his Elements, has pre- 
sented this Axiom in a simpler form. ^' If two points in a straight 
line are poaited at unequal distances from another straight Une m 
the same plane, those two lines being indefinitely produced on tbfi 
side ofthe least distance will meet one another.^' 

By help of this Axiom it is easy to prove, that if two 8t;raight liam 
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ABv OB (ite fwrillel^tlie per{»eiidtciilA79 to the otte, terminated hj tke 
#tb«r9 are all e^al, and are akm perpendieular to both the parallels. 
¥hat they are eqiial is erident,, othervrise Hhe lines would meet bf 
the .\xiom* That thej are perpendicular to botb^ is demonstratea 
thus: 

If \C and BD, which are • perpendicular to AB, and equal to one 
sdiolher, be not also perpendicular to 
CD, from C let CE be drawn at ri^t an- 
gles to BD. Then, because AB and (^E 
are both perpendicular to BD, they are 
parallel, a,nd therefore the perpendiculars 

AC and BE are equal. But AC is equal to ... 

BD, (by hypothesis,) therefore BE and BD are equal, whieh is im- 
possible; BD is therefore at right angles to CD. 

Hence the proposition, that « if a straight Kne fall on two parallel 
lines, it makes the alternate angles equal," i? easily derived- Let 





Vn and GE be perpendicular td CD, then they will beparallel to oua 
another, and also at right ancles to AB, and therefore FG and HE are 
equal to one another, by the last proposition. Wherefore in the tri- 
angles EFG, EFH, the sides HE and BF are equal to the sides QP 
and FB, each to each, and also the tliifd side HF to the third side 
EG, therefore the angle HEF is equal to tlie angle EFG, and they 
ure alternate angles- Q. B. D. . ... 

This method of treating the doctrine of parallel lines is extremely 
plain and concise, and is perhaps as good as any that can be followed, 
when a new Axiom is assumed. In the text above,! have, however^ 
followed a dii&rent method, employing as an Axiom, " That two 
slraight lines, whicli cot one another, cannot be both parallel to the 
same straight line." This Axiom has been assumed by others, par- 
ticularly by Ludlana, in his very useful little tract, entitled Rudimemts 
of Matkematies. ' 

It is a proposition readily enough admitted as self-evident, and 
leads to the demonstration of Ruclid's 29th Proposition, even witk 
more brevity than Simson's. 

3. All the methods above enumerated leave the mind somewhat dis« 
isatisfied,as we naturally expect to discover the properties of parallel 
lines, as we do those of other |g5<?oraetric quantities, by comparing the 
definition of those lines, with the properties of straight lines already 



r- 



ktittwn. 'f1i« most mii«ieiit wHter who tppeart to hsve att«iii]^tti te 
4o this, t» Ptolemy the astronomer, Vho wrote a treatise ttqivesslfOB 
the sttbjeet of Parallel Lines. Proolus has preserred some aeeodot 
of thu work iu the Foarth Book of bis eommentaries : and it is mrih 
oosto observe in it an arsniment fbunded ^n the prineiple whieh is 
known tothe moderns br the name of the sufieinU reason. 

To prove, that if t.wo'paraf lei straif^ lines, AB and CD beent hf 
a third Une £F, in 6 ^nJ H, the two interior angles AeH^OHGwitt 




be equal to two right angles, Ptolemy reasons thtts^ If the aftgtes 
AGH, CHG be not equalto two right angles^ let them, if possible, be 
greater than two riglit angles; then, beeause the lines AG and Cfit 
are not more parallel than the lines BG and OH, the angles BG1I» 
I]HG are also greater, than t%vo right an^tes. Thereforor the four 
angles AGH, CHG, BGU, DHGare greater than four right angles $ 
and they are also eanal to four Hght angles, whieh is absurd. In the 
same manner it is shown, that the angles AGH, CHG eannot be less 
, fhan two right anj^es. Therefore thej are equal to two right angles* 

But this reasoning is eertainly inconclusive. For whv are we to 
suppose that the interior angles whieh the parallels make with the 
line entting them, are either m every case greater than two right an- 
gles, or in every ease less than two right angles ? For any thing that 
we are vet supposed to know, thev may be sometimes greater than 
two right angles5 and sometimes less, and therefore we are not enti- 
tled lo conclude, beeause the angles AGH, CHG are greater than two 
right angles, that therefore the angles BGH, DHG are also necessarily 
greater than two right angles. It may safely be asserted, therefore 
that Ptolemy has not succeeded in hiii attempt to demonstrate the pro* 
fiertles o? parallel lines without the aAKiiit«nee of a new Axiom. 

Another attempt to demonstrate the same proposition without the 
assistance of a new Axiom has been made bv a modern geometer, 
FraneeschiuJ, Professor of Mathematics in the University of Bologna* 
in an essay, which he entitles, jLa7'6oriac{c//i?parai/«/^rtgoro«^eiiMnre 
dimonsiraia, printed in his Opuscoli Afaf Aemaa'ci, at Bassano in 178T. 

The difficulty is tbere reduced to a proposition nearly The same 
with thist That if BE make an acute angle with BD» and if D£ be 
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penpeH4ieit)ar lo BB ftt tiiy 

pojatf BE aad PE^* if produe- 

ed will meet* To demonstrate 

ttii^9 it is fiiipposed, that BB^^ 

BC are two pafts tAken in B Ey 

(if which BC ig greater thaa 

BO and that the perpendiett- 

lars ON, CL are drawn to hDj 

then shall BL be ereaterthau 

BIST. For, if not, that is, if the 

perpendieular CL falls either 

at N, or between B and N, as 

at Fpn IH^ first of th^se eitses 

the angle CNBis e^ual to tljenngl^ ONE, beeaose they are both nriit 

angles, which is impossible^ and, in the second, the two angles CFN^ 

CNF of tlie triangle CNFj eteeed two right angles. Therefore^ adds 

6uT author^ sinee, as BC increases, BL alsd iif creases, arid since BC 

maj be increased without liniit, so BL mahr become greater than an j 

gireti line, and therefore may be greater than BD; wherefore, since 

the perpendiculars to BD from points beyond D meet BC, the per* 

pendiciUar from D necessarily meets it. Q. £. D, 

Now it will be found, oh examination, that this reasoning is no nlor^ 
i^nelasiTe than the preceding; For^ unless it be proved, that What- 
ever ofiiltiple BC is of BO, the same is BL of BN, the indefinite in* 
erease of BC does not necessarily imply the indefiniite idicrease of 
BL, of that BL may be made to exceed BD. On the contrary, BL 
ntay always increase, aifd" yet may do so in ivneli «i manner as nevei> 
toexoeed BD: Inorde,rthatthe demonstratioii Should be eotaclusive^ 
it would be necessary to show> that when BC increases by a part 
equiil to BO; BL increases always by a part eqaalto BN; but to do 
this will be found to require the knowledge of those very properties 
of parallel lines that we are seekiiig to demonstrate. ., 

Lege!^ DRC, in his Elements of Geometm ft ito'rk entitled to the 
highest praise, for elegance and aecnracy^ hits delivered the doctrine 
6f parallel lines without any new A.xiom« He has done this in two* 
different ways, one in the text, and the other in the notes* In the, 
former he has endeavoured to prove, independently of the doctrine of 
parallel lines, that all the alleles of ar triangle are eqitfid ttf two rig^t 
angles; from which proposition, when it is once estabUi^ed, it is not . 
dimenlt to deduce every thing with r^pt^et to parallels. But, thoa|;h 
his demonstration of the property of trianglc^s just mentioiied is quite 
logical and conclusive, yet it has the fault off beii^ long and indir^ct^ 

firovino^ first, that the three andes of a triangle cannot be greater than 
wo right angles, next, that they cannot be less, and doing both by 
feasonings abundantly subtle, and not of a kind readily apprehended 
by those who are only be^titting to study the Mathematics. 
The demonstrattion which he has given in the notes is extremely in- 
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g0iiloi»9tad proceeds on this very siinole tnd' andeBiftbl* AttotaftyltMff 
we ei^nfimt eo^pare anatig^e and a line, as to magoitaile, or cannot hare 
an eqiiatioir of any sort tmtween tbem. This truth is inrolved in the 
distinction between honfoii^^neousattd heterogeneous quaotitieB,(Euc. 
V. def* 4,) which has long been receired iff Geometry, hot led only to 
negative ciinsequenceSy tilt it ret! into W^ hands of Legendr^. The 
proposition which he deduces from it is, tlifat if « wo angles of one tri- 
angle be equal to two angles of another, (he thrrdanK;lesof these trian- 
gleir are also equal. For, it is evident, that, when twoangles of a tri- 
nngle are given, and also the side between t hem, f he third angle is there- 
by determined; so that if A an t B Ue any two angles ol a triangle, P 
the side interjacent, and C the third ani^te, C is (fetermined, as to its 
magnitude, by A|BandP$ and, betides these, there is no other'quan- 
tity i^'ateverVhich can affect the magnitudeof C. This is plane, be-' 
cause if A, B and P are given, the triangle can be oon.^trucied, alt the 
triangles in which A, B and Pare the same, being equal to one anbther. 
But if the quan ities by which C is determined', P cannot be one; 
for if it were, then C must be ^^fmcium of the quantities A, B, P^ 
that is to say, the value of C can he expressed by some combination of 
the quantities A, B and P. An eqoatioof therefore may exisibetweeii 
the quantities A,Br, C> and P; and comequeDtly the value of P is 
equal to somecotnbinationi that is, to some function of the quantities A, 
B'and C; but this is impossible; F being a line, and A, B, C being 
angles so that no function of the first of these quantities can be equS 
to any fonction of tbip other three. 'I^he angle C must therefore be 
detemlriRed by tbe angles A and B alone, without aYiy regard to the 
magnitude of P the side interjacent. IJence in at) triangles that 
have two angles \vt oob equal* to two in another eacb. to each, the 

third angles are also equal. 

Now this being demonstrated, it is eaisy to prove that tbe three an- 
gles of any triangle are equal to two right angles. 

Let ABC be a triangle right angled at A^draw AD perpendicular to 

BC^ The tHangles ABD, ABC have the ■ ,, 

afflBrles #A€, BD A right angles, and the an- 

gle B common to both ; therefore, by what 

has just been' proved, tbeif third angled 

BAD, BCA are also eqiiaU In the same 

way it IS ffhewn, that CAD is equal to 

CBA; therefore the two angles B A D,CaD 

ai^ equal tothe two BCA,CBA; but BAD » 

+ CAD IS equal toa right angle, therefore the angles BGA^CBA are 

together equal to a right angle, end coitscquently tbe three angles of 

tbe right angled triangle ABC are equal to two right angles. 

And'siikCe it is proved that the oblique angles ot every right angled 

triangle are equal to two right angles, and since every triangle may be 

divided into two rigbt aneied triangles, the four oblique angles of 

which are equal tothe three angles of the triangle, therefore thethree 

angles of every triangle are eqiTal to- two right aisles. Q* £• D* 
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Tkoirii tiiit flieihod 0f l^fttin^^ thesuljeeti^ stiietly ^KoMttsirative, 
yHj a« the reasoning in the first of the twf> preeeding de^mofistrataons 
is not perhaps suiBiciently simple to be appi^faended by those just en* 
tertm^ on mathematieal stmlies, I shall submit to the reader another 
Biethod, not liable to the same objeetion, whieh I know^ fr^m experi^ 
(enee, to be. of use in explaining the Etements. It proceeds^ lik^ Uiat 
]of the Fireneh Geometer, by demonstrating, in the first place, that (he 
M^les of any triangle are togetlier equal to two right angles and.dedu- 
«ing from thienee, that two lines, which make with a third line the inte- 
fior angles, less than two righjt angles^ niust'meet if produced. The 
jeasoning used to demonstrate the first of these propositions may be. 
l»bjeeted to by some ^M inTolving the idea 9f motion, and the transfer- 
ence of a Ijne from one place tti apotherp This, lM>wev^^ is no more 
than Euclid h^js done himself on some occasions: and when it furnish* 
es so short a road to the truth as in the present instatiee, and, does not 
impair the evidence of the conclusion, it seems to be in no resjieet 
inconsistent with the Mti|iost rigour of demoniitratioQ. It is of im- 
portance in explaining the Elements of Sciience, to eonnect truths 
Dy the shortest chain possible; and till that is done, we can never 
consider them as being placed in their natural order* T)ie r^aiBOQ- 
ing in the first of the following propositionar is so simplef that- it 
«eems hard]y susceptible of abbreviation, and it haft the a^vantaae 
of connecting immediately two truths so much alike, that one mig^t 
conclude, even from the htite enunciaifons, that they are but differ^tat 
4^ases of the same general theorem, yiz. That all the angles about a 
point, and ail the exterior angles of any reetilineal figure, are eoni;; 
«tantly of the sam^ magnitude, and ^qua) \o four right anj^es. 

DEFINITIOIf. 

• • 

If, while one extremity of a straight Tine re^ 

.mains fixed at A, the line itself turns about that 

point from the position AB to the position AC, it 

)s said to describe the angle BAG eontaiped 6^ 

the lines AB and AC. 

Cor. If a line turn about a poipt fh>m the position AB^till it come 
into the position AB again, it describes angles which are together 
eqiial to four right an^es. This is evident IVom the seeond Cor« to 
the 15th. ' 

PROP. i. 

All the exterior angles of any reetiliiieal fig)ire are together eqnal 
to four right angles. * 

1. Let the reetilineal figure be the triangle ABC, of which the ex- 
terior angles are DCA, FAB, 6BC$ these angles are together eqnal 
to four right angles. 
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Let (lie ttne OD, pleeed ie the cHree(t6p «r BC (iilb4loe#d, turn 
ikoqt the poiat C till it coineicte with C£, a part of the i^ide € At $ml 
iare described the exterior angle DCE or DO4. Let it then becar- 
ried along the line C A, till it 
he in the poeition AF, that 19 
in ttie direetioii of C A produe- 
ed^ i|ii4 tl|e pqint A remaining; 
Msd, let it tarn about A till it 
deseribe the angle FAB, and 
eoioeide with a part <if the line 
AB* Let it next bi^ -earried 
along AB till it eome into the 
position BG, and br tumiug- 
abont B9 letit ^seriibe the an- 
gle 6BC9 so iw tq coincide 
with a part of BC. Lastly, 
Let it be earried along BC till 
it coii|ifide widi CD, its fir^t 

Eosition. Then, because the 
ne CD has turned about one ^ 
of ite extremities till it has ^ 

come into the position CD asrain, it has by the corollary to the aooTe 
definition described anff^es which are together equal to four eight an- 
gles} but the angles which it has described are the three exterior an- 
gles of the triangle ABC, therefore the exterior angles of the tri^^ 
gle ABC are equal to fbur right angles. • 

« 

2. If the recttfineal figure hare any number of sides, the propon- 
tJoi) is demonstrated just as in the case of a triangle. Therefore all 
the>p[teripr. angles of any rectilineal figure are together equal to four, 
right angles. Q. £. £l. 

. CoR. 1. Hence, all the interior angles of any triangle are^qoa) to. 
two right angles. .For all the angles of the triangle, both exterior 
luid interior, are equal to si^ right angles, and the exterior being 
fqnal to four right angles, the interior are eqdal to two right angles. 

CoR. 2. An exterior angle of any triangle is equal to the.two in- 
ferior and opposite, or the angle DC A is equal to the tingles CAB, ' 
ABC. For the ang^s CAB, ABC, BC A are equal to two right an- 
|^$ and the angles ACD, ACB are also Ci3. 1.) equal to two right 
angles; therefore the three angles CAB, ABC, BCA are equal to the 
two ACD, ACB; and taking ACB from both, the angle ACD is 
eqnid to the two angles CAB, ABC. 

CoR. a. The interior angles of any rectilineal figure are equal to 
tvrice as many right angles as the figure has sides, wanting four. For 
all the angles exterior and interior are ^qual to twiee as .many right 
angles as the figure has sides; but the exterior are equal to four right 
angles; therefore the interior are eqnal to twiee as many riglit angles 
as the fignrc'bas sides, wanting four. 



. PROP. 11. 

Two straight Hne«, which make with a third line the inlcrior an-* 
Kles on the same side of it less than two right aogia, will meet on 
that side, if produced far fnoneh. _ 

Let the straight lines AB, CD, make with AC the two angles BA€, 
OCA less than two right angles; AB and CD will meet if projiuced 
towards B and D* 

In AB take AP=: A C 5 join C F, protluee B A to H and through C 
draw GB^ making the angle AGE equal to the anele CAH. 

Because AC is equal to A P, the angles AFC, ACF are alsa equal (5. 
1 .) ; but the exterior an^le HAC is «qoal to the two interior and <^7 
posite angles ACF, AFC, and therefore if is dofible of either of them, 
98 of ACF. Now ACE is equal to HAC by construction, therefore 
ACE is double of ACF, ai»d is bisected by the line CF. In the same 
manner, if FO be taken equal to FCand if CG be drawn, it msy be 
shewn that CG bisects the angle ACE, and so on continually. But if 
from a magnitude, as the angle AC IB, there be taken its half, and from 
the remainilerFCE Its half FCG, and from the remainder GCE its half, 
&(;.aremaiBder will at length be found less than the given angle DCE.* 




Let GCE be the angle, whose half ECK is less than TJCE, then a 
straight line CK is found, which falls between CD andCE, but ne?er- 
theless meets the line AB in K. Therefore CD, if produced, must 
meet AB in a point between G and K. Therefore, &c. Q. E. D, 
This demonstration is indirect; biitibis propbsition, if the defini- 
tion of parallels were changed, as suggested at p. S03, would not be 
necessary; and the proof, that lines equally indineAto any one Trtie 
must be so to every line, would follow diHectly from th* angles of a 
triangle being equal to two right angles. The doctrine of parallel 
lines would in this manner be freed from all difficulty. 

PROP. III. 29. I. Encrid. ' 

If a straight line fall on two parallel straight lines, it makes the al- 
ternate angles equal to one another; the exterior equal to the interior 



• Prop. 1. 1. Sop. "JThe wfereDCe tothia proposition iafolTes mvthiliriiiconsistdtit -with Mod 
■ ■■loniTigi M the demonstration of it does not depend on any Uung that has som before,^8olhat 
^soaybe introduced in any part of the Elements. 



tnd opposite on tbe mine side } and likewise thf two Interior |Qglei|^ 
on the same Me equal to two r^bt angles. 

Let the straight line EF fail 
on tlie parallel straight lines 
AB, CD I the alternate anglea 
XOH, GHD are equal, the 
exterior angle £OB is equal ^. 
to the anterior and opposite 
ORB; *nd the two interior 
angles 6GH, GHD are equal 
to two right angles^ 

For ir AGH be not equal to 
OHD,let it bie greater, then ad- 
ding BGH to both, the angles 
AGH, HGB are greater than the angles DHG, HGB. But A^H, 
HGB are equal to two right angles, (1 3.) ; therefore BGH, GHD are 
less than two right angle8,and therelore the lines AB, CO will meef, 
by the last proposition, if produced towardsB and D. But they do not 
meet, for they are parallel by hypothesis, and therefore the angles 
AGH, GHD are not unequal, that is, they are equal to one another. 

Now the angle AGH is equal to EOB, because these are vertical, 
and it has also been shewn to be equal to GHD, therefore EGB and 
GHD are equal. Lastly, to each of the equal angles EGB, GHD add 
the angle BGH, then the two EGB, BGH are equal to the two DHG, 
BGH. But EGB, BGH are equal to two r^th angles, (13. K), 
therefore BGH, GHD are also equal to two right angles. Therefoie, 
kc. Q. E. D. 




The following poopontion is placed here, because it is more cqn- 
nected with the First Book than with any other. It is useful for ex- 
plaining the nature of Hadley'ssestant ; and though inyoi?ed in the 
explanations usually given of that instrument^ ft has not I belioye, 
been hitherto tonsidered as a distinct Geometric Proposition, though 
Tery well entitled to be eo on account of its simplicity and elegance, 
, as well as its utility. 

THEOREM. 

If an exterior angle of a triangle be bisected, and also one of the 
^interior and opposite, the angle contained by the bisectins: llpes Is 
equal to half the other interior and opposite angle of the tnangle. 

liet the exterior angle ACD of the triangle ABC be bisected by the 
straight line CB, and the interior and opfioslte ABC by the straight 
line BE, the angle BBC is equal to half the angle. BAC. 

ThelinesCE, BE will meet; forsince the angle ACD is greater tNn 
ABC, thelMlf of ACD is greater than the half of ABC, that Is, ECD 
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IS greater than BBC; add 

£CB to both, and ih4 two 

an^leg ECD, ECB are 

^reaterthan EBC,ECB- 

Biiit ECD, ECB ai^ e- 

qnal to twori^t ani^les; 

therefore ECB, EBC,are 

less than two ri^ht an- 

^es, and therefore the 

lilies C^, BE mast meet b' 

on the same side of BC . 

.OQ which thci triangle ABC is. Let them meet in B. - 

BeeavseDCE is the exterior angola of the triangle BCE, it is eqaal 
to the two ancles CBE, BBC, and therefore twice the an^le JICE« 
that is, the angle DC A is equal to twice the ans^les CB£,and BEC. 
Bat twiee the angles CBE is equal to the angle ABC, therefore tha 
anerle DAC is equal to the ansle ABC, together with twice the ang]» 
BEC; and the same angle DCA being the exterior angle of the tri- 
fingle ABC, is eqjual td the two angles ABC, CAB^ ^herefdrie th6 
two angles ABC, CAB are equal to ABC and tiHce BEC. There^ 
lore, taking away ABC from both, there remains the angle CAB 
eqiiaVto twice the angle BEC, or BEC equal t<» t&e half of BAC« 
Therefore, &c. Q^E. D. 



BOOK II. 

The DeTQonstratioris of this Book are no otherwise changed than b^ , 
introducing into tfcenl some characters similar to those of Algebra* 
which is always of ^reat use wliere the reasoning tarns on the addi- 
tion or subtraction of rectangles. To Euclid's demonstrations, others 
are sometimes added,' serving to deduce the propositions fram thd 
foiirth, without, the assistance of a diagram. 

PROP. A and B. , 

¥hese Theorems are addexl on account of their great use in g^6«^ 
metry, and their close connection with the other propositions which 
are the sulrjeet of this Book. Prop. A is an extension of the dth and 
40th. 



BOOK III, 

DEFINITIONS. 

The definition whieli Euclid makes .the fifst of this Book is that of 
^HUbl cifcles, whn^ he defines^ t« be « (hose of which the diameters 



f 
nft eqnal." This ii rejieeted from amdng flie definitiovit M beio§; 
a Theorem, the truth of whieh la proved hj supposing the eircle< 
applied to one another, so that their centres maj eoineide, for the 
vFhole of the one miist then eoineidd with the whole. of the other; 
The eonverge, viz. That circles whieh are equal have equal diame^ 
terf , ig proved in the same way. 

The diifimtion of the angle of a segment is also omitted, because it 
ddesnot relate to a rectilineai angle, but to Qne Understood to be con-, 
iained betvi-eefi a straight line and a poKion of the circumference of 
a eircle. In like manner, no notice is tak^n in the l6Ui propositioHi 
of the angle edmprehended between the semicircle and the diameter, 
which is said by BucUd to be greater than aily acute rectilineal angle. 
The reason for these omissions has alread/ been assigned in the notes 
fin the filth definitioii of the first Bopk. 

* • ^ ' 

PROP. XX. 

It has been remarked, of this demonstration^ that it takes fbt^ »[rant- 
fed, that if two magnitudes be double of two' others, each of each, the 
sum Of difference of the first two is double of the suiii or diflference 
*f the other two, which are two ca^es of the ist and ^t^ of the dtfi 
Book. The tastness of this remark cannot be denied ; and thoiigh 
the cases of the Projjositions here referred to are the simplest of ant' 
yet the truth of them ought not in strictness to*be assumed without 
proof. The proof is easily given. Let A and B^C and D be foar 
l^iagTiitiides, such that A=2C, and B^sD; then A+B=:=S. (C^^)- 
For since A«sC+C, and R^D+D, addingequals to equals, A+Bas 
(C+D)+(C+I>)'=2(C+D). So al8o,if Abe greater than B,and 
therefore C greater than 13, since AseC-i-C* and B«=«D+D, taking 
<;qiialafrdm equals A-B=(C-.D)+(C-»),thatii[, A-B=2(C-=- 

i)). 



BOOK V. 

The subjee{ of propoHion has been tteated so differeintly by thdi^ 
who haVe written on elementary geometry, and the method which 
Euclid has followed has been so oneii, afid so inconsiderately censured,' 
that in these notes it will not perhaps be more necessary to account 
for the changes that I havenlade, than for those that I have not maile. 
The changes are but few, and relate to the language, not tothees- 
f fence of the demonstrations; they wilt he Explained after some 6f the 
definitions ha^e tieen particularly considered. 

DEF. Hi. 

The definition of ratio given here has b'6en greatly extolled by some 
authors; but whatever value it may have in the eyes of a metaphysi- 
cian, it hsii but little ia those of a geometer* because nothing concern-r 



1 



i 



NOTBB* 301 

ih^ilie pi*operties of ratios can be dediitM from it Dn Sllt6w haa 
Very judiciously remarked concerning it, **that Euclid had probably 
*^no other design in Inaking tliis definition, than to give a gen^eral 
** summary idea of ratio to beginners, by premising this mctaphjr- 
** sical definition to the tnore accurate definitions of ratios that arl^ 
*• equal to one another, or on^ of which is greater or less than th^ 
**'Other: I call it a metaphysical, for it is not propeHjr ainathema« 
** tical definition, since nothing in mathematics depends on it, or is 
••deduced, nor as I judge, can be deduced, from it.** (Barrow's 
tiectures^ Lect. Si) Dr. Simson thinl^s the definitioh has been added 
by sonie unskilful editor | but there is no ground for that supposi* 
tion, otherthani^hat arises from the definition b^ing of no use. We 
may, however, well enough imagine, that a certaih idea of Order4 
tind method induced Euclid to give some general definition of ration 
before he used the term in the d^nition of equal ratios* 

DfeF. IV* 

This defihitidh is a little altered in this expression: Euclid ha^ tt{ 
that ^* tiiagnitudes aresud to have a ratio to One another, Whentli€ 
less cah be multiplied so as to exceed the greater**' 

DEF. Vi 

One of th^ chief obstacles to the ready imderstatidihg otiiit Ok 
Book of Euclid, is the difficulty that most people find of reconciling 
the idea of proportion Which they have already acquired, with th6 
account of it that is given in thi6 definition; Our first ideas of pro« 
portion, or of proportionality, are got bjr tryitig to coinpare togethei^ 
the magnitude of external bodies; &nd. though they be at fil*st abun' 
dahtly vague and incorfect, thejr kte usually rendeitid tolerably 
precise by the study of arithmetic; from which we learn to tallfoui* 
numbers proportionals^ when they are such thkt the quotient which 
arises from dividing the first by tie second^ (according to the com* 
mon fule for division,) is the. same With the quotient that vriscs 
from dividing the third by the fourth* / 

N0W4 as the operation of arithmetical division is applicabie^iui 
readily to any twomajgnitudesof the8amekind,as totwonumberst 
the notipn of proportion thus obtained may be considered as per* 
fectly general. For, in arithmetic, aftel* finding hol^ oft^h the di^ 
VisOr is contained in the dividend, we multiply the i^maind^r bjr 
10, or 100, or 1000, or khy power, as it is called^ of Idj aild ^pro- 
ceed to inquire how oft the divisor is contained in this new dividend! 
and, if thcfre be any remaihder, we go on to multiply it by 10, 100^ 
fcc. as before, and to divide the product by the original diviftor^ and 
sti on, the division sometiines tenminatitig when no reifiainder is 
left, and sometimes going on ad inJinUum^ in consequence of » 
remainder being left at each operation. Now^ this process tnajf 
easily be imitated with any two magnitudes A and B, providing 
they be of the same kind^ or such that the one can be multiplied so 
as to exceed the other* For, suppose that B is the least of the 
two; take fi out of A as oft as it can be founds asd let the quotient 

Qq 
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be nolody «nd alsa the remainderfif theper be scay; mukmly this »ck 
viainder by 10, or 100, &c. ,so as to exceed B, and let d be takei^ 
out of the quantity produced by this multiplication as oft as it can 
be found; let the quotient be noted, and also- the remainder, if there 
beany* Proceed with this remainder as before, and so on con* 
tinually;and it is evident, that we have an operation that is applica- 
ble to all magnitudes whatsoever, and that may be performed with 
respect to any two lines, any two plane figures, or any t^o solids, &c« 

Now, when we have two. magnitudes and two others,«and find 
that the first divided by the second, according to this methodic 
gives the very same series of quotients that the third does when^^ 
divided by the fourth, we say of these magnitudes, as we did of the 
numbers above described,, that the first is to the second as the third- 
to the fourth. There are only two more circumstances necessary 
Co be considered, in order to bring us precisely to Euclid's definition. 

First, It is known from arithmetic, that the multiplication of the 
successive remainders each of them by 10, is equivalent to multiply- 
ing, the quantity to be divided by the product of all those tens ; so 
that multiplying, for instance, the first remainder by 10, the second 
by 10, and the thii^d by l9, is the same thii^,- with i^espect to the 
quotient, as if the quantity to be divided had been at first muldpli^ 
ed by 1000; and therefore, our standard of the proportionality of 
numbers may be expressed thus: If the first multiplied any number 
of times by 10, and then divided by the second, gives the same quo- 
tient as when the third is multiplied' as often by 10, and then divided 
by the fourth, the four magnitudes ai'e pr6poi*tional& 

Again, it is evident, that there isno necessity in these miiTtiplica^ 
tions for confining ourselves to 10,- or the powers of 10, and that 
we do so, in ai'ithmetic, only for the conveniency of the decimal 
notation; we may therefore ufse any multipliers whatsoever, pro- 
viding we use ttie same in both cases. Hencie, we have this defini- 
tion of pi^oportisonds, When tflere are fbiir tiiagnitudes, and any 
multiple whatsoever of the first, when divided by the second, gives 
the same quotient with the like multipleof the third, when diiKded 
by the fourth, the four magnitudes are proportionals, or the first has 
the same ratio to the second that the third has Co the fourth. 

We are now arrived very nearly at Euclid's definition; for, let 
A, B, C, D be four proportionals, according to the definition just 
given, and m any number; and let the multiple of A by m, that is iwA, 
be divided by B; and first, let the quotient be the number n exactiy, 
then also, whenmC is divided by D, the quotient will ben exactly. 
But, when iwA divided by B gives n for the quotient, iwAs=aB by 
the nature of division, so that when 9n A ^nB, tiiC=enD, which is 
one of the eonditions of Euclid's definition. 

Again, when mA is divided by B, let the divisioo not be exactly 
performed, but let n be a whole number less than the exact quotient, 
then nB2Lw*A,or niAVnB ; and, for the same reason, mCVnD, which 
is another of the conditions of Euclid's definition. 

Lastly, when mA rs divided by B, let n be a whole, pmnber grealer 
tliaa the exact quotient, then mA^^nB^ and because n is also greater 
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diaa ^e quotient of ntC divided by D, (whidh is the same with the 
4>ther quotient), therefore mC^nD, 

' Therefore!^ uniting alt these three eonditione, we call A, B, C, Df 
proportionals, when they are such, that if ^AVnB, mCvnD ; if wA 
4ssnB,i»CssnD; and if mA AnB^mCl^nD^ m and n being any numbers 
ivhatsoever. Now, this is exaGt^iy the criterion of proportionality 
istablished by Euclid in (he 5t<h defioition, and is derived here by 
generalising the common and most familiar ilea of l^roflortion. 

it appears from this, that thecqiadition of mA containing B, wheth€r 
with or withoiit a remainder, asolHen asmC contains D, with or with- 
out a remainder, and of this being the case whatever value be assigned 
to the number m, includes in it all the three conditions that, are men- 
tioned in 'Euclid's definition; and he^ce, that defijoUion may be ex- 
pressed a little more sinnpiy by ^yiu-g, ihaifaur magnitudes are pro- 
portionals^ when amy mUiipie of the first contains the second, {with or 
without remainder,) as oft as the same multtpie of the third contains the 
fourth. Bvtiy though this definition is certainly, in the expression, 
more simple than Euclid's, it is* not, as will he found on trial, so easily 
applied to the purpose of demonstration. The three condUioas which 
Euclid brings together in his definition, though tliey aomewhat embai*- 
fass the expression of it, have the advantage of rendering thedemon- 
«f rations more simple than they would otherwise he, by avoiding all 
,4iiscussion about the magnitude ofjthe remainder leftj after B is taicen 
out of mA as oft as it can be founds All the atiempfs, indeed, that have 
been made to demonstrate the properties of proportionals rigorously 
by means of other definitions than EuclicFs only serve to evince the 
excellence of the method followed by the Greek Geometer, and his 
singular address in the application of it. 

The great dbjeetion to the other methods is* that if they are meant 
to be rigorous, they require two demooatrations to every proposition, 
onew he n the diyision of m A into parts equal to B can be exactly per- 
formed, the other when it cannot t)e exactly performed, whatever 
value be assigned tp m, or when A and B are what is called incom- 
mensurable; and this last case will in general be found to require an 
indirect demonstration, or a reductio ad absurdum^ 

M. D'Alembert, speaking of the doctrine of proportion, in a Ah- 
course that contains matiy excellent observations, but in which he has 
overlooked Euclld^s manner of treating this subject entirely^ has* the 
following remark: ^^On qe peut de'montrer que de cette maoiere, 
(la re'duction a' absurde,) la plupart des propositions qm regardei|t 
les incommensurahles, L'ide'e de Tinfini entre au moins implicite- 
ment dans la notion de ces series de quantite's; et comme nous n^a- 
Tonsqu'une ide'e negativet de l'infini,on ne peutde'montrerdirecte- 
. ment* et a priori^ tout ce ^ui concerne I'infini mathe^matique.^' 
{Encyclope'die, mot Ge'ome'trie.), 

This remark sets in a strong and just light the difficulty of demon- 
strating the propositions that regard the proportion of incum mensura- 
ble magnitudes, without having recourse to the reducttoad absurdu^; 
but it is surprising, ttiat M. WMembert^ a geometer no less learned i ban 
|)rQfound, should have neglected to make mention of Euelid's method, 
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the ofilf OD« in wlii^h tbeilitrieoKy he ^tafes itcompleteVy ovepeome, 
ttiBOTereome by the introduction otthe Idea ol'mflefinitude, (li 1 may be 
permitted to ote the wonK) instead of the idea of infioit? ; lor m and n^ 
the multipliers employed, are floppoaed to be indefinite^ or to admit of al i 
fjoesible valupt, and it ia by the skilful uae pf thif> condition that the ne« 
^easily of indirect demoastratiqoa is aToided.. In the whole of geome* 
fry^ X ^now not that any happier invention la to be found ; and it i« 
worth remarking, that Euclid appears In another of his works to iiavf 
UTailfd hiroseil'of the idea of imlefioUude with the same success, tis^ 
Id his books of BorlsmSf which have been restored by Dr. Simsoii, 
find io wiiipll the while analysis turned on that idea, as \ have shown 
at lei^gthi in the Third Volume of the Transactions of tbe Royal So- 
eiety of |jdiobar§;h T)^ investigations of those propositions were 
ibund^ entirfly ^n l^e pniiciple of certain magnitudes admitting of 
(nmimerable values; and the methods of reasoning concernini? them 
•fSfm tohaTebeeo extremely similar to those employed in the filth of 
tbe BlemeotB, It is eurkios to remark 'this analogy between the dif? 
ferfnt works of the sameaiitbor; aftd* to consider, that the skill, in 
the conduct qf t||ia very refined afid ingenious artifice, acquired in 
treating the properties of proportionals, may ha?e enabled Eiicliti to 
focceed so well to tfeaiing the stilt more difficult subject of Porisms, 
Viewing Iq this lifbt Eiicliil's manner of treating proportional had 
||Q d^ire to change any thing in the principle of his demonstration^ 
I have only sought to improve the language of them, by introducing a 
concise mode of expressioni of tbe same nature with that which we 
use In arithmetic, and iq algebra. Ordinary lansiiage conveys the 
Ideas of the difiereiit operations siipposed to be performed In lhes«> <1e« 
monstralions to slowly, and breaks th^n^ t^own into sq many parts, that 
tb#y make not a sufficient impression on the nnderslanding. This in- 
tieed will generally happen when the things treate^tof are not rehire- 
feoted to tbe senses 1^ Dingrams, as they cannot t>e when we reason 
concerning magnitude in general, as In this part of the Element^. 
0ere we ought certainly to adopt the language of arithmetic or alge-r 
|>ra, tvhicb, by itsshortnessi and tbe rapidity with which It places ob- 
^•Is l>9fQre us, makes up ih the best manner possible for being merely 
fconveniionai language, and using symi»oU thnthave no resemblance 
fo tbe tilings eipressedby them. Such a language, therefore, I havfi 
#fi4aaYourfd to introduce here; and I am convinced^ that if It shall 
be found an improvement, it is the only one of which the fifth of Eu- 
clid will admit. In other respects I ha^e followed Dr. Simson's ecli* 
tioo9 to tlie accuracy of which it would be difficult to make any addi- 
tion* 

In one thing I inust observe, that the doctrine of proportion, as laii| 
down here, 19 rpeant tp be more general than in Euclid's Elements. It 
Is intended to include the properties of proportional numbers as well 
as of all magnitudes. Eiiclid has not this design, for he has given a 
definition q|* proportional numbers in the seventh Book, very difTereot 
from that of proportional magnitudes in the fifth ; and it is not easy to 
justify tbe loglcof this mann<^r of proceeding; fof we can neverspei^k 
of two mmibers aod two magnitudes both haf ing tbe same ratios, ua- 
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♦he wort rntio.hiiTe In ho^Jica^es thewime si^nift«$ati6n« All the 
firopositiofifl ahoiit propiirtionAls her(> gi^ea are therefore umleriitood 
to he'appHcHhIe to numhepB; ami aecor(llii|(<)r% in the eighth B<iQk, 
the pfoposif ion that proved equian^nt»r parnlteloKrams to he in a ra* 
tio compouncied of the ratios oQhe nnmherR proportional totheirsideSi 
is demonat rated hy the help of the (iropositions of the fi it h Book. 

On account of thiB, the word quantify, rather thaji magnitude^ ought 
in 8trictne99 to have heen \i9ei\ In thewenunriation of these propositions, 
because we employ the word Qunntity to denote mitouly things ei- 
fended, to which alone we give the nameof Magnitudes, hut also num- 
bers. It will be sufficient, howev<*r, to remark, that ail the proposi- 
tions respecting the ratios of magnitudes relate equally to all things of 
which multiples can he taken, that is, to all that is usually expressed 
by the word Qu^^^^li^y ih its most extended si<;nification, taking care 
always to observe, that ratio takes place only among like quantities, 
(8ecDef.4.) 

DEP. X. 

The cleft nition o^ compound rdUio was first given ai?ciirate!y by Dr^ 
Simson; for, though Euclid, used >he term, he <|id so without defining 
it. I have placed this definition before those of duplicate and tripli-> 
cate ratio, us i^ is in fact m^rt f^^eneral, and as the relation of ;♦!! the 
three definitions is best seen when they are raf»f^e<] in this order. It 
is then plain, that two e^iunl ratios com pou ml a ratio dupUcateof either 
of them; three equal ratios, a ratio triplicate of either of them, &c. 

b was justly. observed by Dr. Simdqn, that the expression, compound 
ratioy is in'troduced merely to prevent circumlocution, and for the sake 
prrtieipally of enunciating those propositions with conciseness that 
are demonstrated hy reasonine €x aequo, that b, hy reasoninp^ fro«n the 
S9d or 33d of this Book. This will r>e evident, to any one who con- 
aiders c irefully the Pro|i, F. of this, or the 23d ol the 61 h Book. 

An ohjeetion which <naturatlyoecQra tothe d-e of the term compoimd 
Tatio^ arises from its not being evident how the ratios describe<l in 
the definition determine in any way the ratio which they are said 
to compound, sinee the mat^itudes compeandin^ them are assumed 
at pleasure. It may be of use for removing this defficuity, to state 
the matter as follows: if there be* aAy number of ratios (ampn^ n>&^* 
niiudes of the same kind) such that the eonseqiientof any of them is 
the antecedent of that which immediately follows, the first of the an- 
tecedents has to the last of the eaiisequents a ratio which evidentlr 
depends on the intermediate ratios, because if they are determined, 
it is determined also; and this dependence of one ratio on all the other 
ratios, is expressed by saying that it is compounded of them. ThiiSy 

if -?r, 7-,-r;> "i5> ^* ^^J series of ratios, such as described above, t]ie 

O \j iJ mU 

A * . A B 

rfitio .^ or of A to E is said to be compounded of the ratios _, -^ &e^ 

A • A "R 

The ratio -^ is evidently determined by the ratios -. ,-^9 &e* beeause 
E B C 
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if each of the latter is fixed and invariable^ the former canBoteinuige.^ 
The exact nature of this dependence, and bow the one thing is deter* 
mined by t)ie others it is not the business of the definition to exptain^ 
bat merely to give a name to a relation which it may be of importaaee 
/ to consider more attentively. 



BOOK VI. 

DEFINITION II. 

This definition is changed from that of reciprocalfigjiresy which was 
of no use, to one ibat corresponds to the language used in the i^4th an4 
Idth pro|>ositions9 and in other parts of geometry. 

PROP- XXvil, XXVIII, XXIX. 

As considerable lilierty has been taken with these propositions, it 
is necessary that the reasons i«r doing' so should be explained. In the 
first plaee^ when the enunciations are translated literally fr^m the 
• CJreeK, they sound very harshly, and are, in fact, extremely obscure. 
The phrase of applying to a straight line, a parallelogram deficient, or 
exceeding by another parallelogram, is so eliptied, and so little 
analogous to* ordinary laigoage, that there could be bo doubt of the 
propriety of at least changing the enunciations. 

It next occurred, that the Problems themselves in the 28th and 29th 
propositions are proposed in a more general form than is necessary in 
an elementaiy work, and that, therefore, to take those cases of them 
that are the most useful, as they happen to be the most simple, mast 
be the best way of accommodating tliem to the capacity of a learner. 
The problem which Euclid proposes in the 28th is, ^To a i^vea 
fftraight liiie to apply a parallelogram equal to a given rectilineal 
figure, and deficient by a parallelogram similar to a given parallelo- 
gram;" which may b^ more intelligibly enunciated thus: '^To cut 
A given line, so that the parallelogram which has in it a given angle, 
and isi contained under one of the segments of the g*iven line, and a 
atraic^ht line wliich has a given ratio to the other segment, may be 
equal to a given space;" instead of which problem I have substitut- 
ed this other: ^ To divide a giv^n straight line so that the rectangle 
nnd r its segments may be equal to a given space.** In the actual 
Solution of problems, the greater generality of the former proposition 
is an advantage more apparent tlian real, and is fully compensated bj 
the sixHfflicity of the latter, to which it is always ea^sily reducible. 

The same may be said of the 29th, which Euclid enunciates thus: 
^To a given straight line to apply ^ parallelogram equd to a given 
rectilineal figure exceeding by a parallelogram similar to a given paral- 
lelogram." This might be proposed otherwise r **To produce a 
given line, so that the parallelogram having in it a given angle, and 
contained by the whole line* produced, and a straight line that has 'a 

fiven ratio to the part produced, may be equal to a given rectilineal 
gure." Instead of tliis, is given the following; problem, mere- sim- 
ple, and, as was observed in the former instance very little less gene? 



^. ^ To i^rodiiee % i;tven rtraisht line, s6 that the reetan^ ciiiitaiR<^ 
«d Iqt the^egn^ents, between t£e extremities of Hie gptven line^ and 
4ke peiMt |<) wbi^k, it is produced, may be equal to a given ay aee*'' 

PROP.A,B,C,&c. 

Nine propositions are added to this Book on account of their utility 
.and their connection with thit part of the Elements* The first four 
/of them are in Ht* Simson's edition, and among these Prop. A is given 
immediately after the third, being, in fact^ a second ease of that |>ro* 

fosition, and.capaUe of being inpinded with it, in one enuQciationr 
'rop. p. is remarkable for being a theorem of Ptolemy the Astrono- 
iner, in his M^yoxi; Xwtoiuiy ana the foundation of the coast ruction 
of his trigonometrical tables. Prop. £, is the simplest ease of this 
former: it is also useful in trigonometry, ai>d, under another form, was 
the 97th, or, in some editions, the 94th of £uclid*s Data. The pro- 
positions F and O are very usefbl properties ^f the eirele^ and are 
taken from the Loci Plant 0f Apollonius^ Prop. H is a very remarka« 
. hie property of the triangle; and Ris a proposition which, though it 
liasheen hitherto considered as belonging particularly jto trigonome- 
try, is so often of use in other parts of the Mathematics, that it majr 
he properly ranked among the elementary theorems of Geometry. 
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SUPPLEMENT^ 



BOOK L 

PROP. V. and VI, ficc. 



I^H'E demoiilstrations of the 5th and 6th propositions require the 
;. method of exhaustions, that is to say^ they prove a certain pro<( 
nerty to belong to the circle, hecanse it belongs to the rectilineal 
ngares inscribed in it, or described a.bout it according to a certain lawy 
in the ease when those figures approach to the circles so nearly as not 
to fall short of it, or to exceed it by any assignable difference. This 
principle is general, and is the oiilv one by which we can possibly 
compare enrvilineal with rectilineal spaces^ or the length of curve 
lines with the length of straight lines, whether we follow the methods 
of the ancient or of the modern geoitfeters. It is therefore a great 
inj^istice to the latter methods to represent them as standing on a fouu^ 
dation less secure than the former; they stand in reality on the same, 
and the only difference is, that the application of the principle com- 
mon to them both, is more general and expeditious in the one ckse 
than in the other. This identity of principle, and affinity of the 
methods used in the elementary and the higher mathematics, it seems 
the more necessary to observe, that some learned mathematicians have 
appeared not to be sufficiently aivare of it, and have even endeavour- 
ed tu demonstrate the contrary. An instance of this is to be met 
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with4A the prefneS o^ the valtf iible edition nt the wHAt of ArebhneiJeily 
Iftlely printed at Oxford. In (hat prefaee, Tdrelti^ iWe Itiihied eomi 
meiitatfr, whose lalNNirfl have done so moeh toeluoidatethe writisgs 
of the Greek Geometer, biit who is so uawillinrg^ to aeknowled)^ tlie 
merit.of the modern aualysU, bndertakes to prove,that it is impossi^le^ 
from the relation whieh the rectilineal fibres inscribed in, and.eir- 
etiniserilied about, a ^iven cnrve, have to one another, to conclude 
any thiwg eoneemin^ the properties of tlie eiirvilineal space itself, 
except ill certain ciFcumstanees which he has not preeisely describedi 
With this view he attempts to show, that if we are to reason from the 
telation which eertain reetilineal figures belon^ng to the circle have 
to one another, notwithstunilin^ that thdse figures may approach so 
near to the etfcular ispaces within whieh they ire inscribed, as not to 
differ from them by any assignable maghitucle, we shall be led into 
error, and shall seem to prove^ that the circle is to the square of its 
diameter exactly as ^ to 4. Now, as this is a Conclusion' whieh the 
discoveries of Archimedes himself prove so clearly to be false, To" 
relli aro^ues, that the prlncfple from which it is deduced musthefalsii 
also; and in this he would no doubt be right, if his fbrmer conclu- 
sidn had been fairly draivn-. But the truth is, thai a teiy gross para- 
logism is to be found in that part of hf9 reasoning, where he mitkes 
a trafisition from the ratios of the small rectangles, inscribed in the 
circular spaces, to the ratios of the sums of those rectangles, or of 
the whole reclilineal figures. In doing this, he takes for granted a 
proposition, which, it is wonderful^ that one who had siadii^ geome- * 
try m the school of Archimedes^should for ft moment have supposed 
tb be true. The proposition is this: If A, B, C, D^ £, F, be tiny 
tiumber of magnitudes, aud a, b^ c, dj e^ /, as many others; an^ 
if A : B : : a : 6, 
C : D : : c : i/, 

E : F 3 1 e :/, then the sum of A, C and E will bt to the som of B^ 
1) and F, as the sum of i^ c and e, to the sum of 6, d and/, or A4 
C-f Fi : B+D+F : : a+c+e : h+d+f. Noir,,this proposition^ 
^hieh Torelli supposes to be |»erfectly general, is not titie, except in 
two easeS) yiz^ either first, When A : € : : a i c, and 

• A : £ : : a : ^; and .eonseqaently, 
B : D :: 6 : </, and 
B : F :« 6 :/; or, secondly, when 
all the ratios of A > B, C to D, E to F, &c. lire equal to one another. 
T<i demonstrate this, let us suppose that there are four magnitudes, 
and four others, • 

thus A : B : : a : 6, and 

C : J) : : c : ^, then we cannot hate 
A-f C : B+i) : ; a+e : h+d^ unless eilher, A : C : : a : e,.and B: 
D ::b: d'fOrAiC iibidy and consequently aib::c :d. 
Take a magnitude K, such thcit a : c : : A : K, and another L^ sack 

that b zdiiBih; and suppose it true, that A+C : 

B+D : : a-i^c : b+d. Then, because by inversion; |k A B L1 
IL: A II eta, and, by hypothesis, A : B': : a » 6, and VT^ T b' dl 
iilsoB:L::6:</,exiequo,K:L::c:<//aiidcon^ I ' ' ^ '' 
sequently, K : L : : C j D. 
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Again, because A : K : : a .: l;^ by addiiioii^ 

A+R : K.: : a-]-c}c: and, for the saine i^aton^ 
* ti+L i Jbr^h^-did^ or, by iiitersion, 

L : B4-L ltd: b+d* And, since it has been shown) 
tWt K ^ L : :• csd^y tnelrefore ex leqiid^ 



T 



fl+Cf c^ df h-^d» 



A+K TB+L : : a+'c : h+d; but by hypbittesii^ 
* A+e :B+D:: a+cifc+d,' therefore 
A+K : A+C : :B+L:B+D. 

Now^ firsts tet R and C be ra|ipo8ed ei^iia], then itisevi^etitvtiiatli 
knd J) are also eqUal ; and therefore^ sinbe by cobstmetion a^: cii 
A : K, we havi? also a : c : : A : C ;.and, for the same reasofi,^ : d:i 
B : l), and these analo^es form the first of the two conditions, ot 
%vhfeh one is affirmed above ifi be fl^a|rs essential tp th« ttvth ol 
^orelli's proposition. 

Nef t^ if R be gre^t^r dpaii Q, tlieip sinei^ ^ 
A+R : A+C ': : 'B+L : B+D,by diVision, 
A+R : R—C t : B^L t Lr-D. . Qiit, as was shown 
K : L : : C S D, by cdnVersionand alternation^ • 
*. R— C *: R : s L^D : L, therefo!pe,-ex seado, 
. A+R :K:i B+L : t, and lastly, by mnsion^ 
A : R :: B : L, or A : B :: R : Li, that is, 

A:b::c:d: 

"Whcireibre, in this case timd tisAib o^ A to IS is equal to that of 6 i<i 
tis^ and. oonsequently, the ratio of a to 6 ediiiil to that of c to d. Th^ 
Same may be shown, if R is less than C ; therefore in every ease therci 
are conditions necessary to the ttoth of Torelli's proposition, which 
he does not take into aice^nt, iind which, as is easily shovrn^ db not 
belong* to the magnitudes ^ whieh he applies it; 
. In cdnsequehce of this, the conclusion ^hieh he m^aht id fest&hlish 
i*es^ecting the circle^ faills entirely to the ground, and with it the gene* 
ral inference aimed against the mbdem analysisi 

It will not, I hope, he imagined, that I hate takeii iibti^ of these 
^ircumstaTiees with any design to lessen the reputation of the learned 
Italian j who has in so many respects deserved well of the mathemati* 
eal scienees, oi^ to detiliet from the vaJiie of a posthumous workj whieh 
by its ele.^nee and correcttiess, does so much honour to. the English 
editors. Bui I would warn the student against th4t narrow spirit 
whieh seeks to insinuMe itself even into the abstractions of geonaetry^ 
and woiild persuade us, that elegauee, nay triith itself, is possessed 
exclusively by (he ancient methods of demonstration; The high 
tone in which Torelli censures the modern mathematics, is iqiposingi 
as it is assumed by one who had studied the writings of Archimedes 
\vith uncommon diligence. His errors are on that aceoiint the m^re 
dangerous, and require to be the more carefully pointed out; 

Rr 



,1 
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This enirifrfaliev i^iht 9111116 with that vfther third 0^ the DivtMn^ 
drculi of Arehimedes; but the demonstration is different, thoagh it 
proceeds, like that of the Greek Geometer, bj the eoBtinuaf biseetioH 
of the 6th part of the eire»mferenee# 

The limits of 'the eircnmferende are thWsasliific*'^*'^ and the method 
of brinfi:in|[^ it about, notwithstanding^ many qtiantitiesl ai^ neglected itf 
the arithmetieal operations, that the errors shall in oiie ease be all 00 
the side of defect, and in another all on the side.of exeess, (in whieh T 
have followed Arehimedes,) deserves paHiedlarly to he observed, as 
aflbrding a good intl'oductiou to the general methods of approximatioa^ 



i«M» 
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fiEF, Vm, and PROP. XX. 

fifoLiD ang^fes, ^l^eft are defined here in the same manner as iti 
Eaclid, are maenitndes of a very peculiar kind, and are particularly 
to be renMtrked lor not admitting of that accurate comparison, one witnr 
another^ whieh is common in the other subjecU of geometrical inves^ 
tigation. It cannot, for example, be said of one sofid angleythat it i» 
the half, or the double of another solid angle, nor did aiiy geometer 
ever thinic of proposing the proBlem of ftisecffi)g a giverioblid angle. 
In4i word, rio' nrmtiple or sub-muftipfeof g^ch an arlgle caii be takeny 
and we have no way of expounding, even in the simplest cases, the 
ratio' ^hieh one of tnem bears to antftlief. 

In this respect, therefore a solid angle dfflferfffi^m eVery rtther mag- 
nitude that is the subject of mathematical ^a'bbnine, all of ivAich have 
this common [iroperty, that multiples and* sub-multiples of themmar 
be foMrd'^ ft is not our business biere to inqtfire fnto ffie reason of 
this airomaly, but it is plain, tfiat on accottnt of it, oUr knowledge of 
the nature and the propertied of such angles can Uevei* 6e teiy far 
extended, andtKat our reasoliines concerning them must be chiefly 
confined to the relations of the prane angles, by li^'Rich they are con- 
tained. Oneof the most reiYiarkable of those refationA is that which is 
demonstrate^ in the^^lst of this Book, and which is, (hat all the plane 
angles whic)i contain any solid angTe mit^t together be less than fouf 
jright angles* 'thii proposition is the ^Ist of the litA of Euclid. 

JThis proposition, however, is subject to a restriction in certain ca- 
ses, which,! believe, was first observed by W. le Sage of Geneva, in 
a communication to the Academy of Sciences of Paris in 1756. Wheil 
the section of the pyramid formed by the planes that contain the so^ 
lid angle is a figure that has none of its angles exterior such as atri* 
angle, a parallelogram, &c.the truth of the proposition just enunciat- 
ed cannot be questioned. But, when the aforesaid section is a figutw 
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Rke that whieli is annexed, riz. 
ABCD9 having sdihe angles, such 
«s BDG, exterior, or, as they are 
iiometimes called,re-entering angles, 
the proposition is not neeessarily 
tnie ; and it is plain, that in sueii 
ttfises the demonstration whieh ^e 
liave given, and which is the same 
ivith Eaelid^s will no longer apply. 
'Indeed, it were easy to sh6 w, that on 
hases of this kind, by mnltiplying 
the naniber of sides,'solid angles may be ibrined, such that the plane 
' angles which contain them shall exceed fonr right angle's by any quan- 
tity assigned. An illustration of thisfromthepropertiejiof thespher» 
is perhaps the simplest of all others^ Suppose that on the surface 
of a hemisphere there is described a figure ooanded by any number at 
arches of great circles making angles with one anotner, on opposite 
sides alternately, the plane angles at the centre of the sphere that 
stand on these arches may evidently exceed four right angles, and ihtA 
too, by multiplying and extending the arches in any assigned ratio. 
Now, these planp angles contain a solid angle at the centre of th^ 
sphere, accordiriff to the definition of a solid angle^ 

We are to understand the proposition, iq the text, therefore, to be 
^rtie only of those solid angles in whieh the inclination of the plane 
angles are all the same way, or all. directed' toward the interior of the 
figure. Tp distinguish this class of solid angles from that to which th« 
proposition does not apply, it is perhaps best tp makeuse of thji; eii- 
terion, that they are sucn, that when any two points whatsoever ar^ 
taken in the planes that contain the solid angle, the straight line join- 
ing those points falls wholly within the solid angle: or thus, they are 
such, that a straight line cannot meet the planes which contain theni 
in more than two points. It is thus, too, that I would distinguish a 
plane figure that has none pf its i^iglei^ i^xterior, by sayine, that it is a 
rectilipeal fti*ure, sqehthat a straight line cannot meet uje boundary 
of it in more than two points. 

We, therefore, distinguish solid angles into two species ; one ia 
which the bounding planes can be intersected by a straight line only 
in two points; and another where |he bounding planes may be inter? 
seeted by a straight line in moije than two points : to thie first of tkesa 
the proposition in the text applies, to the second it dpes not. 

Whether Eoctlid meant entirely tn exdnde the oonsideration of 
figures of the latter kind^in all that he ha^ said oif solids, and of solid an-\ 
gies, it is not now easy to determine : It is certain, that his definitiops in- 
volve no sdch exclusion; and as the introdneti(^ of any limitation 
would eoiuoderably embarrass these, definitions, and render them diffi« 
cult to be understood by a beainnev, I luiVe left it out, reserving to this 
place afuUeV explanation of £e^ difficulty. I cannot conclude Ais note 
without remarking, with. the historian of the Academy, that tt is ex- 
tremely singular^ that not one of all those who had read or explained. 
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Bnelid^fbreM.le Sage, appears toha^ beeojenribleaf this mt^yta^ 
{Memoirei dtV Acad, de$ Sciences 1706, HiU^ p. 77.) A aireumstanfe 
that readers this still more sin^lar is, that another mistake of Baelvl 
ini the same subjeet^.and perhaps of all other ff^ometers, eseaped ML 
ie Sage aUaj aud w^ first diseovered by Or. Simson, as will preseal^ 

PROP- IV. ♦ 

This irery elegant demonstration is from Xjeg^ndre, anc| is mneh 
faaief* fbah that of Euclid. 

The demonstratiqii giyea here of the 6th is also greatly simpler than 
that of Eiielid- It has even an ndvantage that does not belon[| to Jjty 
f^endre'^y tikat of reqqiring no particular eonstruction or ieterminatioi^ 
<DKf any one of th^ lines, bat reasoning fHmi properties eommon tei 
every part of them. This simpliAeation, when it eaa be introdueed, 
whieh, haw-oTer, daef not appear to be always possible, is perhaps 
the greatest improvement that ean be made on an elfunentary 4ft 
^|ioi|stration« '. ' 

PROP, XIX, 

The ppoblem eontalned in this proposition, of dran^ins a straight 
)ine perpendiculieir to two straight Iine& not in the same plane, is cer- 
tainly to be accounted elementary, although not given in any book of 
elementary geometry that I knov^ of before that of Legendre. The 
solution given here is more simple than his, or than any other that I 
^ave yet met with: it also leads mqre easily, if it be Required) ^ a 
tfigonQmetrieal eqmputi^tion* 
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DBF. n. lukd PROP. I, 

TiiBSE relate to similar and equal solids, a subjeeton whi €h niistafc<i» 

: |iave prevailed not an||ike to thatwhieh has just been mentioned. The 

equah^ of sriids, it as saiiival to expect, must be proved like the 

1B(|iiaH^ of phme figures, by showing th%t they majf be made tocoin- 

' eide« or to oeenpv tne sam^^ space. But, tl^aiigh it be true that itil 

•olids' whieh canpe shown tq coincide are equal and similar, vet it does. 

not hc^ld conversely, that ail solids which are equal and simuar ean be 

ma^e t^ eoineida. Though this assertion may appibar soibewhat 

' paradqtleal, yet the proof of it is extremely siaiple. 

Let ABC be an isosceles triangle, of wfaieh the equal sidi^s are AB 
f^n4 AC s ft'om A draw AE perpendicular to the base BC) a^d BC wiU 
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be billeted in B. FronE draw ED per- 
pendietilar to tike plftne ABCt and from D, 
amy point in it^diMiw DA9 DB, J>€ to the 
$llvee angles of the trianglo ABC* The 
pyramid D ABC is divided, into two pyra* 
mids DABE, DACE, which, though their 
e^ality wilt opt be disputed, eannot be 
so applied to one another as to eoinoide^ 
For, though the triangles ABE, ACE are 
^qnal, BE heing equal to CE, EA comm<m 
to both, and the angles AEB, AEC eaual, \ 
because they are right angles, yet if these ^ ^ 

two triangles be api^ied to one another, so as to coincifle, the solid 
DACE will neverlheles^, as Is evident, fall without the solid DABE, 
for the two solids will be on the opposite sides o( the plane ABE. 
in the same way, though all the planes of the pyramid DABE may 
easily be shown to be equal to those of the pyramid DACE, each ta 
each; yet will the pyramids themselves never coincide, though the 
equal planes be applieil to one another, because they are on the op- 
posite sides of those planes. 

it may be said, then, on whfit ground do we conclude the pyramids 
to be equal? The answer is^ because their construction is entirely^ 
thesamo, and the conditions that determine the magnitude of the onef 
identical with those that determine the magnitude of the other* For 
the magnitude of the pyramid DABE is determined by. the magnitude 
of the triangle ABE, the length of the line ED, and the position of 
ED, in respect of the plane AB£$ three circumstances that are pre-* 
4M8ely the same in the tfvo pyramids, so that (here i^ nothing that can 
determine one of them to be greater than another* 

This reasoning appears perfectly conclusive and satisfactory; ami 
-it seems also very certain, that there Is no other principle equaMy 
simple, on which the relatlo»of the solids DABE, DACE to one an-* 
other can be determined. Neither is this a case Hiat ocoorB rarely ; 
it is one, that in the comparison of magnitudes having three dimen'< 
sions, presents itself continually; for, though two plane figures that 
are eq.nal and similar can always be made to coincide, jeU with ne^ 
gard to solids that ai^ equal and similar, if they have not a certafin 
similarity in their position, there will be found just as many cases in 
which they cannot^as in which the^ can coincide. Even figores'de- 
scribed on surfaces, if they are not plane surfaces, may be equal and 
similar without the possibility of coinciding. Thus, in the figure de- 
scribed on the surface of a sphere, called a spherical triangle, if we 
auppose it to be isosceles, and a perpendicular to be draivn from the 
yertex on the base, it will not be doubted, that it is thus divided into 
(wo right angled spherical triangles equal and similar to one another, 
and whiGh,4)^vertfaeless, cannot be so laid on one another as to agree* 
The same hold^ in ionumerable other, instances, aod therefore it is 
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[, that a principle, mere general and randaniental tban that of the 
equality of coinciding figuresyr ought to bA introdoced into Oeoraetry. 
Wliai this principle it has aluo appeared Ferjr clearly in the course of 
these remarks; and it is indeed no other than the principle so cele- 
brafed in the philosophy of Leibnitzt under the name of the sufvi- 
ciEMT REASON. For it H^asshown, that the pyramids D ABE and DACE 
are concluded to be equal, because each of them is determined to be 
of a certain magnitude, rather than of any other, by conditions that 
are the same in both^ so that there is no reason for the one beii^ 
greater than the other. This Axiom may be rendered general by 
saying. That things of which the magnitude is determined by condi- 
tions that are exactly the same, are equal to one another; or, It might 
be expressed thus; Two magnitudes A and Sure equal, when there 
is no reason that A should exceed B, rather than that B should exceed 
A. Either of these will serve as the fundamental principle for com- 
paring geometrical magnitudes of every kind ; they will apply in those 
cases where the coincidence of magnitudes with one another has no 
|)lace; and they will apply with great readiness to the cases in which 
a coincidence may take place, such as in the 4th| the Stb, or the 2fith 
of the First Book of the elements. 

The only objection to this Axiom is, that it is somewhat of a meta- 
physical kind,and belongs to the doctrine of the sujffieient reasan^whioh 
in looked on with a suspicious eye by some philosophers. But ibis is 
no solid objection; forauch reasoning may be applied with the great- 
est safety to those objects with the nature of which we are perfectly 
acquainted, and of which we have complete definitiims, as in pure 
mathematics. In physical questions, the same principle cannot be 
applied with equal safety, because in such cases 'we have seldom a 
complete definition of the thing we reason aboutjorone that includes 
all its properties. Thus, when Archimedes proved the spherical 
figure of the earth by reasoning on a principle of this sort, h^ was 
led to a false conclusion, because he knew nothing of the rotation of 
the eaKh on Its axis, which places the particles of that body, though at 
equal distances from the centre, ip circumstances very dilferent frown 
one another. But, concerning those things (hat are the creatures of 
Che mind altogether, like the objects of mathematical invest igatlont 
there can be no danger of being misled by the principle of the suffi- 
cient reason, which at the same time furnishes us with the only single 
Axiom, by help of which we can compare together geometrical quao* 
titles, whether they be of pne^ of two, or of three dimensions. 

Legendrein hia Elements has made thjs same remark that has been 
just stated, that there are solids- and other Geometric Magnitudes, 
which, though simitar and equal, cannot be brought to coincide with 
one another, and he has distinguished them by the name of iSymmeCrt- 
ccU Bf agnitudes. He has also given a very satisfactory and ingetiiow 
demonstration of the equaHty of certain solids of that sort, though not 
80 concise aa the nature of a simple and elementary truth would neea^ 
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to le^nire, and cotiMquentlf not aoeh as to render the axiom p^opoi^ 
cd aboFe altogether unnecessarytf 

But a circoiristantie for f^hieh t cannot very well account is, thaf 
Legendre, and after him Lacroix, ascribe toSimson the first mentloii 
bf such solids as we are here considering. Now I must be peixvitted 
to say, that no remark to this purpose is to be found In any of (he writ- 
ings of Simsont which have come to my knowledge. He has indeed 
made an observation concerning the Geometry of SolidS} which wai 
both new aud importatit, wit. that solids may hare the conditioii 
Ivhich Euclid thought sufficient to determine their equality, and may 
nevertheless be unequal; whereas the observation made here is, that 
solids may be equal and similar, and may yet want the condition of be*" 
ing able to coincide with ode another. These propositions are widely 
different; and how so accurate a writer as Legendre should haVe mis- 
taken the one for the other, is not easy to be explained. It must bef 
observed^ that he does not seem in the least aware of the observation 
Which SImson has really made. Perhaps having himself made the re- 
mark we now speak of, and on looking slightly into Simson^ having 
found a limitation of the usual description of equal solids, he had 
without much inquiry, set it down as the same with his own notion ; 
and so^ with a great deal of candour, and some prctclpitation, he hail 
ascribed to Stmson a discovery which really belonged to himselL 
This at least seems to be the most probable solution of the difficulty^ 

I have entered into a fuller discussion of Legendre's mistake th&n 
i should otherwise have done, from having said in the first edition of 
these elements^ in 1795, that I believed thenon^oincidence of similar 
and equal solids in certain circumstances, was then msde for the first 
time. This it is evident would have been a pretension as ridiculous 
as ill-founded, if the same observation had been made in a book like 
Simson's which in this country was in every body's hands^ and which 
I had myself professedly studied with attention. As I have not seed 
Any edition of Legendre's Elements earlier than that published iti 
1803, 1 am ignorant whether he or. I Was the first in making the re- 
mark here referred to. That circumstance is, however immaterial; 
for I am not interested about the originality of the remark, though 
very much imerested to show that I had no intention of appropriating ^ 
to mysqlf a discovery made by another* 

■ 

Another observation on the subject of those solids, which with Le^ 
gendre we shall call Symmetrical, has occurred to me, which I did 
not at first think of, viz. that Euclid himself certainly had these solids 
in view when he formed his definition (as he very improperly calls it) 
of equal and similar solids. He says that those solids are equal and 
•imilary which are contained underthesamenumber of equal and simi- 
lar planes. But this is not tructas Dr. Siroson has shown in a passage 
just about to be quoted, because Uvo solids may easily be assigned^ 
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bMi^pded'byitlte taint nliinterof iqufti tiidt«tiniiarpl«ile8t Wkltii nire 
obviously unequal, the one being eontaiiieil within ihe oth». Simsoh 
^bs^rvf 8| that Euclid needed only to.have added, that the equai and 
similar planes nnust be similarly situatedito have made his descrlptioti 
exacts Npw, ^t it true, that this addition would have made it exact itt 
• one respecti but would have rendered it imperfect in another; fot 
though all the solids havingthe conditions here entimerated are equal 
und similar, tnany others art equal and similar which have not thoscr 
conditions, that is,though bounded by the same equal number of similar 
planes, those planes are not simHatly situated. The symmetrical solids 
^ave not their equaland similar planes similarly situated but in an order 
and position directly contrary. Euclid, it is ptobablei Was aware ot 
this, and by seeking to render the description of equal and similar so^ 
lids so general, as to comprehend solids of both kinds, has stript it of 
an essential condition, so that solids obviotisly unequal are included 
in it, and .has also been led into a Very illogical proceeding, that of 
defining the equality of solids, instead of proving it, as if he had beeil 
tt liberty to fix a new idea to the word equal every time that he apfjiied 
^t to a new kind of magnitude. The nature of the difficulty he had to 
i^ontend with, will perhaps be the more readily admitted as an apolo^ 
gy for this error, when it is considered that SiQison^ Who had studied 
the matter so carefully^ as to set Euclid right in one particular, was 
himself wrong In another, and has treated of equal and similar solids^ 
so as to exclude the symmetrical altogether, to which indeed he seetds 
liot to have at all adverted. 

. I must, therefore^ again repeat, that I do not think that this mattel 
Oan be treated in a way qiiite simple and elementary, and at the same 
time general, without introducing the principle of the sufficieni reason 
as stated above. It may then be demonstrated, that similar and equal 
solids are those contained by the same number of equal and similar 
planes, either with similar or contrary situations. If the word contra- 
ty is property understood, this description seems to be quite general. 

Stmson's remark, that solids may be untqualf though eoatained by 
the same fiiimbtr of equal and similar planes, ext^ids also to solid 
angles which may be unequal, though contained by the same midibe^ 
of equal plane angles^ These remarks he published in ^e first edi« 
tidnof his Euclid in 1 756, the very same year that M. le Sagejcommo* 
nicated to ttie Academy of Sciences the observation on the subject of 
solid angles, mentioned in a former note; and, It is singular, that these 
two geometers. Without any communication with one another, should 
almost at the same time have made two discoveries very nearly con- 
T>ec4ed, yet neither of them comprehending the whole truth, so that 
each is imperfect without the others 

Dr. Bimson has shown the truth of his remark^ by the following 
reasoning. 

*' Let th^re be any plane rectilineal figure as the triangle ABC» and 
from a point D within it, draw the straight line DE at right angles to 
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iihe fkmi^ ABC ; ia Dfi take DE, DF equal to one anothfer,ii^ii tlio 
opposite sides of the plane, and let O be any point in BF'; join I>A/ 
DB, DC ; EA, £B, EC; FA, FB^ FC ; OA, GB, GC : Beeaase tba 
itraiglit line EDP is at rig^t angleft to the plaiie ABC,it makes ri^ 
angles with DA, DB, DC, which it meets in that plane; and in th<$ 
triangles EDB, FDB, ED and DB are eqaal to FD and DB, eaeh to 
•ach, and they contain right angles; therefore the base EB ii ^>t 
to the base FB; in the same manner EA is eqnal to FA, and EC t« 
FC : And in the triangles EB A, FB A, EB, B A are equal to FB, B A^ 
and the base E A is equal to the base FA ; wherefore the angle EBA ia 
eqnal to the angle FB A,and the triangle EB Aeqnal to the triangleFBA^ 
and the other angles equal to the other angles; therefore these trian- 
gles are similar: In the same manner the triangle EBC is similar to 
the triadgle FBC, and the triangle EAC to FAC ; therefdre there M 
two solid figures, eaeh of whieh in eontaililgd by tix tffang le», ana <tf 




them by three trillnf^es, the eammon T^rtex of whieh is the point 0/ 
«nd jtheir bases th^ straight lines AB, BC, C A, and by three other tri* 
angles the eommon vertex of whieh is the pojnt B, and their bases the 
same lines AB,fiC, C A. The other solid is contained by the same 
three triaiigles, the eommon vertex of whieh is G^ apd their basei 
AB, BC, CA; and by three other triangles, of whiifh the eommon 
vertex is the point F, and thdir bf^ses tKe same straight lines AB, BC, 
C A^ Now, the three triangles GAB, GBC, GC A are eommon to both 
solids, and the three others E AB, EBC, EC A, of th^ first solid have 
been shown to beequal and ilimilarto the three others FAB^ FBC, FC A 
of the ether solid, eaeh to each; theVefoi^, these tx^ solids are eon- 
tained by the same number of equal and similar planes : ^nt that they 
are not equal is manifest, beeanse the first of them is contained in the 
jother : Tnerefore it is not aniversally true, that solids are equal whiA 
are eontauied by the same number of equal and similar planes.'* 
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»i» NOTES. PL. TiUeONOBfBTRT. 

<<C(uiu Fr^ttthuit appears, that twoviieqiial tcdid aBgbetMiy l# 
^sUiDed hj. the same nvniber of ooaal plane aiiaples^" 

^Var the solid angle at 9? which is eontained bj the four plane 
aagles EBA^EBCyGBA, GBC is not eqaal to the^oUd ansle at the 
same point B, which is contained hy the foiir plane angles FBA, FBCy 
OB A, GBC; for this last OQntaiiis tlie other: And each of them is 
eontained by four plane an^es, lybieh ai^eqnal to one another^eaeli 
to eaehyor are theself-sameyas has bie^n proved: And indeed, there 
may be innnmerable solid angles i^l unequal to one aaotherf which 
^rt eaeh of them contained by plane anp^lefr that are equal to one an* 
other, eaeh to each: It is likewise manifest, that the before-mention-* 
e^ solids are not similar, since their «(>U4 {Migles are not all eqnaL'* 
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9LAlfII TRZaONOmaTR^, 
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D?iFINmONS, Ac. 

TRIGONOMETRY is defined in the text to be the application of 
Number to express the relations otthe sides and angles of tri- 
angles. It depends, therefore, on the 47th of the first of Euclid, and 
pu the 7th of tlie first of the Supplement, tlie two propositions which 
do roost immediately connect together the sciences of Arithmetic and 
peometry. 

The sine of an angle is defined above in the usual way, viz. the 
perpendicular diawp from oneoxtrenily of the areh, which measures 
the fuigle on the radius passing througti the other; but in strictness 
the sine is npt the perpendicular itself, but the ratio of that perpen- 
dicular to the radius, lor it is this ratio which remains constant, while 
the anele continues the same, though tlie radius vary. It might be 
convenient, therefore, to define the sine to be the quotient which 
arises from dividing the perpendiiQular Just describea by the radius 
of the circle. 

So also, if one of the sides of a rigiit angled triangle about tlie right 
angle be divided by the other, the quotient is the tangent of the angle 
opposite to the ftrst-mentioned side, &c. But thon^ this is certainly 
the rigorouf, way of conceiving the sines, tangents, &c. of angles, 
which are in reality not magnitudei, but the ratios of magnitudes; 
yet as this idea is a little more abstract than the common one, and 
would also inrolve some change in tb^ language of trigonometryi at 



